EXISTENCE AND UNICITY OF PLURIHARMONIC MAPS TO EUCLIDEAN
BUILDINGS AND APPLICATIONS

YA DENG AND CHIKAKO MESE

ABsTRACT. Given a complex smooth quasi-projective variety X, a reductive algebraic group G
defined over some non-archimedean local field K and a Zariski dense representation o : 71 (X) —
G (K), we construct a p-equivariant pluriharmonic map from the universal cover of X into the Bruhat-
Tits building A(G) of G, with appropriate asymptotic behavior. We also establish the uniqueness
of such a pluriharmonic map in a suitable sense, and provide a geometric characterization of these
equivariant maps. This paper builds upon and extends previous work by the authors jointly with
G. Daskalopoulos and D. Brotbek.
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0. INTRODUCTION

0.1. Mainresults. We first establish the following existence theorem of equivariant pluriharmonic
maps to Bruhat-Tits buildings.

Theorem A. Let X be a smooth quasi-projective variety and let G be a reductive group defined over
a non-archidemean local field K. Let A(G) be the enlarged Bruhat-Tits building of G. Denote by
nx : X — X the universal covering map. If o : 711(X) — G(K) is a Zariski dense representation,
then the following statements hold:

(i) There exists a p-equivariant pluriharmonic map i : X - A(G) with logarithmic energy
growth.

(ii) @ is harmonic with respect to any Kdhler metric on X.

(iii) Let f : Y — X be a morphism from a smooth quasi-projective variety Y. Denote by
f: Y > X the lift of f between the universal covers of Y and X. Then the f*o-equivariant
mapiio f : Y - A(G) is pluriharmonic and has logarithmic energy growth.

(iv) There is a proper Zariski closed subset 2 of X such that the singular set S(ii) of ii defined in
Definition|1.2|is contained in n;(l (B).

Note that when X is a compact Kéhler manifold, Theorems to were established
by Gromov-Schoen in [[GS92] and Theorem was proved by Eyssidieux in [EysO4]. In the
case where G is semisimple, Theorems to were proven by the authors with Brotbek
in [BDDM?22, Theorem A].

In general, the uniqueness of the equivariant pluriharmonic map in Theorem([Alis not guaranteed,
although it can be established under additional assumptions on the representation (cf. [DM23b,
BDDM?22]). However, we prove the uniqueness in a suitable local setting over a dense open subset
of X that has full Lebesgue measure.
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Theorem B. Let X be a smooth quasi-projective variety and let G be a reductive group defined over
a non-archidemean local field K. For a representation ¢ : m(X) — G(K), if g, it : X — A(G)
are two o-equivariant pluriharmonic maps with logarithmic energy growth, then for almost every
point x € X, it has an open neighborhood € such that

(1) there exists an apartment A of A(G) that contains both iig(Q) and i1 (Q);
(ii) The map iig|g : Q — A is a translate of ii1|q : Q — A.

It is worthwhile mentioning that Theorems [A] and [B| were established by Corlette-Simpson
[[CSO8] for the case where G = PSL, and the representation o has quasi-unipotent monodromies at
infinity. In this setting, the Bruhat-Tits building of G is a tree, and the energy of the p-equivariant
pluriharmonic map # is proven to be finite.

Finally, we give a geometric characterization of pluriharmonic maps with logarithmic energy
growth in terms of spectral covers.

Theorem C. Let X, o0, G and ii be as in Theorem@ Let X be a smooth projective compactification
of X such that £ := X\ X is a simple normal crossing divisor. Then we have the following:

(i) The o-equivariant pluriharmonic map @ induces a multivalued logarithmic 1-form n on the
log pair (X, %), satisfying the properties in Lemma

(i) Such n does not depend on the choice of ii; i.e., if V is another p-equivariant pluriharmonic
map with logarithmic energy growth, the multivalued logarithmic 1-form induced by v is 1.

(iii) There exists a ramified Galois cover m : X — X such that n*n becomes single-valued; i.e.,

m*n={wi,...,on} € H(XP, 1" Qz(log%)).
(iv) DenotebyX; := XP\X*P. Lety : Y — X be a log resolution of(ﬁ,_Zl), withZy = u~1(Z))
a simple normal crossing divisor. Then {y*wy, ..., *w,} € H(Y, Qg (log Xy)) are pure

imaginary, Le., the residue of every u*w;j at each irreducible component of Xy is a pure
imaginary number.

We mention that Theorem|C.(iv)|is analogous to Mochizuki’s notion of pure imaginary harmonic
bundles induced by pluriharmonic maps to symmetric spaces associated with complex semisimple
local systems over quasi-projective varieties (cf. [MocO7]). In our case, however, a spectral cover
is required to transform the multivalued logarithmic 1-form induced by the pluriharmonic map into
single-valued logarithmic 1-forms.

In this paper, we assume that K is a non-archimedean local field endowed with a discrete non-
archimedean valuation. On the other hand, a recent paper by C. Breiner, B. Dees, and the second
author [BDM24] introduces techniques to study the case for a general non-archimedean valuation
local field L. In the sequel, we will show that Theorem [A] Theorem [B] and Theorem [C| generalize
to the case where A(G) is a Bruhat-Tits building associated with a reductive group defined over
any non-archimedean field.

0.2. Notation and Convention.

(a) Unless otherwise specified, algebraic varieties are assumed to be connected and defined over
the field of complex numbers.

(b) Let G be areductive group defined over a non-archimedean local field K. We denote by A(G)
the Bruhat-Tits building of G, which is a non-positively curved (NPC for short) space. Denote
by d(e, e) the distance function on A(G). Denote by ZG the derived group of G, which is
semisimple.

(c¢) For a complex space X, denote by X"°™ the normalization of X.

(d) A log smooth pair (X,%) consists of a smooth projective variety X and a simple normal
crossing divisor 2. We denote by X := X \Z and 7y : X — X the universal covering map.

(e) Say a function f (resp. a 1-form j) on X descends on X if there exists a function f (resp. a
1-form 77) on X such that f = ny f (resp. ij = mym).

(f) Let X be a smooth projective variety. A line bundle L on X is sufficiently ample if there exists
a projective embedding ¢ : X < PV such that L = ¢* @pn (d) for some d > 3.

(g) A linear representation o : m1(X) — GLy (K) with K some field is called reductive if the
Zariski closure of (71 (X)) is a reductive algebraic group over K.
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If Y is a closed smooth subvariety of X, we denote by oy : 71(Y) — G(K) the composition
of the natural homomorphism 71 (Y) — 7;(X) and o.

(h) Denote by D the unit disk in C, and by D* the punctured unit disk. We write D, := {z € C |
lz| <r},Di:={z€C|0<|z| <r},and D, ,, :={z€C|r <|z] <r2}.

Acknowledgment. The first author is supported in part by ANR-21-CE40-0010. The second
author is supported in part by NSF DMS-2304697. Part of this research was performed while the
second author was visiting the Mathematical Sciences Research Institute (MSRI), now becoming
the Simons Laufer Mathematical Sciences Institute (SLMath), which is supported by the National
Science Foundation (Grant No. DMS-1928930).

1. TECHNICAL PRELIMINARY
For more details of this section, we refer the readers to [BDDM22].

1.1. Equivariant maps and sections. Endow X with a Kéhler metric g. Let o : 71(X) — G(K)
be a representation where G is a reductive algebraic group over a non-archimedean local field
K. The set of all p-equivariant maps into A(G) are in one-to-one correspondence with the set of
all sections of the fiber bundle IT : X Xo A(G) — X. More precisely, for a o-equivariant map
f X — A(G), we define a section of IT by setting f(7x(p)) = [(7, £(/))], where j is any point
in X. We shall use this notation throughout this paper.

One can also define the energy density function |V £|> of f, and we refer the readers to [KS93,
BDDM?22] for the definition. Since f is equivariant, |V £|?> on X is a 71 (X)-invariant function, and
thus it descends to a function on X, denoted by |V f|>. We also define the energy of f in any open
subset U of X by setting

(1.1) ET[U] :/ |V £|*dvoly.
U

1.2. Pullback bundles. Let f : Y — X be a morphism between smooth quasi-projective varieties.
Let C be an NPC space, and let o : 7 (X) — Isom(C) be a homomorphism. Let Y be a connected
component of X Xx Y. Then we have the following commuting diagram:

Y

b
b 5 f Y
Yy —X
Ay \Lﬂx
f
Yy — X
It induces a fiber bundle ITy : ¥ x f+0 C — Y, such that one has the following commuting diagram:
? Xf o C L) i Xo C
o m
y — L 3 x.
By § a p-equivariant map # : X—>C corresponds to a section u : X — X x o C of Ilx. The
composition B
uof:¥Y —-Xx,C
defines a section of the fiber bundle ¥ XpioC = f* (f X C) — Y, which in turn defines a f*o-
equivariant map i s : Y — C. Define uy := iy oy, which is an f*o-equivariant map ¥ — C. It
defines a section _
ur: Y- YX_f*Q C.
In this paper, we will mainly focus on the special case where Y is a closed smooth subvariety of X
and ¢ : Y — X is the inclusion map. In this cases, we will use the notation

(1.2) uy :Y—>7XQY C.
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in place of u,, where gy : 71 (Y) — Isom(C) denotes the composition of ¢, : 1 (¥) — 71(X) and
o. Denote by uy : Y — C the corresponding oy-equivariant map.

1.3. Regularity results of Gromov-Schoen. Let X be a hermitian manifold and let : X - A(G)
be a p-equivariant harmonic map. Following § let u : X — X X, A(G) be the section
corresponding to @#. We recall some results in [[GS92].

Theorem 1.1 ( [GS92|], Theorem 2.4). A harmonic map i : X - A(G) is locally Lipschitz
COntinuous. m|

Definition 1.2 (Regular points and singular points). A point x € X is said to be a regular point
of i if there exists a neighborhood N of x and an apartment A C A(G) such that i3(N) Cc A. A
singular point of il is a point in X that is not a regular point. Note that if x € Xisa regular point
(resp. singular point) of i, then every point of 71;(1 (mx(x)) is a regular point (resp. singular point)
of ii. We denote by R (i) (resp. S(ii)) the set of all regular points (resp. singular points) of # and
let R(u) = nx (R(i)) (resp. S(u) = nx(S(i@))).

Lemma 1.3 ([GS92]], Theorem 6.4). The set S(u) is a closed subset of X of Hausdor{f codimension
at least two. O

Remark 1.4. B. Dees [Dee22] improved Lemma to show that S(u) is (n — 2)-countably
rectifiable where 7 is the dimension of the domain.

1.4. Logarithmic energy growth. Let X be a smooth quasi-projective variety. Let C be an NPC
space. Consider a representation o : 71 (X) — Isom(C). We define:

Definition 1.5 (Translation length). For an element y € 7 (X), the translation length of o(y) is
(13) Loty = inf d(P.o()P).
If there exists Py € C such that

inf d(P,gP) =d(Py,gP

Inf d(P,gP) = d(Po,gPo),

then o(y) is called a semisimple isometry. For notational simplicity, we write L,, instead of L ()
if no confusion arises.

The definition of logarithmic energy growth of a harmonic map was introduced in [DM23a,
DM24]. A slightly more intrinsic version is provided in [BDDM?22], which we recall here.

Definition 1.6 (logarithmic energy growth). Let X be a smooth quasi-projective variety, G be a

reductive algebraic group over a non-archimedean local field K, and let o : 71(X) — G(K) be

a Zariski dense representation. A p-equivariant harmonic map # : X — A(G) has logarithmic

energy growth if for any holomorphic map f : D* — X with no essential singularity at the origin

(i.e. for some, thus any, smooth projective compactification X of X, f extends to a holomorphic

map f : D — X), there is a positive constant C such that for any r € (0, %), one has
oo B

(1.4) —ElogrSEf[Dr’%]S—glogr+c,

where L, is the translation length of o(y) withy € 71 (X) corresponding to the loop 6 > f (%eie ).

1.5. A Bertini-type theorem.

Proposition 1.7 ( [BDDM22, Proposition 2.11]). Let (X, %) be a log smooth pair with n =
dimX > 2. Fix a projective embedding t : X — PN and denote by L := 1*Opn(3). For any
element s € HY(X, L), we set Y, := s71(0), Y; := Y,\Z, and denote by 1y, : Y; — X the inclusion
map. Let

(1.5) U={seH'X,L) | Y, is smooth and Y, + ¥ is a normal crossing divisor}.

For g € X, consider the subspace

(1.6) V(g) ={s € H(X, L) | s(¢) = 0} and U(q) = U NV (q).

Then
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(i) The set U(q) is non-empty.

(i) Foranyp,q € X, andv € T, X, there exists some s € U(q) such that p € Y; and Y; is tangent
tov.

(iii) Foreachs € U, 1 (Yy) — n1(X) is surjective.

Note that the last assertion follows from the Lefschetz theorem in [Eyr04].

2. PLURIHARMONIC MAPS TO EUCLIDEAN BUILDINGS

In this section we prove Theorem [Al As a warm-up, we begin by considering the following
special case.

Lemma 2.1. Let o : 711(C*) — (R,+) be a representation. Consider exp : C — C* as the
universal covering map. Then there exists a p-equivariant pluriharmonic map ii : C — R with
logarithmic energy growth. Furthermore,

(i) the holomorphic 1-form dii = exp*({dlog z) for some { € V—1R.
(il) such i is unique up to a translation by a constant.

Proof. Let y be the equivalent class in 7 (C*) represented the loop 6 +— eV=19 in C*. Then
o(y)(x) = x + a for some a € R. Define a map

i:C—-R
1 rv . a a -
W = (exp*(-V-1—dlogz+ V-1—dlog?)).
2 Jo 2m 2r
Then @#(w) = 5-Im(w). Thus, @(w + 27V-1) = ii(w) + a, that is a p-equivariant. We have

moreover dii(w) = —V—15=dw, which is a holomorphic 1-form on C*. It follows that d0ii = 0.
Thus, i is pluriharmonic, and

oii = exp*(—\/—lidlog 2).
4

This proves Item (i).

Endow D* with the standard Euclidean metric V—1 %. However, note that the energy is
independent of the choice of metric on the Riemann surface. We can easily compute the energy of
u in the annulus D, | == {r < |z] < 1} c C*:

E“[D, ] = / dul?
D

r,1

:/ \La62rdr A do
Dr, 27T

1
2 1 2 1
= (1)2/ def dlogr =2 log -
2" Jo , 2r r
By Definition the translation length L, = |a|. By Definition ii has logarithmic energy
growth. In conclusion, i is a pluriharmonic map with logarithmic energy growth.

V=1dz A dz
2

Let us prove Item (ii). If ¥ : C — R is another p-equivariant pluriharmonic map with
logarithmic energy growth, then 97 is a holomorphic 1-form, which descends to 1-form 7 on C*
such that exp* n = 7. By [BDDM?22], 1 is a logarithmic form on C*. Hence there exists a constant
b = by + V=1b, with b; € R such that n = bd log z. Note that d¥ = exp* (1 + 77). It follows that

(2.1) a=7(w+2aV-1) - 5(w) :/(n+ﬁ) = —47xb,.
Y

Hence by = —7-.
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Let us compute the energy of ¥ on the annulus D, ;. We have

V=1dz A dz

22) E'Dal= [ laf
Dr,l 2

= / 12b1d log r — 2b,d6)*rdr A df
D

r,l
~ il 5 2 1
= ((zﬂ) +4b7) do [ dlogr
0 r

a2

1 1
= —log — + 87bidlog -.
2n r r
By eq. (1.4), b1 = 0. This implies that 9 = dv. Hence d(ii — v) = 0. Therefore, i is unique up to
a translation. The lemma is proved. O

Let (X,X) be a log smooth pair. Let us recall the definition of residue of a logarithmic
form n € H(X, Qx(logX)) around an irreducible component %; of . We fix an admissible
coordinate (U;z; ..., z,) centered at some point xo € X; away from the crossings of X such that
(z1=0) =UNZ; =UnNZX. Then we can write n = h(z)d logz1 + 2./, hi(z)dz;. We define

(2.3) Resy,; 1 := h1(0).
Note that such definition does not depend on the choice of local coordinate system.

Definition 2.2 (Pure imaginary logarithmic form). Let (X, %) be a log smooth pair. A logarithmic
form 7 is pure imaginary if for each irreducible component X; of X, the residue of 1 at X; is a pure
imaginary number.

Note that Definition [2.2]does not depend on the choice of compactification of X = X\X.

Proposition 2.3. Let (X, X) be a log smooth pair. Let ¢ : m(X) — (R, +) be a representation. If
there exists a p-equivariant pluriharmonic map i : X — R, then i has logarithmic energy growth
if and only if dii descends to a logarithmic formn € H(X, Qx(log X)), that is pure imaginary.

Proof. We write £ = 3", %; into a sum of irreducible components. Fix some i € {1,...,m}.
Choose a point xg € X;\ Ujx; X;. We take a small embedded disk f : D — X such that
f 12 = (=) = {0} and f is transverse to X; at xo. Let ¥y € m;(X) be the element
representing the loop 6 — f (%ei"). Let H be the left half plane of C. Then exp : H — D* is
the universal covering map. Let f : H — X be the lift of f between universal covers. Then
iof:H— Ris f*o-equivariant pluriharmonic map and let u 7 be the section defined in §

If i has logarithmic energy growth, then by [BDDM?22], dii descends to a logarithmic form
n e H(X, Qx(logX)). Let us prove that 77 is pure imaginary. By Definition the translation
length L, is given by

L, =

/(f*n+f*ﬁ)‘ = 'Zﬂ\/—_l(Reszin —Wm)'.
Y

Since 1 has logarithmic poles, there is some i(z) € ¢(D) such that f*n = h(z)dlogz. Write
h(z) = hi(z) + V=1hy(z), where h;(z) are real harmonic functions on D. Then

2.4) L, = [47h(0)).
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The energy

" . «_npV=ldz A dZ
25) N R A
r,l

— V-1dz A dZ
:/ |h(z)d10gz+h(z)dlog2l2%
Dr,]

:/ 2 (2)d log t — 2hy(2)d0Ptds A dB
Dr,l

1 2n
- / / 1281 (eV"19) 2d log 1 A d6
r 0

1 2r
+/ / 1202 (1eV"19) 2d log 1 A d6
r 0

Since |h;(z)|? are subharmonic functions on D, by the mean value inequality there exists a constant
C > 0 such that

(2.6)
$r(1in (O)F + 2 (0)F) log + < E/[By.1] < 8x(i (O) + Iha(0) ) log + +C, ¥ r € (0,1).

By Definition we have /1(0) = 0. Hence 7 is pure imaginary.

We now assume that 7 is pure imaginary. Let g : D — X be any holomorphic map such
that g~'(Z) = {0}. Then g*n = h(z) logz with 2(0) € V-1R. We denote by u, the section of
D* Xg+po R — D* defined in §[I.2} By the same manner as (2.4) and (2.6), we can show that u, has
logarithmic energy growth. By Definition [I.6] « has logarithmic energy growth. O

We can extend Lemma[2.1]to the case of semi-abelian varieties.

Proposition 2.4. Let A be a semiabelian variety and let ¢ : (A) — (RN, +) be a representation.
Then there is a o-equivariant pluriharmonic map u : A — RN with logarithmic energy growth.
Such pluriharmonic map is unique up to translation.

Proof. Note that there is a short exact sequence
ok I b
0> (CH*" > A->5A)—0,

where Ay is an abelian variety. Let A be the canonical compactification of A such that 7 : A — Ag
extends to a (P')*-fiber bundle

0 @Y LA Ay 0.

Let ¥ := A \ A which is a smooth divisor. Let V c H°(A, Q+(log X)) be the R-linear subspace
consisting of logarithmic forms, whose resides at each irreducible component of X are pure
imaginary. Let d := dim Ay.

Claim 2.5. We have dimg V = 2d + k. The R-linear map

.7 ¥:V - HY(AR)

nt+n

n{—
is an isomorphism of R-vector spaces.

Proof. Note thatdime H°(A, Q<(log X)) = d+k anddimz H' (A, R) = 2d+k. We choose a C-basis
N anai ..., & for HO(A, Q+(logX)) = d+ksuchthat{n,...,nq} C n*HO(AO,QAO). The
residues of 7; at each component of X is thus zero. Let (wy, ..., wy) be the canonical coordinate
of (C*)K. Then j*&,, = Zle amidlogw; With (a1, . .., amk) € CK. Note that j*&,,..., J*épisa
C-basis of HO((P1)k, Qp1yk(log D)), where D := (PH¥\ (C*)X. Note that dlogwr, . .., dlog wy
is also C-basis of HO((P'), Qp1yx(log D)). We can thus replace &1, ..., &y by some C-linear
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combination such that j*&; = V—1d logw; foreachi = 1, ..., k. This implies that each &; has pure
imaginary residues at each irreducible component of X. Then we have

V.= SpanR{fl,---,é:k’nl,-- -,ﬂd,iﬂl,- ’”761}
We can see that ¥ is a R-isomorphism. ]

Let the homomorphism pr; : (RY,+) — (R,+) be the projection into i-th factor. Then
pr;oo : m1(A) — (R, +) is arepresentation which can be identified with an element 1; € H' (A, R)
as H'(A,R) ~ Hom(H(A,Z),R). Denote by £; := ¥~!(1;). We define

zZl- . Z - R
1 [* -
7 5‘/ (& + G).
0
Then we obtain a smooth map ii : A — RY defined byii = (iiy, ..., #iy). This map is pluriharmonic
as 00ii = (%8_7724“1, cee, %gﬂZ{N) = (0,...,0). One can verify that ii is o-equivariant. Indeed,

for any x € A and any y € 1(A), we have
1 _
(2.8) @i (y.x) — i (x) = / 5((1’ +{i) = Ai(y) = pr; o o(y) (i1 (x)) — ;i (x).
Y

Let us prove that iz has logarithmic energy growth. Since 0ui; = %ﬂ';{{ i» where £; is a pure imaginary
logarithmic 1-form, by Pr0p0s1t10n i, : A > Risa pr; 0 0- pluriharmonic map with logarithmic
energy growth. Let f : D — A be any holomorphic map such that f~'(Z) = {0}. Let y be the
element in 71 (X) represented by the loop 6 +— f (%erg). Let L; be the translation length of

pr; o o(y). It follows that there exists a constant C > 0 such that for eachi € {1,..., N}, we have
L1 L2
log — < EWI[D, ] < =tlog—+C, VY re(0,1).
2r ’ 2r r
Note that

N
:ZE(””f[Dr,l], and Lém_ZLz
i=1

We thus have

2 2

“eoy) 1 LQ(V)

lo og < EY[D,,] £ —= log +C, Y re(01).

2 ’ 2r

Thus, i is a pluriharmonic map with logarithmic energy growth.~
Let us prove the uniqueness assertion. Let # = (¥,...,7x) : A — R be another o-equivariant

pluriharmonic map with logarithmic energy growth. Then for eachi € {1,...,N},%; : A —» Riis

a pr; o p-pluriharmonic map with logarithmic energy growth. By Proposition[2.3] d¥; descends to

a logarithmic form %w,- that is pure imaginary. By (2.8), for any y € 7;(X), we have

iy = 700 = [ 51+ @) = pry 0 0)Gi(2) = ()
Y

= pr; 0 0() (@ (x)) — i (¥)i(y) = / G +E).
Y

By Claim[2.5] we have ¢; = w;. It follows that dii = dv. Hence ii — ¥ is a constant. The proposition
is proved. O

Let us prove Theorem[A] except for Theorem whose proof is deferred to §[5]

Proof of Theorem[A] Consider the enlarged Bruhat-Tits building A(G). It is indeed the product of
the Bruhat-Tits building of A(ZG) where G is the derived group of G, with a real Euclidean
space V := RY such that G(K) acts on V by translation (cf. [KP23])). The fixator of any point in
A(G) is an open and bounded subgroup of G (K). Note that there is a natural action of ZG(K) on
A(Z2G). The action of G(K) on A(ZG) is given by the composition of G(K) — ZG(K) with
the action of of ZG(K) on A(ZG).
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We consider the representation o : 71(X) — ZG(K) induced by o, which is Zariski dense.
By [BDDM?22], there exists a o--equivariant pluriharmonic map iy : X — A(2G) with logarithmic
energy growth.

On the other hand, for the action of G (K) on V, it induces a representation 7 : 711 (X) — (V,+).
Let a : X — A be the quasi-Albanese map, and 4 : X — A be a lift of a between universal
covers. Note that T factors through a representation 7’ : m1(A) — (V,+). By Proposition
there exists a 7’-equivariant pluriharmonic map 7 : A — V which has logarithmic energy growth.
Therefore, 7od : X — Visa T-equivariant pluriharmonic map. Since 97 descends to a tuple of
logarithmic 1-forms {wy, ..., w,} on A that are pure imaginary, it implies that 0¥ o @ descends to
{a*w1, ..., a*wnm}, thatare also pure imaginary logarithmic 1-forms on (X, 2). By Proposition
v o @ has logarithmic energy growth. We define

(2.9) i:X > A9G)xV
x = (dg(x), ¥ 0 d@(x)).

Since o = (o, T), il is p-equivariant pluriharmonic map. Since both iy and 7 o g have logarithmic
energy growth, i also has logarithmic energy growth. The existence assertion in Theorem [A.(1)|is
established.

Let us prove Theorem @ By [BDDM22, Theorem A], iip is harmonic with respect to an
arbitrary Kihler metric w on X. The pluriharmonicity of # o @ yields that 93% o @ = 0. Thus,

AV od=-2V-1A,,007

where A, denotes the contraction with w. It follows that ¥ o @ is harmonic with respect to the
metric w. Therefore, i@ is harmonic with respect to the metric w.

Finally, we prove Theorem Let Y be a smooth projective compactification with Xy := Y\Y
a simple normal crossing divisor such that f extends to morphism f : ¥ — X. Then by [BDDM?22,
Theorem A], iig o f : Y - A(G) is a pluriharmonic map with logarithmic energy growth. By the
above arguments, dvodo f : Y — Vdescends to logarithmic forms {(ao f)*wy, ..., (aof)*w;,} on
the log smooth pair (Y, Xy), that are pure imaginary. By Proposmon yodo f is pluriharmonic
with logarithmic energy growth. Thus, i o f is pluriharmonic with logarithmic energy growth.
The theorem is proved. O

3. MULTIVALUED SECTION AND SPECTRAL COVER

The notion of multivalued sections of a holomorphic vector bundle over a complex manifold
has appeared in [CDY22, DW24bf], and has proven to be important in studying the geometry of
complex algebraic varieties that admit a local system over a non-archimedean local field. In this
section, we provide a more systematic description of multivalued sections and their properties in a
general setting. The construction of multivalued logarithmic 1-forms on log smooth pairs here is
equivalent to, though simpler than, that in [CDY22].

3.1. Construction of spectral cover. We start with the following definition.

Definition 3.1 (Multivalued section). Let X be a complex manifold, and let £ be a holomorphic
vector bundle on X. A multivalued (holomorphic) section of E on X, denoted by 7, is a formal
sum Z;, = Zﬁ | niZ; where n; € N*, and each Z; is an irreducible closed subvariety of E, such that
the natural map Z; — X is a finite and surjective.

A multivalued section n is splitting, if for each point x € X, it has an open neighborhood
Q, and holomorphic sections {w,...,w,} C I'(Qy, E|q,), such that Z,|o_ is the graph of
{wi,...,wm}.

Note that in [CDY?22], multivalued sections are splitting ones.

Let X be a complex manifold, and let £ be a holomorphic vector bundle on X. Assume that
n is a splitting multivalued section of E. Let T be a formal variable. Consider []/",(T — w;) =:
"+ o T™ ' +... 4+ 0, where {w1, . .., wm} are local sections of E whose graph is Z,,. Then
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o7 is a local section of Sym‘E. One can see that o5 is a global section in H’(X, Sym‘E). We call
T + o T™ ! + - + 0y the characteristic polynomial of n, and denote it by P,,(T).

Proposition 3.2. Let X be a smooth projective variety endowed with a holomorphic vector bundle
E. Let X’ C X be a topological dense open set. Let n be a splitting multivalued section of E|x
over X'. Assume that for the characteristic polynomial P,(T) = T™ + o T™ '+ + 0o of 1,
its coefficient o; € HY(X’,Sym'E|x/) extends to a section in H*(X,Sym‘E) for each i. Then n
extends to a multivalued section of E.

Furthermore, there exists a ramified Galois cover m : X — X with Galois group G from
a projective normal variety such that n*n becomes single-valued, i.e., there exists sections
{1, ....nm} € HY(XP, n*E) such that i*n = {n1,...,0m}. The group G acts on {n1,...,0m}
as a permutation.

Definition 3.3. The above Galois cover 7 is called the spectral cover of X with respect to .

Proof. Denote by u : E — X be projection map. Let 1 € H°(E, u*E) be the Liouville section
defined by A(e) = e for any e € E. Consider the section

Py() = A"+ o A™ 44yt o, € HY(E, 5 Sym™E).

Let Z c E be the zero locus of P, (1) (here we count multiplicities). By assumption, one can see
that, Z|x» = Z,,. Moreover, u|z : Z — X is a finite morphism. To show that Z is a multivalued
section of E, we need to prove that, for each irreducible component Z; of Z, u|z : Z; — X is
surjective.

Let Z"°™ be the normalization of Z which might not be connected. Then the natural morphism
q : Z™™ — X is finite. Consider the locus X° of X such that ¢ is étale. Then X° is a Zariski
dense open set of X. One can see that X° > X’. Set Z™™ := ¢~!(X°) and Z° = (u|z) "' (X°).
Note that Z2°™ is the normalization of Z°.

Claim 3.4. 7 extends to a splitting multivalued section of E on X°.

Proof. Note that g : Z°™ — X° is étale of degree m. Hence for every x € X°, it has neighborhood
Q, such that g~ (Q,) is isomorphic to m copy of Q.. Thus it gives rise to m natural local sections

SlyeoosSm o+ Qyx — ZO™M of g : Z™™ — X such that s;(Qy),...,sm(Qyx) correspond to m
components of ¢~ (Qy). Let vz : Z"™ — Z be the normalization map. Then {vz os; : Q, —
Z CE}in1....m € H(Q,, Elq, ). Note that the graph of {vzosy,...,vz 05y} is Z|g . The claim
is proved. O

We still denote by 7 the extended multivalued section of E|xe.

Claim 3.5. The étale morphism q|zmom : ZJ°™ — X° gives rise to a representation ¢ : m1(X°) —

S, where S, is the symmetric group of m elements. Let 1 : Y° — X° be the Galois étale cover
corresponding to the finite index subgroup ker ¢ of w1 (X°). Then

e the normalization of the base change Z° Xx- Y° is a quasi-projective variety with m connected
component such that each component is isomorphic to Y° under the natural map (Z° Xxo
Yc)norm — YO
There are sections {11, ..., 0} € H(Y°, n*E) such that {n,...,nm} = 7°n.

G actson {ny,...,0m} as a permutation.

Proof. We fix a base point xo € X’. There exists an open neighborhood Q,, of x¢ such that, the

multivalued section )7|Qx0 is given by sections {sy, ..., S} C HO(QXO, E| QXO). Consider any loop
y of X° based at xo. Since g|zmom : ZJ™ — X° is étale, by Definition the transport of
{s1,...,8n}along Z}°™|, gives a permutation of {s1, ..., s, } hence an element in the symmetric

group S, of m elements. We can see that it only depends on the choice of homotopy class of y
and thus it corresponds to a representation ¢ : 71(X°) —» S,,. Let 7 : Y° — X° be the Galois
étale cover with the Galois group G := 71 (X°)/ker ¢. Then for any loop y € 7;(Y°), the transport
of {s1,...,8n} along ZJ°™ xx- Y°|, is a trivial permutation, which thus gives rise to holomorphic
sections {n1,...,n0m} € HO(Y°,7*E). Tt follows that 71 = {n1,...,7,}. One can see that G
acts on {n1,...,7,} as a permutation.
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Let W° c n*E be the graph variety of {ni,...,m,}. One can see that W° coincides with
Z° Xx- Y°. Hence the normalization (Z° Xx- Y°)"°™ is isomorphic to m copy of Y°. The claim is
proved. O

Note that 7 : Y° — X° extends to a ramified Galois cover ¥ — X with the Galois group G,
where Y is a projective normal variety. We still denote by 7 : ¥ — X the extended cover.
Let v : #*E — Y the natural projection map. We have the following commutative diagram:

7E —Ls E
b
Yy =5 X
Let A’ € HO(n*E, v*n*E) be the Liouville section. Consider the section
QW) = A" +vrt o A" v vt oy, € HY (0" E, v n*Sym™E).

Let W C n*E be the zero scheme of Q’(4"). Note that W|,,-1(y.) = W*, that is the graph variety of
{n1,...,1mm}. Therefore, over v~ (Y°), we have

oy =[ [ -n.
i=1

By continuity, it follows that the above equality holds over the whole n*E. Since we have
Q) = f*P;(1), W is equal to the scheme theoretic inverse image f~'(Z). Note that each
irreducible component of W is mapped to Y surjectively. It follows that each irreducible component
of Z is mapped to X surjectively. Hence Z is a multivalued section of £ — X. We write
m:XP — X forw:Y — X. The proposition is proved. ]

3.2. Invariant 1-forms on Bruhat-Tits buildings. Let G be a reductive algebraic group over a
non-archimedean local field. Then G induces a real Euclidean space V endowed with a Euclidean
metric and an affine Weyl group W acting on V isometrically. Such group W is a semidirect product
T = WV, where WV is the vectorial Weyl group, which is a finite group generated by reflections on
V,and T is a translation group of V.

For any apartment A in A(G), there exists an isomorphism i4 : A — V, which is called a chart.
Fortwo chartsis, : A| = Vandia, : A, — V,if AN A, # @, it satisfies the following properties:

(a) Y:= iAz(i;}(V)) is convex.
(b) There is an element w € W such that w 0 is,|A,na, = iA,]A,n4,-

Let us fix orthonormal coordinates (xi,...,xy) for V. Since W¥ c GL(V) acts on V isometrically,
for any w € WY, (w*xy,...,w"xy) are orthonormal coordinates for V. We define a subset of V*
by setting

(3.1 ® = {Wxitie(1,. .Nywewv-

Since WYV is a finite group, then @ is a finite set. Note that @ is invariant under the action by W".
We write ® = {B1,...,8m}.
We define real affine functions

(3.2) Ba,i = Pioialx)

on A for each i.

Lemma 3.6. If A| N A, # @, then we have

{dﬁAl,l’ L) dﬁAl,m}lAlﬂAz = {dﬁAz,l, L) dﬁAz,m}lAlﬁAz'
Proof. By Item [(b)} there exists an element w € W such that S 0 ia,|a,na, = Bk © W 0 ia,|a,nA,
forany k = 1,...,m. Recall that W¥ permutes ®. It follows that there exist aj,...,a,, € Rand a

permutation o of m-elements such that

(3.3) Broialana, =Browoialana, =Baok) 0ialana, — ak

forany k =1, ..., m. This implies the lemma. O
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3.3. Mutivalued 1-forms and spectral 1-forms. We prove Theorem|C] except for Theorem |[C.(iD)}
whose proof is defered to § [

Theorem 3.7. Let (X, X) be a smooth log pair. Let o, G and ii be as in Theorem@ Then

(i)  the pluriharmonic map i induces a multivalued logarithmic 1 form n on the log pair (X, ).

(ii) There exists a ramified Galois cover m : X — X such that n*n becomes single-valued; i.e.,
n ={wi,...,wn} c H(X?, 1" Q5 (log X)).

(iii) Denote by X = 7= (X), and let | := XP\XP. Let u : Y — X be a log resolution of
(X, %)), with Xy = u~"(21) a simple normal crossing divisor. Then logarithmic forms
{u*wi, ..., u*wy} are pure imaginary.

Proof. Step 1. We assume that G is semi-simple. Let u be the corresponding section of X x o0
A(G) — X of i defined in §[1.2] Let R(u) C X be the regular locus of u defined in Definition[1.2}
Then X\R (u) is an open subset of X of Hausdorff codimension at least two by Lemma|[I.3]

For any regular point x € R(u) of u (cf. Definition [1.2)), one can choose a simply-connected
open neighborhood U of x such that

(1) the inverse image 77)}1 (U) = U yey Uq is a union of disjoint open sets in X, each of which is
mapped isomorphically onto U by 7y : X - X.
(2) For some a € I, there is an apartment A, of A(G) such that u(Ug) C Ag.

Let ® = {By,...,Bm} be the subset of V* defined in (3.1). For each apartment A of A(G),
{Ba.1s---,Ba.m} are the affine functions on A defined in (3.2). Foreach j € {1,...,m}, we define
a real function

(34) I/la’j = ﬁAa,j oiflo (7TX|U(,)_1 U —> R.

By the pluriharmonicity of i, we have ddu,, j = 0 for each j. Hence du,,; is a holomorphic
1-form on U. By [BDDM22| §4.2], the set of holomorphic 1-forms {Ouq 1, ..., 0uq,m} on U will
glue together into a splitting multivalued 1-forms n over R(u). Moreover, for the characteristic
polynomial P, (T) = T™ + o T™ ' + ... + oy, of  defined in § each o; extends to a
logarithmic 1-form in H°(X, Q+(logX)). Hence conditions in Proposition are fulfilled. It
implies that, 77 extends to a multivalued logarithmic 1-form over (X, %), and there exists a spectral
cover 7 : X — X with h respect to 77. The first two assertions of the theorem are proved.

We denote by f : (Y,Zy) — (X,X) be the morphism between log smooth pairs, that is the
composmon of wand . Let f : ¥ — X be the restriction of f over Y. Then by Theorem Al l
iiof: Y - A(G) is an f* o-equivariant pluriharmonic map with logarithmic energy growth Here
we denote by f : Y — X the lift of f between the universal covers. Write ¥ := ii o f and let v be
the corresponding section.

We fix an irreducible component X, of Xy. Since S(u) := X\R(«) has Hausdorff codimension
at least two, we can choose an embedded transverse disk g : D — Y, such that g7'(Z,) =
g '(Zy) = {0}, and g(D) intersects with %, transversely. Furthermore, (f o g)~'(S(u)) has
Hausdorff dimension 0.

We fix the Euclidean metric \sz A dZ over D*. By the above construction, the multivalued
1-forms associated with the equivariant pluriharmonic maps we defined are functorial. In other
words,

fn={wwn,.. . o} c HY,Qp(logZy))

corresponds to the multivalued 1-form induced by ¥. Thus, applying (3.8.(1)) below, after rescaling
of n by multiplying it by \/ﬁ, we obtain the following over £~ (R(u)):

m
Vol = i w; + a2,
i=1

where |Vv|? is the energy density function of v. Since |Vv|? € Llloc, we conclude that the above
equality holds over the whole Y.
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Let v, be the section of D* X(fog)o A(G) — D* defined in § On the other hand, since
(f 02)~'(S(u)) has Hausdorff dimension 0, by the same argument as above, we can conclude that

m
Vogl = > le"w wi + 8w @il

Write g*u*w; = (a;(z) + V=1b;(z))d log z, where a;(z) and b;(z) are real harmonic functions on
D. Then by the same computation as in (2.5) and (2.6)), there exists a constant C > 0 such that

G. 5)

Sn(z la; (0)* + |b; (0)|2)1ogl < E¢[D,,] < 87r(Z|a (O)F +16:(0)*) log ~ Lic, vre).
i=1 i=1

Let y € m1(Y) be the element representing the loop 8 — g(%eﬁg). Since v has logarithmic
energy growth, by Definition[I.6] we have

(3.6) L2, = 16n2<2 |a; (0) + [b; (0)).

Since (f o g)~'(S(u)) has Hausdorff dimension 0, by [Shi68, Corollary 1] there exists a subset
I c (0,1) of Lebesgue measure 1, such that for each r € I, the loop ¢, in D* defined by

60— re‘mg, does not intersect with (f o g)~'(S(u)). Let y € m(Y) be the element representing

the loop 6 — g(reﬁa). In this case, the translation length L ¢+, (5, satisfies that, for any r € I,
we have

<L _ 0
Lyo(y) < jg J; [(g*u*w; +g*#*wi)(a—9)lzd0
2r m
=/ D 12bi(reV=10) 2df.
0

i=1

If letting r € I tends to O, we have

2 2
L oy < 167 Zb (0).

It follows from (3.6)) that a;(0) = 0 for each i. Thus, foreachi € {1,...,m}, we have Ress_ u*w; =
V=1b,(0), which is pure imaginary. Since X, is an arbitrary irreducible component of Zy, it
follows that y*wy, ..., u*w,, are pure imaginary logarithmic forms. The theorem is thus proved
when G is semisimple.

Step 2. We assume that G is reductive. We shall use the notation introduced in the proof
of Theorem [A| without recalling them explicitly. Recall that A(G) = A(ZG) x V, where V is
isometric to R™, and G(K) acts on V by translation. Note that i is the product of a o-equivariant
pluriharmonic map iy : X - A(2G) with logarithmic energy growth, and a T-equivariant
pluriharmonic map ¥ o 4 : X — V, also with logarithmic energy growth. Thus, the multivalued
1-form 7 induced by i is merely the union of the multivalued 1-form 79 induced by i, and the
logarithmic 1-forms {¢1,. .., ¢} € HO(X, Qx(log X)) induced by 4(¥ o d@). Hence, the spectral
cover 7 : X — X with respect to 77 coincides with the spectral cover with respect to 779, whose
existence is ensured by Step 1. The first two items are proved.

By Step 1, f*no is a finite set of pure imaginary logarithmic 1-forms. Recall that in Theorem[A]

we prove that {{1,...,{x} are pure imaginary. Thus, f*¢; is also pure imaginary for each i. We
conclude that f*n = f*'noU{f*{1,..., f"{x} is a set of pure imaginary logarithmic 1-forms. This
completes the proof of the theorem. O

By the proof of Theorem [3.7.(1)} if G is semi-simple, at each point xo of R(u), there exists an
open neighborhood U of x( such that, n is given by holomorphic 1-forms {du,.1,...,0uq m},
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where 1, j : U — Ris defined in (3.4). Let U, be a connected component of 71;(1 (U) introduced
in item[(T)] Note that
N

2 ; = -1p2
Vul? = > Jdxi 0ia, o it o (nxlu,) "%
i=1

where {xj,...,xn} is some orthogonal coordinates for V defined in §[3.2] For any w € W, note
that {w*dxy,...,w"dxn} is a orthogonal basis for TV*. Hence, by the definition of ® defined in

(3.1)), we have

N
Z Z |[w*0x; oig, oiio (7Tx|U,,)_1|2

weWwv i=1

m
> 10l
J=1

N
W] Z |0x; 0ia, oo (nx|u,) "
i=1
_ w7
2
The following result will be used in § 5

(3.7 |Vul|?.

Lemma 3.8. Let X, G, o and ii be as in Theorem @ Then there exists a multivalued logarithmic
1-form n on (X, X), that is splitting over R(u), such that for any point x € R(u), it has a simply
connected open neighborhood U satisfying:

(i) over U, n is represented by some holomorphic 1-forms {w1,...,wnN¢} on Q, and
N¢
(3:8) VulP =2 ) |,
j=1
where N is the K-rank of G, and € is the cardinality of the vectorial Weyl group WY of 2G.
(ii) There exists a partition of ule{wi,l, o swi N}y ={wi,...,weN} satisfying
e foreachi=2,...,¢ there exists a constant matrix M; € O(N,R) such that
(3.9 [wit, o+, win]=[wi, o, wiN] M

o [fthere exists some apartment A of A(G), such that ii(Uy) C A, where U, is some con-
nected componentofn)_(l (U), thenforanyisometryi : A — RN, denoting (uy, ..., uy) =
ioiio(nxly,) ' : U — RN, we have

1

(3.10) [Our, -+, Qun]|=|wi, -, wl,N]-M-@

for some constant matrix M € O(N, R).

(iii) Foreach p € {1,...,n}, n induces a multivalued section n? on Qg(log 2).

Proof. We shall use the notations in Step 2 of the proof of Theorem|[3.7} For each point xo of R (u),
there exists a simply connected neighborhood U of xg such that, for some connected component
Ugq of n)‘(l(U), iig(Uy) is contained in some apartment A of A(ZG). Let (W",V) be data of
2G defined in § Let N’ be the dimension of A(ZG) and ¢ be the cardinality of W". Fix
orthonormal coordinates (xi,...,xy-) for V.

We use the notations in § 3.2] Define a set of holomorphic 1-forms on U with a partition as
follows:

(3.11)
L {—w"dx; 0i4 0iigo (nx|y,)”" 1w*ax oigoiigo (nx|y,)”! lf lf}
wv 1 A 0 XU, EICERCIE B N’ A 0 XU, s T =GCls-++s T =CkJ>
" G G Ve
where &1, . . ., & are logarithmic 1-forms on (X, ¥) induced by the pluriharmonic map ¥ o @. Thus

we have N = N’ +k, as N is also the dimension of A(G). By Step 1 of the proof of Theorem|3.7.(1)]
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(3-TT) gives rise to a multivalued logarithmic 1-form on (X, ), denoted by 7. By (3.7), we have

N/
Vuo? =2 )
i=1

Note that 89 0 @ = (T}&1, . .., Tér). Since |Vul> = [Vug|? + |VF o |, it yields (3:).
Note that w is an isometry of V. Lemma [3.8.(ii)| follows directly from the construction of 7 in

@10

Let us prove Lemma3.8.(iii)l Foreach / = {iy,...,i,} with1 <ij <--- <i, < n, we define a
set of holomorphic p-forms with a partition given by

2

2 . ~
+...+|axN/ OlpAOUYO (ﬂX|U(y)

1 .
W |0x1 0ia 0 dig o (nxlu,)

Uﬁzl{iwj,il A Awji, Hsiy<o<ip <N -
By (3.T1), this is a well-defined splitting multivalued p-form on R(u), denoted by n”.
We fix a smooth hermitian metric £ for the vector bundle Q(logX). It induces a hermitian
metric /1, on Qg(log ). Since the support | Z,,| is compact, there exists a uniform constant C > 0
such that

|(,()j,i1 A ---/\wj,,-p(x)|h,, <C, VxeUNnR(u)

for each I. Let P,p (T) = TM + 0y TM~! + .- - + oy be the characteristic polynomial of 7” defined
in § with oy € H(R(u), Symng(log 2)|®@)). Then the norm of oy with respect to the
metric A” is uniformly bounded. By the Hartogs theorem in [[Shi68§]], each o; extends to a section
of Sym’ Qg(log ¥) on X. The conditions in Proposition are fulfilled. We conclude that ¢”

extends to a multivalued section of Q%(log ) on X.The last assertion is proved. O

Remark 3.9. When X is a compact Kdhler manifold, spectral covers associated with equivariant
harmonic maps to Euclidean buildings were systematically studied by Eyssidieux in [Eys04]]. The
construction of spectral covers presented here follows the approach of Klingler [KIi13]], while the
definition of multivalued 1-forms builds on the ideas of [Eys04]], which differ slightly from those
in [BDDM22] §4].

4. UNICITY OF PLURIHARMONIC MAPS

4.1. Uniqueness of energy density function. Throughout this subsection, G is a reductive alge-
braic group defined over a non-archimedean local field K. We begin with the following definition.

Definition 4.1 (Directional energy). Let u : Q — A(G) be a locally finite energy map from a
Riemannian domain Q. For V € I'(Q,Tq), the directional energy defined in [KS93, Theorem
1.9.6] is denoted by |u,(V)|%. By [KS93, Lemma 1.9.3 and Theorem 2.3.2],

d2
. (V)I*(p) = }in(l) (ulp), ut(zexpp(tV))) fora.e. p € Q.

Remark 4.2. Let M be a Riemannian manifold, ¢ : m1(M) — G(K) be a representation and
u:M — A(G) bea o-equivariant map. Given a vector field V defined on M, lift it to M and
denote it again by V. Then the energy density function |u,(V)|? is a 71 (M)-invariant function on
M and thus descends to a well-defined L; -function on M.

Proposition4.3. Let X be a smooth quasi-projective variety of dimensionnand ¢ : m1(X) — G(K)
be a representation. If i,V : X — A(G) are two p-equivariant pluriharmonic maps of logarithmic
energy growth, then we have

(i) d(,v) = c for some constant ¢ > 0;

(i) i@ (V)|? = [9.(V)|? for any holomorphic vector field V € T'(Q, Ta), where Q C X is an open
set.

Proof. If dimc X = 1, then the proposition follows from [DM23a, Lemma 5.8]. Assume by
induction that the assertions are both true if dimX = n — 1. We take a smooth projective
compactification X for X such that ¥ := X\ X is a simple normal crossing divisor.
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We fix an projective embedding ¢ : X < PV and denote by L := *Opn (3). Let U(g) C
HO(Y L) be defined in Proposition For any element s € HO (?, L), letty, : Yy — X be the
inclusion map defined in Proposmon@

Choose any g € X, and any g € X such that 7x(g) = q. By Propos1t10nm for any section
s € U(q), letting ¢y, : Y, — X be the lift of ty, between universal covers, we have 7TX1 (q9) c iy, (Yy).
Hence there exists ¢y € Yy such that ty,(gs) = G. By Theorem , the oy -equivariant maps uy,
and vy, defined in § are pluriharmonic maps of logarithmic energy. The inductive hypothesis
implies that there exists a constant cy, > 0 such that d (uy, (y), vy, (y)) = cy, foreach y € Y,. Since
uy, = i o ty, and vy, = ¥ o 1y, it follows that for any other s € U(gq), we have

cy, = d (uy; (4s), v, (g5)) = d ((§), ¥(q)) = d (v, (Gs), Vv, (Gs)) = cv,-

Hence cy, does not depend on the choice of s € U(g), which we shall denote by c.
Let p be any other point in X. Then by Proposition [[.7.(iD)} there exists s € U(g) such that

p € Y,. By Proposition |1.7.(iii)}, for any j € 7TX1 (p), there exists Py € Y such that i3, ty(ps)=p. It
follows that

d (@(p), 9(p)) = d (y, (Ps), vy, (Ps)) =
Thus, we conclude that d(ii(x), #(x)) = ¢ for each x € X.

Let us prove the second assertion. For any local smooth vector field V on X, we know that
i (V)% [9.(V))? € L]IOC, and thus it suffices to prove Proposition over the dense open

subset R(i1) N R(¥). Since & and ¥ are both smooth over R(if) N R(¥), it suffices to prove that for
any point § € R(ii) NR(V), and any V € T;X, we have

@ (V)PP = [5.(V) 2.

Set g = nx(G). By Proposition [1.7.(i1), there exists s € U(g) such that (rx).V € T,Y,. Hence
VeT;(Y,).
By the inductive hypothesis, we have

@.(V)? = |(a7)s(V)I> = (77 (V)P = [7.(V) .

This yields the second assertion. The proposition is proved. O

4.2. Proof of unicity theorem. Recall the following definition from [GS92].

Definition 4.4 ( [GS92], Section 6). We say that a nonpositively curved N-dimensional complex
F is F-connected if any two adjacent simplices are contained in a totally geodesic subcomplex A
which is isometric to a subset of the Euclidean space R™.

The regular set and the singular set of a harmonic map into a F-connected complex is defined
analogously as in Definition[1.2]

A neighborhood of a point Py € A(G) is isometric to a neighborhood of the origin in the tangent
cone Tp,A(G). Two simplices (which are actually simplicial cones) in Tp,A(G) are contained in
a totally geodesic subcomplex 7p,A where A is an apartment of A(G). In other words, Tp,A(G)
is an N-dimensional F-connected complex. Thus, when we study the local behavior of harmonic
maps u# : Q — A(G) at a point xg € Q, we can assume that u maps into the N-dimensional,
F-connected complex Tp,A(G) where Py = u(xo).

Lemma 4.5 ( [GS92], proof of Proposition 2.2). Let u : Q — F be a harmonic map from an
n-dimensional Riemannian domain to a F-connected complex and xo € Q. Then there exists a
constant ¢ > 0 and oy > 0 such that

e""ZO'/ |Vu|*du
BU’(XO)

min / d*(u, Q)dx
tr(xo)

QeA(G)

g —

is a non-decreasing functions in the interval (0, 0y). O
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Definition 4.6. For u and x as in Lemma4.3] we set

e""'zo"/ |Vul|?du
BU—(XO)

min / d*(u, Q)dx
QeA(G) JoB s (x0)

As a limit of non-decreasing sequence of functions, x — Ord”(x) is a upper semicontinuous
function. Thus, we have the following:

(a) By [GS92, Lemma 1.3], Ord*(x) > 1 for all x € Q.
(b) By [GS92, Theorem 6.3.(i)], if x; — x and Ord*(x;) > 1, then Ord"(x) > 1.

Ord”(xp) = lim
o—0

Lemma 4.7 ( [GS92], proof of Theorem 6.4). Let u be as in Lemmad.3|and So(u) 1o be the set of
points x € Q such that Ord"(x) > 1. Then Sy(u) is a closed set such that dimg;(Sp(u)) < n-2. 0O

Lemma 4.8 ( [GS92], proof of Proposition 2.2, Theorem 2.3). Let u and xo be as in Lemma
and let a := Ord"(xg). There exists a constant ¢ > 0 and oy > 0 such that

2

eCO'
g — ol i+va / dz(l/t, M(X()))dz
o aB{T(XO)
and
eC‘O’2 2
o ———— |Vu|“d,
gh—2+2a /B(r(x()) H

are non-decreasing functions in the interval (0, 0y). O

Remark 4.9. For a finite energy map u : Q — ¥ into a F-connected complex, |Vu|? € Llloc is not
necessarily defined at all points of €. On the other hand, it follows from Lemma that for a

harmonic map u, we can define |Vu|? at every point of xo € Q by setting

. 1
|Vul?(x0) = lim n/ |Vul? du
o—0 c,o B (xp)

where ¢, 0" is the volume of a ball or radius ¢ in Euclidean space.

Let u : Q — A(G) be a harmonic map and xg € Q. Use normal coordinates centered at xg
to identify xo = 0 and let B, (0) = {x = (x',...,x") € R" : |x| < r}. As mentioned above,
we can identify a neighborhood of u(0) with a neighborhood of the origin O of the tangent cone
T.(0)A(G). For u > 0 and P € T,)A(G), denote by uP to be the point in 7,,(0)A(G) on the
geodesic ray emanating from O and going through P at a distance ud (O, P) from O. Let
-1

u(o) = (0‘1_" ./63 o d*(u, u(0))dx

Definition 4.10. The blow up map is defined by
Ug : BI(O) - Tu(O)A(G)a MO'(X) = p(o)u(ox).

By [GS92, Proposition 3.3] and the paragraph proceeding it, there exists a sequence o; — 0
such that u,, converges locally uniformly to a non-constant homogeneous harmonic map u. of
degree a := Ord”(xo).

If Ord" (xg) = 1, then have the following:

(a) By [GS92, Proposition 3.1], there exists m € {1, ..., min{n, N}} such that
ue=J ol )

for an isometric and totally geodesic embedding J : R™ — T,0)A(G) and a linear map
v : R" — R™ of full rank.

(b) By [GS92, Lemma 6.2], the union of all N-flats of 7,,(9)A(G) containing J(R™) is isometric
to R™ X ¥ where F is a (N — m)-dimensional, F-connected complex.
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(c) By [GS92, Theorem 6.3], there exists o > 0 such that u(B,(xg)) € R™ x F. If we write
4.1 u=(u',u?) : Byy(xg) = R™" X F,

then u' : By, (xg) — R™ is a smooth harmonic map of rank m and u® Bgy(xg) = Fisa
harmonic map with a; := Ord"’ (xg) > 1+efore > 0.

Definition 4.11. Let u : Q — A(G) be a harmonic map. For xo € Sy(u), define my, = 0. For
xo € Q\S(u), let my, be the integer m in eq. . Let M := sup, cq My, We say the point
xo € Q is a critical point if my, < M. We denote the set of critical points by S(u). Define
R(u) = Q\S(u).

Lemma 4.12. If u : Q — A(G) is a non-constant harmonic map, then R (1) C R(u).

Proof. Let xg € R(u); i.e. my, = M where M is as in Definition and there exists o > 0 such
that we can write

4.2) u= ' u?): Bg(xg) > RM xF.

By choosing o > 0 smaller if necessary, we can assume that u! is of rank M at all points
X € By, (x0). Therefore, the restriction of (@.2)) to B, (x) is an expression of u as u = (u1,u) as in

eq. 1D in B, (x) C By,(x0). By eq. 1D |Vu?|?(x) = 0 for all x € B, (x0). Thus, we conclude
that u”> = P, for some Py € F. Hence u(B(xp)) € RM x {P} which implies B, (xo) € R(1). O

Lemma 4.13. Let u and xo be as in Lemma Then
Ord“(xg) > 1 & |Vul*(xg) = 0.

Proof. First, assume @ := Ord"(xo) > 1. Lemma [4.8]implies that there exists a constant C > 0
and oy > 0 such that for o € (0, 09)

/ d*(u, u(xp))dE < Co"~ 142,
OB s (x0)

By Remark [£.9] the above inequality and @ > 1 imply (with ¢, equal to the volume of the unit ball
inR")

1 1
(4.3)  |Vul*(xo) = lim / |Vul> dy = lim —1/ d?(u, u(xg))dZ =0
=0 0" JB, (x0) 0¢cn0"™ JoBy (x0)

O —

Next, assume Ord“(xg) = 1. Use normal coordinates centered at xo and write u = (u', u?) as in
eq. li Define gu = (gu', gu?) by setting gu(x) = 0~ 'u(6x). From [GS92, (5.14)], gu — L
uniformly on compact subsets to a non-constant homogeneous degree 1 map L. Furthermore, since

ay = Ord* (x0) > 1 (cf. (¢)), arguing analogously as 1) we get

/ d*(u?,u?(0))dE = lim CH*®*~2 = .
9By (0) 0—0

lim d*(gu?, gu?(0))dE = lim

0—0 631(0) 9n+1

By the maximum principle, this implies that gu?> — 4u?(0) = u*(0) uniformly on compact subsets
of B1(0). This in turn implies that gu' — L uniformly on compact subsets of B;(0). Since gu'
is a smooth harmonic map, gu' — L in C* for any k in any compact subset of B;(0). Since
|[VL|?(0) > 0, we also have |Vu!|?(0) = |[Vou'|?>(0) > 0. Therefore, |[Vu|> > 0. O

Lemma 4.14. The set of critical points S(u) is a closed set of Hausdorff dimension at most n — 2.

Proof. By Lemma 4.120 S(x) = S(u) U (S(u) N R(u)). By [GS92, Theorem 6.4], S(u) is a
closed set of Hausdorff dimension at most n — 2. Thus, the assertion follows from the fact that the
Hausdorff dimension of the set of critical points of a harmonic map into Euclidean space is at most
n—2. O

Lemma 4.15. For a non-constant harmonic map u : Q — A(G), let Q*(u) be the set of points
x € Q such that there exists r > 0 and a chamber C such that u(B,(x)) C C. Then Q*(u) is an
open set of full measure in Q.
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Proof. The openness of Q*(u) follows from its definition. Denote the complement of Q*(u) by
Q*(u)¢. We want to show that Q*(«)¢ has zero measure. Since S(u) has zero measure, it is
sufficient to show that Q* ()¢ N R (u) has zero measure.

On the contrary, assume that Q*(x)¢ N R(u«) has positive measure. Then there exists a point
xo € Q*(u)¢ N R(u) such that

u(Bo(x0) N ))  p(Bolro) QW) NRw)
@4 B T aBo) e 11(By(x0)) -

Since xo € R(u), Lemmaimplies xo € R(u). Thus, there exists a neighborhood N of x( and
a totally geodesic subcomplex A, isometric to R such that u(N) c A. By choosing N smaller
if necessary, we can assume that u|  has no critical points since xo € R (u).

For k =0,..., N, denote the k-skeleton of A(G) by A(G)®). Let k be the smallest integer such
that u(N) ¢ A(G)™. Since u is not locally constant (cf. [GS92, Proposition 4.3]), k > 1.

First, assume u(N) N A(G)*~D = 0. Let C be a chamber such that u(xy) € C. Since
u(N) € A(G)® and u(N) N A(G)*~D = 0, we conclude that u(N) is a k-dimensional face
of C. Thus, u(N) c C. This shows that, for 0 > 0 sufficiently small B,(xo) ¢ N c Q*(u),
contradicting eq. {.4).

Next, assume u(N) N A(G)*=1D £ (. Since A has no critical points of u, (u|x) ™ (A(G)*~1)
is a union of smooth (n—1)-dimensional submanifolds. For any pointx € N\ (u|x) "' (A(G) 1),
there exists » > 0 and a chamber C such that u(B,(x)) ¢ C. Thus, N\(u|x) 1 (A(G)* D) c

Q*(u), again contradicting eq. (4.4). m]
Remark 4.16. Note that Lemma [4.15|is of independent interest. For instance, it played a crucial

role in [DW24a]] in the study of Kolldr’s conjecture on the positivity of the holomorphic Euler
characteristic for varieties with large fundamental groups.

Proposition4.17. Let ug, uy : Q — A(G) be harmonic maps from a bounded Riemannian domain.
If d(ug, uy) = c for some constant ¢ > 0 and |Vug|> = |Vu,|%, then for almost all points x € X,
there exists r > 0 satisfying the following:

(i) There is a N-flat A containing both ug(B,(x)) and uy (B, (x)),
(i) If we fix an isometry v : A — RN, then v o uy : B,(x) — R is a translation of v o u; :
B,(x) —» RN,

Proof. Fori = 0,1, let Q*(u;) be the open set of full measure as in Lemma.13] Thus, Q*(up) N
Q*(uy) is of full measure. Lemma [@.15]implies that, for any xo € Q*(ug) N Q*(u,), there exists
r > 0 and a chamber C; such that u;(B;(xp)) € C; fori = 0,1. Let A be N-flat containing
chambers Cy and C; and v : A — R" be an isometry. Thus, v o uy and v o u; are harmonic
maps into R™V. The assumption that d(ug, u1) = ¢ implies that |v o ug(x) = v o u;(x)| = c. Thus,
0=Alvouyg—voui|>=2|V(vouy—vou)|?® which implies v o ug is a translation of vou;. O

We are able to prove Theorem

Proof of Theorem[B] The assertion follows immediately from Proposition[4.3|and Proposition4.17]
below. m|

Proof of Theorem By Th~eorem there exists a dense open subset X° c X of full Lebesgue

measure such that, for any x € X°,

(a) there exists an open neighborhood Q of x and an apartment A of A(G) such that i7;(Q) C A
fori =0,1;

(b) the map iig|g : @ — Aisatranslate of fij|g : Q — A

By the construction in [BDDM22], the multivalued 1-forms 7; induced i; for i = 0, 1 are equal

over X°, and splitting over Xe. By Deﬁnition we conclude that 71 = 1, over the entire X. The
claim is proved. O

5. ON THE SINGULAR SET OF HARMONIC MAPS INTO EUCLIDEAN BUILDINGS

In this section, we apply Lemma [3.8] and the results from § {.2] to prove Theorem
following the idea by Eyssidieux in [Eys04, Proposition 1.3.3].
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Theorem 5.1 (=Theorem [A.(iv)). Let X, o, G and ii be as in Theorem[A] Then the singular set
S (u) defined in Definition|l.2|is contained in a proper Zariski closed subset of X.

Proof. We assume that & is non-constant. We shall use the notions in § with Q being X. Let
M be the positive integer defined in Definition d.11] Let n be the logarithmic multivalued 1-form
induced by # defined in Lemma E Let Z,, = Zle n;Z; be the formal sum corresponding to
n defined in Definition [3.1] where each Z; is an irreducible closed subvariety of E such that the
natural map Z; — X is surjective and finite. Let |Z,,| = Uf.‘: Zi € Qx(log %) be the support of Z;,.

Let M be the positive integer defined in Definition f.TT} Consider the holomorphic bundle
E = Q%/’ (logX) on X. By Lemma [3.8.(iii), # induces a multivalued section n™ of E. Let
|Z,,m| C E be the support of the formal sum Z, » induced by n™ defined in Definition n Let
X" be the set of points x in X such that |Z,,m|x ¢ {0}. We shall prove that the Zariski open subset
X is dense in X. 5

By our definition of M in Definition and Lemma for any point xo € R(u), there exists
r > 0 such that:

(1) for some connected component £ of nil(Br (x0)), mx|a : & — B, (xp) is an isomorphism,
where B, (xg) is the geodesic ball centered at x of radius r.
(2) We have the decomposition

ii o (1% )8, (xo) = (u',u?) : By (x0) — RM x {Po},

1

where u' is a harmonic map with rank M at each point of B, (xp).

By Lemma [3.8.(ii), 7 is represented by du' up to some orthogonal transformation and rescaling.
It follows that |Z,,am | is not {0} for every x € B, (xo). Hence we have

(5.1) Ru)c X,

which implies that X is non-empty. Since X is Zariski open in X, it follows that X° := X N X’
is a dense and Zariski open subset of X. The theorem follows from Lemma [.12] together with
Lemma[5.2] below. i

Lemma 5.2. We have S(u) = X\X°.

Proof. Letxo € X. If Ord“(xo) > 1, then |Vu|?(x) = 0 by Lemmal4.13| If Ord“(xo) = 1, then we
apply Item (c)|above [@2). Thus, in either case, there exists r > 0 and an F-connected complex F
such that

(a) for some connected component € of 71)_(1 (By(x0)), mx|a : @ — B,(xp) is an isomorphism.
(b) We have

(5.2) i o (15" 1Q)|B, (xy) = (u',u?) : B(x0) = R x F,

such that u' : B, (x9) — R¥ is a smooth pluriharmonic map with rank at each point of B (xq)
equal to k (see the proof of Lemmal4.12) and u? : B, (xg) — F isa [ luriharmonic map with

Ord*’ (x0) > 1+ & for some & > 0 and |Vu?|(xp) = 0 by Lemma Here, we are using the

2

following convention: If k = M, then u? is a constant map, and if k = 0, then (u', u?) = u?.

Note that # has an Euclidean building structure. By the proof of Theorem [3.7.(1)|and Lemma|[3.8]
the pluriharmonic map #? in (5.2) induces a multivalued 1-form ¥ on B, (x() satisfying the
properties in Lemma Then for each x; € B,(x9) N R(u), it has a neighborhood Q,, over

which the multivalued 1-form y are given by holomorphic 1-forms ule {Wit,....¥i Nk}, thatis
the partition of ¢ in Lemma([3.8.(i0)} By (3.8), one has
£ N-k
(5.3) VPP =237 > i il
i=1 j=1
Wedefine y; ny_i+j = %au} foreachi € {1,...,¢f}andj € {1, ..., k}. Therefore, ule{(ﬁi’l, e WiN

is a multivalued 1-form associated with (u', u?) defined in Lemma 3.8]
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We can shrink €, such that 7 is given by holomorphic 1-forms I_If;l{wi,l, ...,wi N} onQy,
that is the partition of  in Lemma 3.8.(ii)} Hence, by (3.9) and (3.10)), for each i and j, there exists
a constant matrix M; ; € O(N,R) such that

\/?
\/Z .

By (3.9) and the definition of n* in Lemma 3.8.(iii), over Qy,, the multivalued section n™ of E is
given by

(5.4) [wii, oo win]|=|vi0 s WiN] M-

t?/
Lo {2wjiy A Awj iy b<ij <o <ipg <N -

On the other hand, by Lemma [3.8.(iii), (u', u?) induces another multivalued section of E| B, (xo)>
which is locally represented by

¢
Wio {2y A A Fi<ii <o <ing <N -

For notational simplicity, for each I = (iy,...,ip) C {l,...,N}with1 <ij <--- <ipy <N, we
write

W =wj /\---/\a)j,iM, VjE{l,.‘.,f/},
and

Vir =Yg N ANy, Yied{l,. .., )
Therefore, by (5.4) there exists a constant matrix of M; ; € O((},),R) such that
E)M
Ve

Thus, we have the following equality, which holds over the entire R (u) N B, (xg):

[wjr)i<iy<<ing<N = Witli<ij<o<ing<n - Mi j(

Vi

(5.5) > |w,~,1|%lE=“2—§+l > b,

j=11<i1<--<ipg<N 1<ij<--<ipg <N

Note that there exists a constant C > 1 such that
1
(5.6) Wi, N ke (%)] = |@6u}| <C, VxeB,(x)

foreachi e {1,...,{}and j € {1,... k}. )
We now consider the cases of xg € S(u) and xo € R(u) separately:

(@) Ifxo € S(u), then M > k. By (5.3) and (5.6)), for any x € Q,,, we have
(5.7) W1al? < Cvu? P,

where A(I) denotes the cardinality of 7 N {1,..., N — k}, that is a positive integer. Recall
that |Vu?(x0)|?> = 0. Since C is a constant independent of x; € B, (xo) N R(u), it then follows

from (5.3) and (5.7) that
f/

li P (x) =0.
xeR(LgI,lx—moZ Z |w]’1| (X)

j=11<ij<--<ipg<N

Since the multivalued section nM on E is locally represented by uf.,:l{iw I <iy < <ipg <m>
it follows that that |Z,m |y, € {0}. In other words, xo ¢ X°.
(b) Ifxo € R(u), by (5.1)), we have xo € X°.

In conclusion, we have R () = X°. The lemma is proved. O
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