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ABSTRACT. In this paper, we prove that if £ is a pseudo-effective sheaf with vanishing
first Chern class on a klt compact Kéahler space X, then, after passing to a finite
quasi-étale cover, the reflexive pullback of £ is locally free and flat. This extends the
flatness criterion of Héring—Peternell, originally established for projective varieties, to
the Kéhler setting.

The proof relies on two main ingredients, both of which are new even in the
projective case. The first is a flatness theorem for stable sheaves: we show that a slope-
stable pseudo-effective sheaf with vanishing first Chern class is Hermitian flat. This is
obtained by combining Hermitian—Einstein theory with the subharmonicity properties
of direct image sheaves. The second is a singular Kéhler analogue of Simpson’s flatness
theorem for extensions of locally free Hermitian flat sheaves.

1. INTRODUCTION

In complex geometry, a fundamental theme is to extract a flat part from “semipositive”
curvature conditions in order to understand the global structure of the underlying
spaces. A guiding principle, going back to the celebrated work of Demailly—Peternell-
Schneider [DPS94], is that “semipositively curved” vector bundles with vanishing first
Chern class should be flat. This principle is one of the key ingredients in the structure
theorem for compact Kéhler manifolds with nef tangent bundle.

There are several ways to formulate semipositivity. In the projective setting, positivity
in the sense of Viehweg is one of the most useful notions of semipositivity, especially in
the classification theory of projective varieties. For sheaves on normal compact Kéhler
spaces, the notion relevant to our purposes is pseudo-effectivity (see Definition 2.2
and Remark 2.3). This is a weak positivity property which arises naturally in complex
geometry, particularly in the study of structure theorems for varieties with non-negative
curvature; see, for example, [CH19, EIM23, GKP21, GKP22, LPT18, Mat22, MW25b,
Wan22|, among many others. Also, in recent years, the Minimal Model Program in the
Kahler setting has also seen substantial progress |[Das, DH25, DHP24, DO24, Fuj22,
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GP25, HP16, HP18|. These developments make it natural and important to extend
the principle of Demailly—Peternell-Schneider to pseudo-effective sheaves on singular
Kéhler spaces, and such an extension is expected to have various applications (see
[Mat, MQ25, MWWZ]).

The purpose of this paper is to establish two flatness criteria for pseudo-effective
sheaves on compact Kéahler spaces with mild singularities; see Theorem 1.1 and Theorem 1.2
below.

Theorem 1.1. Let X be a compact Kdhler space with potentially kit singularities
(i.e. there exists an effective Q-divisor A such that (X,A) is a kit pair). Let € be
a pseudo-effective sheaf on X whose first Chern class vanishes. Then the following
assertions hold:

(i) There exists a finite quasi-étale cover v: X' — X such that the reflexive pullback
vHE == (v €)™ is a numerically flat locally free sheaf on X'.

(ii) The restriction of the reflexive hull £ to the smooth locus X,es is a flat locally
free sheaf on Xieg.

We refer to Definition 2.2 for the definition of pseudo-effective sheaves, and to
Section 2.5 for the definitions of numerical flatness and Hermitian flatness. Theorem 1.1
extends the flatness criterion of Héring—Peternell [HP19], originally proved in the projective
case, to the Kéhler setting. In the previous work [HP19], the variety X is assumed to
be smooth in codimension 2, whereas our result does not require this assumption (see
Remark 2.3 for a detailed comparison).

We briefly explain the proof of Theorem 1.1 (i). One of the main difficulties is to prove
the local freeness of £**. First, by recent work [Bra21l, GKKP11, DHP24, Fuj22|, we
may take a maximal quasi-étale cover v: X’ — X such that every flat locally free sheaf
on the smooth locus X/ , extends to a flat locally free sheaf on X’ (see Theorem 2.9).
The reflexive pullback j*]c‘f is again pseudo-effective and satisfies ¢;(v*1€) = 0. By
Proposition 2.7, the sheaf "€ is slope-semistable. We may therefore consider the
Jordan-Holder filtration of vI*&:

0= C&E C&EC - C& :=vHE.

By proving a regularity property for this filtration in Proposition 3.1, we reduce the
problem to showing that each graded quotient is Hermitian flat. This is precisely the
content of Theorem 1.2 below.

For the proof of Theorem 1.1 (ii), it remains to descend the flat connection on v*&€
to Xieg. This descent is not automatic in our singular setting and requires a variant of
Simpson’s theorem on extensions of flat bundles [Sim92| (see Subsection 2.5). To prove
this variant, we use the explicit construction of flat connections in [Den21].

The next theorem gives a flatness criterion for pseudo-effective sheaves on normal
compact Kahler spaces, without assuming klt singularities.
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Theorem 1.2. Let X be a normal compact Kdhler space, and let £ be a pseudo-effective
sheaf on X whose first Chern class vanishes. If € is slope-stable with respect to some
Kidhler class w, then the restriction of the reflexive hull £** to the smooth locus X,eg 15
Hermatian flat.

Before explaining the idea of the proof of Theorem 1.2, we recall two standard
approaches to proving flatness. The first is to deduce flatness from the stability of
all reflexive symmetric powers Sym™ & rather than merely polystability, as in [HP19,
CCP|. However, in our situation, the sheaves Sym[m] £ need not be stable. The second
approach is to prove the vanishing of the second Chern class and then apply a flatness
criterion, as in [BS94, CCM21, LT18, GKP16b|; see also the recent developments in
the Kéahler setting [FO25, GP25, GP26|. However, it is not clear how to prove the
vanishing of the second Chern class in the present setting, even when X has terminal
singularities.

In the proof of Theorem 1.2, we avoid using the second Chern class. Instead, we
develop an idea from [CCP], namely using the theory of Hermitian-Einstein metrics
together with the subharmonicity of direct image sheaves established in [CCP|. This
approach works well in the singular setting and even in the non-Kéhler setting. The
proof proceeds roughly as follows. By the definition of pseudo-effective sheaves, there
exist singular metrics {h. }.~0 on Op(e)(1) whose curvature is bounded below by —ep*wx-.
Here wy is a Kéhler form on X, and p: P(£) — X is the natural projection with
hyperplane bundle Opg)(1). Since € is not locally free in general, we have to treat P(&)
with some care. To this end, we establish a characterization of pseudo-effective sheaves
(see Theorem 4.5), which is highly nontrivial and is one of the main contributions of
this paper.

In this introduction, we keep the following discussion at a heuristic level. A key point
is to study the singularities of a limit metric & on Op)(1) obtained from the metrics
{he}eso. If the singular locus of & is not dominant over X, then the positivity of direct
image sheaves implies that the L?-metric H on & has semipositive curvature, using the
condition ¢1(€) = 0. Hence, by Raufi’s result [Raul5|, the sheaf £ is Hermitian flat and
locally free on Xcg.

It remains to exclude the opposite case, where the singular locus of A is dominant
over X. We do so by constructing a destabilizing subsheaf of £. For simplicity, assume
that det £ is a trivial invertible sheaf. We consider the natural inclusion

S :=p.(Op(e) (Kp(e)/x + Opeey(r +1)) @ (1))
Cpe (Ob(ey (Kp(e)/x + Opey(r + 1)) =€,

where Z(e) is the multiplier ideal sheaf and 7 is the rank of £&. The L*-metric on S is
positively curved, and hence its slope is semipositive. Therefore, we expect that S, or
a closely related direct image sheaf, gives a destabilizing subsheaf of £, contradicting
the stability of £. The difficulty is that it is not clear a priori that & is nonzero and

properly contained in £.
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To overcome this difficulty, we take a smooth metric g on Opg) (1) arising from
Hermitian-Einstein metrics, as in [CGNPPW], and consider the subsheaf

S5 = D+ (Op(g)(Kp(g)/X) & O[p(g)(T‘ + 1) & I((hl_‘; . g‘;)T'H)).

By analyzing the singularities of the metric h'=9 - ¢° on Op(e)(1) in Proposition 3.2, we
find some 0 < 0 < 1 such that S5 is nonzero and properly contained in £. Moreover,
although the curvature of g is not necessarily semipositive, the slope of Ss is still non-
negative by the subharmonicity of direct image sheaves [CCP|. This gives a destabilizing
subsheaf, contradicting the stability of £.

We emphasize that the argument explained above is new even in the projective
setting. In the projective setting, the flatness criteria of this type, as used for instance
in [CH19|, have played an important role in the study of singular analogues of the
Beauville-Bogomolov-Yau decomposition. Our flatness criterion may provide a more
direct proof of such decomposition theorems in the Kéahler setting. Also, one promising
application of our flatness criterion is to extend the Beauville-Bogomolov—Yau decomposition
for klt pairs established in [MW25b| to compact Kéhler spaces. This is carried out in
forthcoming work, which will appear soon.

Finally, in Section 5, we apply the techniques developed above to study numerically
flat vector bundles on compact complex manifolds which are not necessarily Kéhler. In
particular, we extend an important characterization of numerically flat vector bundles
on compact Kéhler manifolds due to Demailly—Peternell-Schneider [DPS94, Theorem
1.18] (see also Theorem 1.2) to the non-Kéhler setting. This gives a positive answer to
the question raised in [DPS94, Remark 1.21].

Theorem 1.3. Let X be a compact complex manifold and let E be a locally free sheaf
on X. Assume that E is numerically flat, namely c;(E) = 0 and Opgy(1) is nef. Then
E admits a filtration by holomorphic subbundles

(1.3.1) {0}=EyCE,C---CE,=F

such that each graded quotient E;/F;_y is Hermitian flat. In particular, all Chern
classes c(E) vanish.
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2. TOOLS AND PREPARATIONS

In this section, we summarize some basic material and preliminary results. Throughout
this paper, let X be a normal analytic variety of dimension n (i.e. an irreducible and
reduced complex analytic space with at worst normal singularities), and let £ be a
torsion-free coherent sheaf on X of rank r. Set Xy := X,eg N X¢, where X,¢, is the
smooth locus of X and X is the maximal locus on which &£ is locally free. We use
the terms locally free sheaf and vector bundle interchangeably, and we reserve the term
vector bundle for occasions when we want to emphasize the bundle viewpoint.

2.1. Notation and conventions. For a positive integer m € Z, , we define

e the reflexive tensor power £®7 .= (£8m)**,

e the reflexive symmetric power Sym™¢ = (Sym™&E)**;

where £* := Hom(&, Ox) is the dual sheaf. The reflexive top exterior power det £ :=
AIE is called the determinant sheaf of €. Further, for a torsion-free sheaf F on X, we
define the reflexive tensor product £[R|F := (€ @ F)**.

Let f: Y — X be a morphism between normal analytic varieties. We define the
reflexive pullback fM& := (f*€)**. In this paper, we often say that a property (P)
holds over a subset U C X if it holds on the inverse image f~!(U). For example, we
say that the sheaf G is locally free over X if it is locally free on the inverse image

1 (Xo).

2.2. Singular Hermitian metrics and pseudo-effective sheaves. We first recall
the notion of psh (resp. quasi-psh) functions on a normal analytic variety X. See
[Dem85| and [BG13, Section 4.6] for details.

A function ¢: X — [—00,400] is said to be plurisubharmonic (psh for short) if there
exists an open covering X = |J;U; and embeddings U; — C¥ such that ¢|y, is the
restriction of a psh function defined on an open subset of CV. A function ¢: X —
[—00, +oo[ is said to be quasi-psh if it can be locally written as the sum of a psh
function and a smooth function. Similarly, a (1, 1)-form wx on X is said to be a Kdhler
form on X if wx|y, can be written as the restriction of a Ké&hler form defined on an
open subset of CV. A Kihler form wy in our sense always admits local potentials (i.e.
locally there exists a smooth function f such that wy = /—199f). Psh functions on
normal varieties satisfy the Hartogs-type extension property, which will often be used
in this paper without explicit mention.

Theorem 2.1 (|GR56, Satz 4|). Let X be a normal analytic variety and let Z C X
be a Zariski closed subset of codimension > 2. Then, any psh function ¢ on X \ Z

uniquely extends to a psh function on X.
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Using quasi-psh functions, we review singular Hermitian metrics and pseudo-effectivity
for torsion-free sheaves. Below, we assume familiarity with the basic theory of singular
Hermitian metrics on vector bundles (see [Raul5, HPS18, Paul8, PT18]). We recommend
[HPS18, Sections 16-19] for a detailed exposition.

A singular Hermitian metric A on a torsion free coherent sheaf &£ is a (possibly
singular) Hermitian metric on the vector bundle &|x,, where Xy := X, N Xg. In
particular, outside a subset of measure zero in X, the metric h(x) defines a finite
Hermitian inner product on &,. For a smooth (1,1)-form # on X with local potential,
we write

V=10, >0 ®id on X
if, for any local section e € H°(U,£*) on an open set U C X, the function log ||y« — f
is psh on U N Xj, where f is a local potential of § and h* is the induced metric on the
dual sheaf £*. Note that a singular Hermitian metric is only defined on X, even if it
is smooth. Nevertheless, the function log|e|;« extends to a quasi-psh function across
X \ Xy by Theorem 2.1.

The following definition extends the notion of pseudo-effectivity for vector bundles
to torsion-free sheaves.

Definition 2.2 (|[Mat23, Definition 2.1]). Let X be a normal compact Ké&hler space
and let wyx be a Kéahler form on X. A torsion-free sheaf £ on X is said to be pseudo-
effective if, for every m € Z,, there exists a singular Hermitian metric h,, on the m-th
symmetric power Sym™ &|x, such that

vV _1®hm = —Wwx & id .

Remark 2.3. Suppose that X is a projective variety with an ample line bundle A.

(1) We compare our definition of pseudo-effective sheaves with Viehweg-type positivity
in the projective setting. By [Mat23, Proposition 2.4| (see also [Paul8, Theorem 2.21]),
the pseudo-effectivity of £ is equivalent to the following condition: for every a € Z.,
there exists b € Z, such that the reflexive hull Sym!®”) £ @ (bA) is globally generated at
a general point of X.

(2) In [HP19, Theorem 2.1|, Héring—Peternell proved a flatness result for £ when £ is
pseudo-effective in the sense of [HP19, Definition 2.1] and Sym!™ & is stable for every
m. Here, pseudo-effectivity in the sense of [HP19, Definition 2.1] means that for every
¢ € Z there exist integers ¢, 7 € Z, such that ¢ > ¢j and

H°(X, Sym! £ ® A®T) £ 0.

This definition is weaker than ours, even when X is smooth and & is locally free. Our
Definition 2.2 implies that the non-nef locus of Op(g)(1) is not dominant over X.

The following propositions will be frequently used in this paper.

Proposition 2.4. Let X be a normal analytic space and let

&E—F
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be a generically surjective morphism between torsion-free sheaves & and F. If a Hermitian
metric h on £ satisfies

V=10, >0 ®id on X,
then the induced metric h, on F satisfies the same condition. In particular, iof € is
pseudo-effective, then so is F.

Proof. A key point is that £ — F is only generically surjective, and not necessarily
surjective everywhere. The proof follows from the argument of [PT18, Lemma 2.4.3|.

O

Proposition 2.5. Let €& be a torsion-free sheaf on a normal compact Kdhler space
X. Let I'(€) be the reflexive hull of I'*(E|x,), where I'*(E|x,) is the locally free sheaf
associated with a tensor representation of highest weight a = (ay,--- ,a,) with a; >
<o =2 a, 2 0. Assume that £ is pseudo-effective. Then I'(E) is pseudo-effective. In
particular, the reflexive exterior power A& is pseudo-effective. Moreover, if c1(E) = 0,
then £ 1s also pseudo-effective.

Proof. The proof follows from the argument of [DPS94, Proposition 1.14|, and thus,
we briefly explain only the main strategy. Take singular Hermitian metrics {h,,} on
Sym™ &|x, such that /=10, > —wy®id. After replacing X with X, we may assume
that & is locally free.

Recall that Sym™(T'%(€)) is a direct summand of I'’(€) with |b] = m]al, and that
(&) is a direct summand of Sym”(£) ® --- ® Sym” (€). On the other hand, the
product metric by, ® - - - ® hy, satisfies

V _]‘@hb1®"'®hbr 2 —Trwx & id .

Note that, although h,, is singular, the tensor product metric can be defined by
approximating h,, locally by smooth metrics via convolution. By Proposition 2.4, the
induced quotient metric g,, on Sym™(I'*(£)) satisfies the same inequality. This shows
that I'*(€) is pseudo-effective.

For the last assertion, assume that ¢;(£) = 0. Then I'(€) ® (det £)* is pseudo-
effective on X by (see Proposition 4.7). In particular, taking a = (1,0,...,0), we
obtain that £ is pseudo-effective. O

2.3. Stabilities of torsion-free sheaves. The determinant sheaf det & is reflexive,
but it is not necessarily invertible when X has singularities. Nevertheless, we can
define the first Chern class ¢;(£) as a functional on the classes of d-closed forms as
follows: Take a modification 7: X — X such that X is smooth and (7*E)/tor is
a locally free sheaf, where tor is the maximal torsion subsheaf of 7*£. Then, for a
d-closed (n —1,n — 1) form ~, the first Chern class ¢, (£) is defined by

/Xcl(é')/\”y ::/Xcl((ﬂ*é')/tor) ATy

This definition is independent of the choice of 7: X — X. As in the smooth case, the

slope (and hence stability) is defined as follows:
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Definition 2.6. Let X be a normal compact Kéhler space and let wx be a Kéhler form
on X. Let £ be a torsion-free sheaf on X, and let 7: X — X be a desingularisation of
X such that (7*&)/ tor is a locally free sheaf. Then, the slope of £ with respect to wx
is defined by

. 1 n—1
()i = s [ @)
1

L * * n—1
S — /Xcl((ﬂ &)/ tor) AWy

The right-hand side is independent of the choice of desingularisation, since

* n—1 __
/ﬂ'QJX =0
E

for any m-exceptional divisor F for dimensional reasons.
As a consequence of Propositions 2.4 and 2.5, we have the following:

Proposition 2.7. Let X be a normal compact Kdahler space and let £ be a pseudo-
effective sheaf on X. Let wx be a Kdihler form on X. If ¢;(€) = 0, then & is semistable
with respect to wy.

Proof. Let § C & be a saturated subsheaf, and set Q := £/S. Then Q is pseudo-
effective by Proposition 2.4, and so is det @ by Proposition 2.5. This shows that the
slope of § is semipositive. O

2.4. Maximal quasi-étale covers in the Kéihler setting. Following [Gue25, Section
3.2] and [FO25, Subsection 2.B|, we summarize some results on maximally quasi-étale
covers in the analytic setting. Note that [Gue25, Corollary 3.6] and [FO25, Theorem
2.5] are formulated for klt complex analytic varieties, but the same argument applies
to potentially kit singularities.

Definition 2.8. Let X be a normal analytic variety. A maximally quasi-étale cover of
X is a quasi-étale Galois cover X’ — X such that the naturally induced morphism

Ly - ﬁ1<X, ) — ﬁl(X/)

reg

of étale fundamental groups is an isomorphism.

Theorem 2.9 ([GKP16a, Theorem 1.5], [Gue25, Cor 3.6, [FO25, Theorem 2.5]). Let
X be a potentially kIt compact analytic variety. Then, we have:

(1) There exists a maximally quasi-étale cover v: X' — X of X.

(2) Suppose that a normal analytic variety X is mazimally quasi-étale (i.e. X itself
satisfies the above property). Then, any linear representation py: T (Xyeg) = GL(r, C)
factors through m (X):

[4]

T

1 (Xreg) —»m (X) — GL(r, C).
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Proof. As explained in [Gue25, Corollary 3.6] and [FO25, Subsection 2.B|, the first
conclusion follows from the finiteness of the local fundamental group of X,., thanks to
the arguments in [Bra21, Xul4|, where the existence of a plt blowup plays a crucial role
via [BCHM10]|. This has recently been established using developments of the Minimal
Model Program for projective morphisms in the analytic setting [DHP24, Fuj22|.

The second conclusion follows from Malcev’s theorem, as in [GKP16a]. We briefly
explain the proof for the reader’s convenience. Note that m(X,eg) is finitely generated.
Except for this point, the statement is purely group-theoretic, so we set

G :=m(Xpeg), H:=m(X), i.:G— H.
Let G (resp. H ) be the profinite completion of G (resp. H). Consider the commutative

diagram
G
]

Since X is maximally quasi-étale, the bottom arrow i, is an isomorphism.

It is enough to show that Ker(i.) C Ker(py). Let v € Ker (i) and assume for
contradiction that po(y) # 1. Set I' := po(G) C GL(r, C). Since I' is a finitely generated
linear group, Malcev’s theorem shows that I' is residually finite. Therefore, there exists
a homomorphism ¢: I' — F' to some finite group F such that ¢)(po(y)) # 1. Then
Ker(¢ o pg) <G is a normal subgroup of G of finite index and does not contain ~y. This
means that pg(y) # 1, which contradicts the commutative diagram. O

2.5. Numerically flat locally free sheaves. We first recall three related notions of
flatness.

Definition 2.10. Let X be a normal analytic variety and let £ be a locally free sheaf
on X.

(1) The sheaf £ is said to be flat if it is constructed by a linear representation
m(X) = GL(r,C). If X is smooth, this is equivalent to saying that £ admits a
holomorphic connection with vanishing curvature.

(2) The sheaf £ is said to be Hermitian flat if it admits a smooth Hermitian metric
with vanishing Chern curvature.

(3) Suppose that X is compact. The sheaf £ is said to be numerically flat if both
€ and & are nef. Equivalently, £ is nef and ¢;(€) = 0.

Note that these notions are defined only for locally free sheaves. We assume that X
is compact when discussing numerical flatness, while (1) and (2) are also defined for
non-compact varieties. Recall that & is numerically effective (nef for short) if Ope)(1)
is a nef line bundle on P(£). Demailly—Peternell-Schneider in [DPS94| proved that &£

is nef if and only if, for every m € Z,, the m-th symmetric power Sym™ &£ admits a
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smooth Hermitian metric h,, such that
V=10, > —wx ®id.
Moreover, they established a flatness criterion for numerically flat locally free sheaves:

Theorem 2.11 (|DPS94, Theorem 1.18|). Let X be a compact Kihler manifold and
let € be a locally free sheaf on X. If £ is numerically flat, then £ admits a filtration of
holomorphic subbundles

(2.11.1) {0} =EyCE,C---CE,=¢&
such that each graded quotient E;/E;_1 is Hermitian flat.

Combining Theorem 2.11 with Simpson’s result [Sim92| (see also [Den21| for an
explicit construction), we obtain the following:

Corollary 2.12. Let X be a compact Kdhler manifold and let £ be a locally free sheaf
on X. If € is numerically flat, then £ admits a holomorphic flat connection which is
compatible with the filtration (2.11.1).

Therefore, Theorem 1.1 can be viewed as a generalization of Theorem 2.11 and
Corollary 2.12 to the singular setting: the sheaf £ need not be locally free, the metrics
h,, may be singular, and the base space X itself may also be singular.

3. TECHNICAL RESULTS

In this section, we prepare several auxiliary propositions. The first one, although
technical, generalizes [DPS94, Proposition 1.16| to compact Kahler spaces.

Proposition 3.1. Let X be a compact Kdhler space with potentially kit singularities.
Let &£ be a pseudo-effective reflexive sheaf on X with vanishing first Chern class. Consider
an exact sequence

0-S—>E&—>0Q—-0 onlX,

where S is reflexive and Q is torsion-free with vanishing first Chern class. Then, there
exists a Zariski closed subset Z C X of codimension > 3 such that Q is reflexive on
X\ Z.

Proof. Set X := X;esNXe. By [IMZ26, Lemma 2.9, the quotient Q is locally free, and
the sequence in the proposition is an exact sequence of vector bundles on X,. However,
this is not enough, since codim(X \ Xy) > 3 does not hold in general. The proof is
divided into four steps.

Step 1. Consider the reflexive sheaf
F = AFlg[@](det Q)7

where s is the rank of Q. Let 7 € HY(X,F*) be the natural section obtained from

the inclusion 0 — Ox — F* induced by the exact sequence in the proposition. Since
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& is pseudo-effective and ¢;(Q) = 0, there exist singular Hermitian metrics {h,,} on
Sym™ F such that

V=10, (Sym™ F) > —wx ®id  on X,

where wy is a fixed Kéhler form on X (see Proposition 4.7). The function log |7™

satisfies ] ]
\/—185<—log|7m h;*n) 2 —Wwx
m m
on Xy, and hence extends to a quasi-psh function on X with the same curvature
inequality, since codim(X \ Xy) > 2 and X is normal. Thus, after passing to a suitable
normalization and a subsequence, we may assume that the functions (1/m)log|r™
converge to a psh function on X, which is constant since X is compact.

i

hin

Step 2. Since X has potentially klt singularities, we can take a Zariski closed subset
71 C X of codimension > 3 such that X'\ Z; has only quotient singularities. Thus, for a
sufficiently small open set U C X \ Z, we can take a finite quasi-étale cover v: V — U
such that V is smooth. Since V is smooth and vM& is reflexive, there exists a Zariski
closed subset Z C U of codimension > 3 such that the reflexive pullback

gorb = V[*]g
is locally free on U\ Z. Although Z is defined only locally on U, the non-reflexive locus

of Q is a globally defined Zariski closed subset of X. Thus, for our purposes, it suffices
to prove that Q is reflexive on U \ Z.

Step 3. Let S, be the saturation of ¥MS c vE, and consider
(3.1.1) 0= Seat = Eorp = VE = Qi =& /Sear = 0 on V.

Note that O is torsion-free on V. As in Step 1, we obtain the natural section 7., €
H°(V,G*) induced by (3.1.1), where

G = AFIE 1 [®](det Q)"

In this step, we prove that 7, is nowhere vanishing over U \ Z. Note that if 7., is
nowhere vanishing over U \ Z, then by [DPS94, Lemma 1.20|, both Sy, and Qy are
locally free over U \ Z.

Consider singular Hermitian metrics {homm} on Sym™ G defined by pulling back
{hy,}, namely hoypm := V*hy,. More precisely, the metric h,, is a priori defined only on
Xreg N Xsymm 7. Hence the pullback hompm is defined on Vi := v (X g N Xgymm 7) via
v ( Sym™ g) = Sym™ F. By codim(V '\ V;) > 2, the metric Ao m extends to a singular
Hermitian metric on Sym™ G. By construction, we have

Torb = vt and lOg |7-:r1b|h:rb,m =V (log ’Tm h:n) on ‘/1

- m
The function log |75 |nx

other hand, the function log |7

(3.1.2) log |05,

_Is quasi-psh on Vi, and hence extends across V/ \ V1. On the
n: also extends to X. Therefore, we obtain

h;*n) on V.

h:rb,m = I/* (log |7-m

11



Assume for contradiction that 7.,(p) = 0 for some point p € v~ (U'\ Z). To consider
Lelong numbers on smooth varieties, we take a resolution of singularities m: X — X
and a smooth variety V fitting into the commutative diagram

V" (U)X
V2 Uc X
Take a point p € @ 1(p). Since G is locally free around p, the Lelong number

D)

orb m

1 ~ % m ~ 1 ~ % M
El/(ﬂ. <lOg ‘Torblh:rby,n%p) = EV(IOg |7T Torb|#

is bounded from below uniformly in m. Indeed, writing 77, locally as
T g?b = Z TI€r,

each holomorphic function 7; vanishes to order > m at p by 7,1 (p) = 0. Here {e;}_;
is a local frame of G, I is a multi-index of degree m, and ey := [],.; e;. Moreover, since
is quasi-psh for any local section u, the inner product (e;, e J> B 1 locally
bounded from above. Consequently, there exists a constant C' > 0 such that

’ngb’hémm <C Z |71
I

This implies that the Lelong number of (1/m)log |75 |5
By [Fav99, Theorem 2|, the Lelong number

(" tog 7", (7))

is also bounded from below uniformly in m. However, the function (1/m)r*
converges to a constant by (3.1.2), which is a contradiction.

at p is at least 1.

Step 4. After taking a Galois closure, we may assume that v: V — U is a Galois
cover with Galois group G. By Step 3, both Sy and Qi are locally free over U \ Z.
In particular, S, Eob, and Qy are reflexive over U \ Z. Hence, their G-invariant
pushforwards (v,(e))¢ are also reflexive over U \ Z by |[GKKP11, Lemma A.3|. Thus,
since Sgat, Eorp, and Qi are the pullbacks of S, £, and Q over U,s N Ug, we obtain

(V*(Ssat))G =87 =S, (V*(gorb))c =& =€, (V*<Qtf))G = Q™.

on U\ Z. Together with the exactness of the functor (v,(e))¢ (see [GKKP11, Lemma
A.3]), we deduce

0-8§—-E&—-Q9" =0 onU\Z
This shows that @ = Q** on U \ Z. This completes the proof.

12



The next proposition analyzes the singularities of the limit metric on Op(g)(1) induced
by Hermitian metrics on £.

Proposition 3.2. Let {H.} be a sequence of smooth Hermitian metrics on C*™, and
let h. be the induced metrics on Opn(1) via the quotient map P x C" — Opa(1).

(1) After applying a unitary change of coordinates on C"™' rescaling H., and passing
to a subsequence, the metrics {h.} converge to a singular metric h on Opn(1) whose

weight can be written as
n
log > XilGif?,
i=0

where [(o: -+ : () are the homogeneous coordinate on P™ and {\;} are real numbers
with A\g = --- > A\, = 0.

(2) Suppose that the limit metric h is singular (i.e. A, = 0). Let g be a smooth metric
on Opn(1). Then, there exists 0 < § < 1 such that the space of L*-integrable sections

HO (IP”% Kprn @ Opn(n+2) ® I((g(l—l?) i ha>(n+2)))
is nonzero and is a proper subspace of H*(P", Kpn @ O(n + 2)).

Remark 3.3. (1) The second conclusion does not hold for an arbitrary singular metric h
on Opn(1). A key point in the proposition is that h arises as a limit of metrics induced
by Hermitian metrics on C"*!. Indeed, in the one-dimensional case (i.e.n = 1), consider
the singular metric h on Op:(1) such that

1
V=164 = <([p] + ] + 1),
where p, g, € P! are distinct points. Then, in the case § = 1, the line bundle
Kp @ Opi(n+2) @ Z((¢" Y - h')?) = Opi (—2)

has no nonzero sections. Moreover, for any 1 > § > 0, the space of L2-integrable
sections is not a proper subspace of the ambient space, by Z((g'~? - h%)?) = Ox.

(2) The proposition concerns limit metrics arising from the family {H.} in the
definition of weakly positively curved sheaves. From this viewpoint, it is natural to
study limit metrics appearing in the definition of pseudo-effective sheaves. Although
this is not used in this paper, we formulate the following question.

Question 3.4. Let {H,,} be smooth Hermitian metrics on the m-th symmetric power
Sym™(C"Y), and let {h,,} be the metrics on Opn(m) induced by the surjective morphism

P" x Sym™ C"*' — Opn(m).
Can we describe the limit metric h obtained from {h%m}, or the singularities of h?
Proof of Proposition 5.2. (1) Let G be the standard Hermitian metric on C"*! and

let (eg,...,e,) be the standard basis. Then, there exists a unitary transformation
13



U. € U(n+ 1) such that (U(eg),...,U.(e,)) is an orthogonal basis with respect to H..
Therefore, we can write

G = Ze Qe = ZU *@Uer)", Ho=> NioUder) @ Ud(es),
i=0
where Ao = -+ 2 A\ 0 > O are the eigenvalues of H. with respect to G. Replacing H.
with (1/A\o¢) - H-, we may assume that \o. = 1.

Let h. be the induced metric on Opn(1). After passing to a subsequence, we may
assume that \;. — A\; € [0,1] for all 4, and that U. — U, since the unitary group is
compact. Then h. converges (in the sense of weights in LIOC) to a singular metric on
Opx (1), which we denote by h. More precisely, for ( = ({y,...,(,) € C1\ {0}, let
[¢] € P" be the corresponding point. If we set 7. := UZ'(, then the weight function of
h. is given by

- 1Og <Z )\i,s |77€,i
=0

Hence ¢. converges to

) = log(3" he [0 1C1).

A1) = tog(3 M WO

which defines the limit metric h on Opn(1). Finally, after changing homogeneous
coordinates by the unitary transformation U, the weight of h can be written as log Y " \i|G|*.

(2) For the second conclusion, after applying a unitary change of coordinates, we
may assume that G is the standard Hermitian inner product, that ¢ is induced by G,
and that i can be written as in (1). Fix a basis (e, ..., e,) of

C™t = HY(P", Opn(1)) = HY(P", Kpn @ Opn(n + 2)),
which induces the homogeneous coordinates in (1).
Define a singular metric Hs on Opn(n 4 2) by
H5 = (9(1—6) . h§)(n+2)'
By assumption, there exists an integer 0 < p < n such that
)\02..2)\p>)\p+1::)\n:
A straightforward computation shows that, for any 0 < k < n, we have
9 1
leollz, = 1 L 12)(1-0)(nt2) . () P\ [5]2)0(n+2)
o (L4220 |2i]?) (Ao + 20 Ailzil?)
Jesl, = [ il
B Jon (L 220 [aP) 00052 (A + 350 Az ?)o(n+2)
where dV denotes the Lebesgue measure on C".

From these expressions, we obtain the following integrability conditions:

o [lexl|7, < oo for 0 <k <pifand only if (1 —0)(n+2) > (n—p).
14
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o |lexll?, < oofor p+1< k< nifand only if (1 —6)(n+2) > (n—p+1).
Choose 0 < 6 < 1 such that n —p+ 1> (1 —0)(n+2) > n — p. Then, the space
HO(P", Kprn @ Opn(n + 2) ®Z((g(1*5) . ha)(n+2)))

is nonzero, since it contains the subspace spanned by {e; }¥_,, and it is properly contained
in H°(P", Kpn ® Opn(n + 2)) since it does not contain €,41, ..., e,.

Checking these integrability conditions is straightforward. For the reader’s convenience,
we verify the second one. (The first one can be proved in the same way.) It is enough
to check integrability as |z] — oco. Since Ao, ..., A, are positive constants, they do not
affect integrability, and we may assume \; = 1 for simplicity. Set

=n+2)(1-96), b:=m+2), q:=n—p.
Let us consider the integrability of

[::/ ~ |ZP+1’2 dv
o (L4 300 )" (1 + 220 =il )
Write 2z = (2/,2") € CP x C? with

2 =(z1,. 0, %), 2= (Zps1se ey Zn)s

and set r := ||2/|[, s := ||z"]| so that ||z||> = r?+s*. Using polar coordinates on C? = R?"
and C? = R?, we write

d=rg, (ref0,o), £€57T), M =sw, (s€0,00), we ST,
The Euclidean volume forms can be written as
dVer = 1"V drdo,(€), dVed = s*7Hdsdo,(w),

where do, and do, denote the standard sphere measures on S?~! and S~ respectively.
Since |2,41]? depends only on 2", by writing 2,,1 = sw; and using Fubini’s theorem,
we obtain

52 |n |2
I = 2p—12¢-1 g d ds d
/ / /Szp 1/52q 1 (14124 s2)e (1—|—T2)br 5 0q(w) doy(§) ds dr
2p 1 2q+1
=C dsd
// (Tt + 21+
where C':= <f52p71 dUp) (fsgq,l |w1]? ddq) > 0. Thus it suffices to consider
2p 1 2q+1
dsd
// A+ +s2)e(@+rop

00 2pl 82q+1
— —d —ds]).
/0 (1 +r2) r(/o (1+ 72+ s2)e S)

Changing variables s = v/1 + r2t, we have
1+ 4 82=1+)1+1), ds=VI+rid, s9T0=(1+ )tz
15




Hence, we obtain

00 82q+1 gl 00 t2q+1
| e [ ey

Therefore, we have

([ ) ([ o)
0 0
() ([T
0 0

where we used a + b =n+ 2.

Now the first integral converges if and only if a > ¢+ 1, i.e. a > n — p + 1, since its
integrand behaves like t2¢7172¢ a5 ¢+ — 0o. The second integral always converges, since
its integrand behaves like 72~ 1+2(a+1=(n42) — 2(p+a=(+1))=1 55 ¢ 5 50, Thus I < oo

holds if and only if @ > n — p + 1, which is exactly the second condition. O

4. PROOFS OF THE MAIN RESULTS

4.1. Characterization of pseudo-effective sheaves. In this subsection, we study
a torsion-free sheaf £ on a normal compact analytic variety X. We then establish
Theorem 4.2, which gives a characterization of the pseudo-effectivity of £ in terms of
the hyperplane bundle Op(¢)(1). As an application, we give a criterion for the condition
c1(det &) = 0 in Proposition 4.7.

We first fix the notation used throughout this subsection.

Setup 4.1. Let £ be a torsion-free sheaf on a normal compact analytic variety X.
Let mg: P(€) — X denote the normalization of the irreducible component of the
projectivization Proj(@ °_, Sym™ &) of the graded sheaf @ °_, Sym™ & that dominates
X. Let m: P — P(€) be a desingularization of P(€) fitting into the commutative
diagram:

(4.1.1) P(E) T P
nel //

X7

Set Xo := XegNXg and P := p~(Xp). Note that codim(X \ Xp) > 2. We may assume
that 7: P — P(€) is an isomorphism over Xy so that p: Py — X can be identified
with the projective space bundle P(€|x,) — Xo associated with the locally free sheaf
E|x,- We use the following notation:

o L := 1 Op)(1), where Ope)(1) is the pullback of the hyperplane bundle on
Proj(@,._,Sym™ ) to the normalization of the main component;
e wp is a Kéhler form on P;

e wy is a Kéhler form on X;
16



e A is an effective p-exceptional divisor such that
p.Op(m(L+ A)) = Sym™ £.
See [Nak04, §II1.5, Lemma 5.10, pp. 107-108] for the existence of such a divisor
A.

After replacing P by a further blow-up, we may assume that

P\ Py is divisorial and the support of A coincides with P\ F.
Then, we have the following theorem.

Theorem 4.2. In the notation of Setup 4.1, the sheaf & is pseudo-effective (in the
sense of Definition 2.2) if and only if the line bundle L + A admits singular metrics
{h:}eso satisfying the following conditions:
(1) /=10y, + ep*wx = b.wp holds on P for some 6. > 0;
(2) {z € P|v(h.,z) > 0} does not dominate X, where v(h.,z) denotes the Lelong
number of the local weight of h..

By Remark 4.4, the line bundle L does not admit the desired metrics {h. }.~¢ without
adding A. The “if” part follows from the positivity of direct image sheaves and a similar
argument is given in the proof of Theorem 1.2. Therefore, we focus on proving the “only
if” part, which depends on the following two lemmas.

Lemma 4.3. In the notation of Setup 4.1, assume that £ is pseudo-effective. Then,
the line bundle L|p, admits singular Hermitian metrics {hc}eso satisfying the same
conditions in Theorem /.2, with P and X replaced by Py and Xy, respectively.

Proof. We first show that there exists a singular metric h on L such that h is smooth
on Py and satisfies
V=10, + Cp'wx > awp

for some constants C' > 1 and 1 > a > 0. The hyperplane bundle associated with
Proj(6,._,S™E) is relatively ample with respect to Proj(@D;>_,S™E) — X, and the
structure sheaf Ope) is relatively ample with respect to the normalization P(£) —
Proj(@,._,S™E). This shows that the line bundle Op(1) is relatively me-ample.
Hence, there exists a smooth metric g; on Opg)(1) such that /=10, + C miwyx > 0
for some constant C' > 0. Let E be an effective m-exceptional divisor such that —F' is
relatively m-ample. Then, the line bundle Op(F) admits a smooth metric g, such that

V=10, + Cp'wx — 0V —10,,(E)
=1 (V=10,, + Criwx) — 6v/ =104, (E) > 0
for 1> ¢ > 0. We define a singular metric h on L = (L — §E) + JE by
hi= (") 95" - gom):

where g5z denotes the singular metric associated with the effective divisor dE. Then

h satisfies the required properties.
17



Next, we construct singular metrics {g. }.~o on L|p, satisfying the following properties:

® /—10, +ep*wx = 0 on Fy;
o {x € Py | v(g,z) > 0} does not dominate X.

By the definition of pseudo-effective sheaves, there exist singular Hermitian metrics
{hm }mez, on SIE such that /=10, > —wx ® id. Note that p: Py — X, is the
projective space bundle P(€|x,) — X of the locally free sheaf £|x, Hence, the pullbacks
p*h,,, define singular Hermitian metrics on p* Sym™ &|p, such that /=10, > —p*wx®
id on Py. Let H,, be the singular Hermitian metric on mL|p, induced by the natural
surjective morphism

p* Sym™ E|p, = mL|p,.
By construction, we have v/—10y, > —p'wy, and {x € P | v(H,,,z) > 0} does not
dominate Xy. Choosing m such that ¢ > 1/m, the metrics Hy!™ on L|p, give the

desired family {g.}->o-
Finally, we define singular metrics on L|p, by

he = g;/_z‘S R,
From the curvature properties of h and g., we obtain
\/—_19h5 > — <g + 5C’> prwx + dawp.
Setting ¢ := £/2C, we conclude that h. satisfies the required properties. O

Remark 4.4. In general, a metric h. on L|p, cannot be extended to a singular Hermitian
metric on L. For example, let £ be the ideal sheaf of a submanifold Z7 C X of
codimension > 2. Then &£ is pseudo-effective in the sense of Definition 2.2. We
may take P to be the blow-up of X along Z with exceptional divisor F, so that
L = —F. Then, the line bundle L = —F does not admit singular Hermitian metrics h.
satisfying v/—10;,. > —ewp for all ¢ > 0. Nevertheless, since we may take A := FE, the
corresponding metrics on L + A = Op can extend.

As noted above, extending a metric h. defined only on P to P is a delicate problem,
since P\ P, can be divisorial. Nevertheless, by considering L + A instead of L, we can
extend h. to a metric on L + A using the identification L|p, = (L + A)|p,, which is a
key step in the proof of Theorem 4.2.

Theorem 4.5. Let h be a singular metric on L|p, such that
V=10, + Cp*'wx > awp on Py,

for some constants C' > 1 and 0 < a < 1. Then, when h is regarded as a metric on
(L + A)|p, via the identification L|p, = (L + A)|p, (for which we use the same notation
h), the weight of h is locally bounded above near P\ Py. In particular, the metric h
extends across P\ Py to a singular metric on L + A (which we denote by the same
symbol h).

18



More precisely, this means that the weight of the metric h-hy on (L+ A)|p, is locally
bounded above, and hence extends to a singular metric on L+ A, where hy is the singular
metric on A associated with the effective divisor A.

As a direct consequence, the metric h. constructed in Lemma 4.3 extends to a singular
metric on L + A satisfying the desired properties as in Theorem 4.2, completing the
proof of Theorem 4.2.

Proof. We regard the metric h on L|p, as a metric on (L + A)|p, via the identification
Llp, = (L + A)|p,- It suffices to show that the local weight ¢ of h is bounded from
above in a neighborhood of P\ Fy. The problem is local on X, so we may assume that
X is Stein. Then, after replacing h by he P ¥, where 1 is a local potential of Cwy, we
may assume that v/—10, is a Kahler current by the curvature assumption.

For m € Z-, we consider the L?-space

Hg? <P07 m(L + A))h’”,wP

of holomorphic sections ¢ on Py with finite L?-norm ||o||pm ., < 0o. Let B,, denote the
Bergman kernel metric of this Hilbert space, whose local weight b, is defined by

1
b (D) = Esup{log|a|(p) ‘ o ]5m e < 1} for p € Pp.

Then, for every relatively compact set K € X, there exists a constant C' = C(K),
independent of m, such that

C
(4.5.1) #(p) <bm(p) + —  forpe B Np~ (K).

This can be verified by the standard L2methods for d-equations (see, for example,
[Dem10, (13.21) Theorem, p. 138]). We briefly explain the proof for the reader’s
convenience.

Fix a point py € Py N p~'(K). Take an open ball B € P centered at p, and a
hypersurface H C X such that X \ Xo C H and py € p~*(H). Note that P\ p~'(H) is
a weakly pseudoconvex Kihler manifold and that B\ p~'(H) is Stein. This allows us to
solve d-equations on P\ p~!(H) and to apply the L-extension theorem on B\ p~'(H).
If p(po) = —oo, the inequality is obvious, so we may assume ¢(py) > —oo. For a
given a € C, by the L?-extension theorem, there exists a holomorphic function f on
B\ p~'(H) such that

f(po) =a and / |f\2e_"w dV,, < C’1|a|2€_m“"(p°).
B\p~1(H)

Fix a relatively compact subset Kp € B and consider a cut-off function 6 supported in
B and equal to 1 on Kp. Since v/—16), is a Kéhler current, the standard L?-methods
for -equations enable us to solve g = d(0f) on P\ p~'(H) with the L?-estimate

/ |g|}21m 6—2n910g\z—z(p0)| deP < CQ/ |f|26—m4p dVUJP’
P\p~'(H) o B\p~!(H)
1



where z is a coordinate on B and n := dim P. Then, the section o := 0f — g satisfies
(452) O'(po) = f(p()) = and ||0'||hm < 03’a|267m90(p0)_

Here, on the left-hand side, we identify ¢ with a holomorphic function via a fixed local
frame. The section ¢ is defined on P\ p~!(H). On the other hand, since h is defined
even near every point of p~!(H) N Py, every L%-section on P\ p~!'(H) extends to P,
giving the isomorphism

H (Po,m(L + A))pnwop 2= Hio(P\ p~ (H),m(L + A o

This shows that o can be regarded as a section on F,. We can choose o so that the
right-hand side in (4.5.2) equals 1, and thus we obtain inequality (4.5.1).

Henceforth, to simplify notation, we assume m = 1 and set Ly := L + A. We will
show that the weight b := b; of the Bergman kernel is locally bounded from above near
P\ Py. The crucial point is that every section of Ly on Fy extends holomorphically to
P, since p.(Ly) is reflexive by the choice of A.

Fix a trivialization of Ly on an open ball B C P. Then, for each point p € By :=
B N Py, we consider the evaluation map

evy: HYo(Py, Ly)hw, — H°(By, L) = H°(By, Og) — C.

By taking duals and the operator norm, we can interpret the weight b as the composition
b=1by: By =" (H%(Po, La)nwy)” —2 R,
where the dual space is equipped with the strong topology. By Montel’s theorem, the
map ev* is continuous. Hence, it is enough to extend ev* continuously to B; once this
is done, the weight function b = b; is bounded on compact subsets of B.
The restriction map
HO(P, Ly) — HO(PO,LA)

is an isomorphism of Fréchet spaces with the topology induced by local sup-norms.

Indeed, this map is clearly continuous, injective, and linear. Moreover, it is surjective,
since we have

H(P,Ly) = H*(X,p.(La)) = H*(Xo,p<(La)) = H" (P, Ly)

by reflexivity. Hence, the map is a homeomorphism by the open mapping theorem.
This induces a continuous map

HO(P, Lp)* = H(Py, Ln)* — (H2(Po, La)nwy) -
On the other hand, there exists a continuous map
B — H°(B,Lpy)* — H°(P,Ly)*.
The composition of these maps extends ev* continuously to B, proving the desired local
boundedness. 0J

The following theorem is an almost direct consequence of the above arguments. For

completeness, we briefly sketch the proof.
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Theorem 4.6. Let G be a singular Hermitian metric on Sym™ £ such that
V—10¢ 2 0 ®id,

where 0 is a smooth (1,1)-form on X which locally admits potentials and m € Z is a
fized integer. Consider the singular metric g on mL|p, induced by G and the natural
surjective morphism

p* Sym™ E|p, = mL|p,.
Then, after replacing A by a sufficiently large multiple, the metric g extends to a singular
metric on m(L + A) (which we denote by the same symbol g) via the identification
L|p, & (L + A)|p,, and the extension satisfies /—10, > p*0.

Proof. As explained in the proof of Lemma 4.3, there exists a singular metric A on L
(not only on L|p,) such that /—10; = [0 E] modulo smooth forms and

V=10, + Cp'wx = awp

for some constants C' > 1 and 1 > a > 0, where F is an effective m-exceptional divisor.
Then, the metric ¢ - h® on P, satisfies the assumptions needed to apply the argument
of Theorem4.5. Thus, its weight is locally bounded above on P when ¢ - h? is regarded
as a metric on (L + A)|p,. Precisely, this means that g - h° - hy extends to a metric on
(L + A). Hence g - hyp also extends, since Supp(E) C Supp(A) and /—10;, = [§E]
modulo smooth forms. O

We now give a characterization of the condition ¢;(£) = 0. Although this characterization
may look obvious at first glance, the proof relies on Theorem 4.6 and [CGNPPW,
Theorem 1.1, and hence involves a subtle point.

Proposition 4.7. Let £ be a torsion-free sheaf of rank 1 on X. Let p: P — X be
a modification such that M = (p*€)/tor is an invertible sheaf. Then, the following
conditions are equivalent:

(1) e1(M) is represented by a (not necessarily effective) p-exceptional divisor.

(2) € admits a singular metric h such that /=10, = 0 holds on the Zariski open

set Xo = Xyeg N Xe.

If, in addition, the sheaf £ is pseudo-effective, then the above conditions are equivalent
to the following condition:

(3) [y (&) Aw"™t =0 holds for some Kdihler form w on X.

Proof. We apply Setup 4.1 in the case where rk€ = 1. We may assume that the
morphism p: P — X in (4.1.1) is a modification such that it is an isomorphism over X
and M := (p*€)/tor is an invertible sheaf. Since p is an isomorphism over Xy, there
exists a (not necessarily effective) p-exceptional divisor F' such that

M=L+F.
Indeed, the natural morphisms

PPy (OP(M)) — PP (OP(M))2 and p*p, (OP(M)) — Op(M)
1



are isomorphisms on Fy, and hence both their kernels and cokernels are torsion sheaves
supported on a p-exceptional divisor. This implies that the difference p[*]p[*} (O p(M )) —
M is represented by a p-exceptional divisor. The same argument applies to Op(L). The
claimed isomorphism follows from

P (Op(M)) = £ = p,y(Op(L)).

Assume (2). Then L|p, admits a smooth metric h with /=160, = 0. By Theorem 4.6,
this metric on L|p, extends to a possibly singular metric on L+ A via L|p, = (L+A)|p,
(which we denote by the same symbol k). Moreover, the curvature v/—10), is supported
on the p-exceptional locus. Therefore, the first Chern class of L 4+ A, and hence that of
M, is represented by a p-exceptional divisor, which yields (1).

Conversely, assume (1). Since the support of A coincides with the p-exceptional locus,
we see that ¢;(L+mA) is represented by an effective p-exceptional divisor E for m > 1.
Therefore, there exists a singular metric g on L + mA whose curvature current is the
integration current [F]. The metric h := p.g on £|x, defined by pushforward satisfies
the desired property.

Clearly (1) implies (3). Assume (3). Since & is pseudo-effective, the above argument
shows that L +mA admits a singular metric A whose curvature current is semipositive
for m > 1. Then, we see from (3) that v/—10; = 0 on Py, which yields (1). O

4.2. Proof of Theorem 1.2. We begin the proof of Theorem 1.2.

Proof of Theorem 1.2. We assume that £ is pseudo-effective and has vanishing first
Chern class. We first show that £ is weakly positively curved in the following sense:

Lemma 4.8. The sheaf & admits singular metrics { H.} such that /=10y, > —ewx®id
and each H. is smooth over a non-empty Zariski open subset of X. Moreover, let {h.}
be the singular metrics on L + A obtained by extending the induced metrics on L|p, as
in Theorem 4.6. Then {h.} satisfy the following properties:

(1) /=10y, + ep*wx = 6. wp holds on P for some 6, > 0;

(2) h. is induced by H. and the surjective morphism p*E|p, — L|p,;

(3) he is smooth over a non-empty Zariski open subset of P.

Proof. In the notation of Setup 4.1, by [MWWZ, Lemmas 2.3 and 2.4|, there exist
singular metrics {h.} on L + A such that

(a) V—10}_ + ep*wx = 6. wp holds on P for some 6. > 0;

(b) {z € P|v(h.,x) > 0} is not dominant over X.
By Demailly’s approximation theorem [Dem92|, we can replace {h.} with singular
metrics with analytic singularities so that h. is smooth over a Zariski open set in X by

property (b).
Consider the natural inclusion

p«(Op(Kpyx + (r +1)(L + A)) ®I(h§2+21)) C pu(Op(Kpjx + (r+ 1)(L + A))).



By (a), the positivity of direct image sheaves [PT18, HPS18| shows that the left-hand
side is weakly positively curved. More precisely, the induced L?*metrics {G.} on the
left-hand side satisfy v/—10q, > —cwx ® id. Moreover, by construction, G, is smooth
over a non-empty Zariski open subset of X. The above inclusion is generically an
isomorphism, since the multiplier ideal sheaf Z(hZ*!) is trivial over a Zariski open
subset of P. Hence, the right-hand side also admits singular Hermitian metrics {H.}
with the same properties (see Proposition 2.4).

On the other hand, since p: Py — Xj is the projective space bundle associated with
E|x,, we have

Kp;x +(r+1)(L+A) =2 L+p*detE over Xy,

where r is the rank of £. Here we used A = 0 over X. This shows that
pe(Op(Kpyx + (r +1)(L+A))) = p(Op, (L +p*det&)) = (£ @ det &)

over Xy. Note that this identification holds only over X since det £ is not necessarily
invertible on X.

By the assumption ¢1(€) = 0, Proposition 4.7 shows that there exists a smooth metric
g on det &|x, such that /=10, = 0. Set H. := G- g~'. Since codim(X \ Xy) > 2, the
metric H. extends across X \ Xy as a singular Hermitian metric on &, and it satisfies
the desired properties.

Finally, the remaining assertions follow from the construction of h. and Theorem 4.6.
Indeed, the metric h. on L|p, is induced by H. and the surjective morphism

p*5|p0 — L|p0.

By Theorem 4.6, it extends to a singular metric h. on L + A. This completes the
proof. O

Let h be the singular metric on L + A obtained as a limit of {h.}. We consider the
upper level set of Lelong numbers of h:
P, :={x e P|v(h,x)>0}.
We divide the argument into two cases:

Case 1: P, is not dominant over X.
Case 2: P, is dominant over X.

Case 1. Suppose that P, is not dominant over X. We will show that £**|x,,, is
Hermitian flat. By applying the positivity of direct image sheaves in [HPS18| (see also
[PT18]) once again, we conclude that the direct image sheaf

p«(Op(Kpyx + (r +1)(L+ A)) @ Z(h")) C po(Op(Kp/x + (r+ 1)(L + A)))

admits a positively curved singular Hermitian metric. Under the assumption of Case 1,
the above inclusion is generically an isomorphism. Hence, by Proposition 2.4, we
conclude that

p+(Op(Kp/x +2(37" +1)(L+A)))



also admits a positively curved singular Hermitian metric. Arguing as in Lemma 4.8,
and using the assumption ¢;(€) = 0, we obtain a positively curved singular Hermitian
metric H on &.

The determinant metric det H induces a positively curved singular metric on det £.
By ¢1(€) = 0, the weight of det H is pluriharmonic (hence smooth) on X (see the proof
of Proposition 4.7). By [Raulb, Theorem 1.6], the curvature of H is well-defined. Then
H is Hermitian flat on £|x, by [CP17, Cororally 2.9] or [HIM22, Lemma 3.6]. This
shows that £|x, is induced by a unitary representation of m(Xj).

Since X,eg is smooth and codim(X \ Xg) > 2, the inclusion Xy — X, induces an
isomorphism

7T1(X0) —N—) T (Xreg)

by the van Kampen theorem. Thus, the unitary representation extends to m(Xieg),
and hence £ is Hermitian flat on X,,.

Case 2. Suppose that P, is dominant over X. Assume that £ is stable with respect
to a Kahler form wyxy. We will show that this case cannot occur.

The smooth case. To illustrate the idea of the proof, we first consider the case where
X is smooth and & is locally free.
Since & is stable and X is smooth, by [UY86], there exists a smooth Hermitian—
Einstein metric G on &, i.e.
V=10g(E) AWy =0 on X.

Let g be the induced metric on L := Opg)(1). Set P := P(£), and let p: P — X be
the natural projection.

We now construct a destabilizing subsheaf. By Proposition 3.2 and Lemma 4.8 (2),
and arguing as in the proof of Lemma 4.8, there exists 0 < § < 1 such that

G = p. <OP(KP/X + (r+ 1)L) ®I((h5 . 9(1*5))r+1)>

is a nonzero subsheaf of £ ® det £, and the inclusion is proper. By the construction of
g, we have
V—=10,(L) Ap*wy ' >0 over X.

Moreover, the same holds for h since v/—10(L) > 0 in the sense of currents. Hence
we have

\/—_1@h5_g<175> (LYAp*WY ™t >0 over X.
Therefore, applying [CCP, Theorem 1.6|, we obtain
\/—_1@detH(det G AWY >0 on X,
where H is the L?-metric on G induced by h? - g1=9).

By the above curvature inequality, we have

/ (@) AWt > 0.
X
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By ¢1(€) = 0, Proposition 4.7 implies
/ (G ® (det &)%) Awi ™ = / (@) AWyt > 0.
X X

By construction, the sheaf G ® (det £)* is a nonzero subsheaf of £, and the inclusion is
proper. Therefore, the sheaf G ® (det £)* destabilizes £, a contradiction.

The singular case. We now treat the general case. Let 7: X — X be a resolution of
singularities of X such that

E :=7n"E/tor
is a locally free sheaf on X. Let wyg be a Kéhler metric on X. By [CGNPPW, Section
3] or [Tom21|, the locally free sheaf E is stable with respect to m*wyx + ewyg for 0 <
£ < 1. Hence there exists a smooth Hermitian—Einstein metric G, on E with respect
to m'wx + ewg, i.e. it satisfies

V—=10¢.(E) A (T*wx +ewz)" ! = c.idp - (T*wx + ewg)™.
Here c. is the constant satisfying lim. ,oc. = 0. Let g. be the quotient metric on

Op(p)(1) induced by G.. The metric g. satisfies

(4.8.1) V=10, (Op) (1)) A (5" (T*wx + cwg))"”

where p: P(E) — X is the natural projection. .
Let 7: P — P be a bimeromorphic morphism such that P is smooth and it satisfies
the following commutative diagram:

P
IP(E)\ P
|
X.
Then, we can write

for some effective divisors A; and A, supported in the inverse image of (X \ Xj) (see
the proof of Proposition 4.7).

Let  be the singular metric on L induced by the metric k on L and the metric defined
by the natural section of A;. By construction, the curvature /—10j is semipositive.
On the other hand, thanks to (4.8.2), we obtain the singular metric g. on L induced by
the metric g. on Op(g)(1) and the metric defined by the natural section of A,.

Consider the direct image sheaf

G = (5o 7). (Op(Epys + (r+ DE)  Z((H - -9y 1))
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D
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and the induced L:metric H. on G. Note that g. is smooth, hence the multiplier ideal
sheaf 7 ((h‘S G 5))”1) depends only on d. In particular, the sheaf G is independent of
E.

Applying [CCP, Theorem 1.6] and using (4.8.1), we obtain

V=160, g.(det G) A (T*wx +ewg)" ! > co(m*wx + ewg)” on X.

Taking ¢ — 0 and using lim. .5 c. = 0, we obtain

(4.8.3) / c(G) AT Wt > 0.
X

Since m.G C £ @ det & on X,, we have
(7G) C €[®]detE on X,

By Proposition 3.2 and Lemma 4.8 (2), there is 6 > 0 such that the left-hand side is a
nonzero proper subsheaf of £[®]det £.
Moreover, the slope i, (w[*}g) can be computed as

/ c1 <7r* (ﬂ[*]g)/t0r> AT - [ c1 (g) AT L
X X

Here the equality follows since f D ﬂ*w} 1 = 0 for any m-exceptional divisor D, and

- cl< w[*]g /tor)
(

is supported on the m-exceptional locus (cf. the argument in the proof of Proposition
4.7). Therefore, by (4.8.3), we obtain

(4.8.4) fooy (T G) = 0
This contradicts the stability of £ with respect to wx.

4.3. Proof of Theorem 1.1. In this subsection, we prove Theorem 1.1.
Proof of Theorem 1.1 (i). By Theorem 2.9, there exists a maximally quasi-étale cover
v: X' — X.

We will prove assertion (i) for this maximally quasi-étale cover v: X’ — X. The proof
is divided into two steps.

Step 1. The reflexive pullback v& is also pseudo-effective and has vanishing first

Chern class. Fix a Kahler form wyx: on X’. By Proposition 2.7, the sheaf v€ is

semistable with respect to wy/. Hence, we can consider the Jordan—Holder filtration of
€.

v*E:

(4.8.5) 0= C&C&C - C& =

In this step, we prove that each (&;/&;—1)™ is a Hermitian flat locally free sheaf on X".
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By construction, the quotient &;/&;_1 is stable, and its slope vanishes. The quotient
Ei/Ei—1 is torsion-free, hence locally free in codimension 1, so we obtain

a((&/Ei-1)™) = a1(&/Eim1) =0

by the vanishing of the slope and pseudo-effectivity.

We first consider the inclusion & C &, = vP&, which induces the generically
surjective morphism & — &;. By Propositions 2.4 and 2.5, the sheaf & is pseudo-
effective. Applying Theorem 1.2 to &}, we conclude that & is a Hermitian flat locally
free sheaf on X[, by ¢;(&) = 0. By Theorem 2.9 (2), it follows that £ is a Hermitian
flat locally free sheaf on X'.

The quotient &/& is also pseudo-effective and has vanishing first Chern class.
Considering the inclusion £ /& C & /&1 and repeating the same argument as above,
we deduce that (£/&)™* is a Hermitian flat locally free sheaf on X'. Iterating this
procedure, we see that (&;/&;,_1)* is a Hermitian flat locally free sheaf on X’ for every
Q.

Step 2. In this step, we prove that £ is a numerically flat locally free sheaf on X’
by induction on k. Note that when £ = 1, there is nothing to prove. Indeed, in this
case, the sheaf £ = € is stable, and hence £ is a Hermitian flat locally free sheaf
by Theorem 1.2.

First, we claim that & is pseudo-effective and satisfies ¢;(&;) = 0 for every i. The
inclusion & C &, = v€ induces the generically surjective morphism & — & By
Propositions 2.4 and 2.5, we see that £ is pseudo-effective. Hence, once we know that
c1(&;) = 0, the sheaf &; is pseudo-effective by Proposition 2.5. To check ¢;(&;) = 0, we
consider the exact sequence

Since ¢1(&;/&_1) = 0, using (4.8.6), we obtain inductively
a(&)=cal&)+al&/&) =0,

starting from ¢ (&;) = 0.

By considering (4.8.5) up to (k — 1), the induction hypothesis shows that &£*, is a
numerically flat locally free sheaf on X’. Let S be the saturation of £, C &*, and
set F := &;*. Then, we have the exact sequence

0=>S—-F—=-09—0.

This operation does not change (4.8.6) in codimension 1. Indeed, by [IMZ26, Lemma 2.9]
(or by the proof of Proposition 3.1), the quotient & /&1 is locally free on X[ :=
Xieg N Xy, and (4.8.6) is exact as a sequence of vector bundles on Xj. Thus,
the sheaf S coincides with &;*,; in particular, it is locally free. Moreover, we have

Cl(Q) = Cl(gk/gk—l) = O
By Proposition 3.1, there exists a Zariski closed subset Z C X' of codimension > 3

such that Q is reflexive on X’ \ Z. Since Q** = (&;/&—1)** is locally free, the sheaf Q
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is locally free on X’ \ Z. Consequently, the sheaf F is locally free on X'\ Z, and the
sequence is exact as a sequence of vector bundles on X'\ Z. Therefore, the locally free
sheaf F|xn 7 is determined by an extension class

Be H(X'\ ZHom(Q,S)) = H'(X'\ Z, Hom(Q**, S*)).
By codim Z > 3 and [ST71, Theorem 1.14], the restriction map
H'(X',Hom(Q™,8")) — H'(X'\ Z,Hom(Q"*,8*))
is an isomorphism. Let 7: X’ — X’ be a desingularisation. Since X’ has rational
singularities, for any locally free sheaf V' on X’ we have
Rim,(mV) =V @ 1.0z =0 (j>1).

By the Leray spectral sequence, we obtain

H! ()?’, 7 Hom(Q*,8*)) = H' (X', Hom(Q™,8*)) = H' (X" \ Z,Hom(Q**,8™)).
Hence, the class f lifts to a class

BeH! ()?’, 7 Hom(Q™,8*)) =~ H' ()?’, Hom(r*Q**, m*8*)).

Let V be the locally free sheaf on X' defined by B. Since X' is a compact Kahler
manifold and both 7*Q** and 7*S** are flat, Simpson’s result [Sim92] (see also [Den21,

Theorem 1.1]) implies that V3 is flat. By construction, the sheaf 7*F coincides with
Vs over X "\ Z. Therefore, the sheaf F is flat on X/, and hence flat on X’ by

reg’

Theorem 2.9 (2). By the local freeness, [Wu22, Corollary| shows that &* = F is a
numerically flat locally free sheaf on X”.

[
We finally prove assertion (ii) of Theorem 1.1.

Proof of Theorem 1.1 (ii).

Step 1. The basic strategy is to descend the flat connection on v*/€ to a flat connection
on &|x,.,. However, this is not straightforward. To perform this descent to X.s, we use
the explicit construction of flat connections given in [Den21].

We consider

X "X 25X
. 7 9
where v: X’ — X is a maximally quasi-étale cover and 7: X’ — X’ is a resolution

of singularities which is an isomorphism over Xj.. In what follows, we often identify

F ' (Xreg) © X' with v7(Xyee) € X' via m: X’ — X’. Further, we consider the
Jordan—Holder filtration of &:

0:250C81C52C"‘C5k :8
Arguing as in the proof of (i), we see that

Fi = (5i+1/gi>**
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is Hermitian flat on X,;. Let h; be a Hermitian flat metric on Fix,.,. Set F! .= v E,
(which is locally free on X’ by Theorem 2.9 (2)), and let A, be the extension of v*h; to
a Hermitian flat metric on F/. Moreover, by (i), the reflexive pullback & is locally

frge @nd can be written as a successive extension of the Hermitian flat vector bundles
(F, h), where

(Fi’ hZ) = T‘-*(Fz’,? h;)
By [Sim92], we already know that f*/& admits a flat connection. However, in order to
descend it to a flat connection on £|x,,,, we need the explicit construction of the flat
connection in [Den21].
First, consider the vector bundle @leﬁi equipped with the connection V and the

complex structure 577 defined by

DS’O) 0 - 0
. (1,0)
S B .
0 0 D@’O)
I
and
0 Mo - M,k
(4.8.7) 0, = 09 B
. . @ 77k—_17k

Here DS_’O) denotes the (1,0)-part of the Chern connection defined by h;. Our purpose
is to construct smooth Hom(Fj, F})-valued (0, 1)-forms

Nij € Cloyy(X', Hom(F}, 7))
such that:

(1) The holomorphic vector bundle (®X_, F;,8,) is isomorphic to fF& on X.
(2) The following equalities hold:

1,0 3
D%@%i n;,;, =0 and On;; =0,
where D}%gﬁ is the (1,0)-part of the Chern connection on Hom(E}, F}) defined
by iLj and iLZ

(3) Mijlf—1(x.e) can be written as the pullback of a form on Xie.

Once (1)-(3) are established, we obtain a flat connection on £|x,.,. Indeed, writing
ni; = [*&; over Xo by (3), the holomorphic vector bundle &% | F; with 0, defined as
in (4.8.7) is isomorphic to &|x,,, by (1). Moreover, the connection

EB’IL?:lDf(L::"O) + 3&

is flat by (2).
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Step 2. As a warm-up, we treat the case k = 2. Consider the exact sequence
(4.8.8) 0— Fy — fMe, = fMe - B, — 0.

We will construct 7,2 € C’E"&l)()z’, Hom(F,, Fy)) satisfying properties (1), (2) and (3).
The extension class of (4.8.8) can be represented by a form

o€ OF&I) (X/, HOHI(FQ, F1)>

- 0 «a
.~ (1 5)
satisfies the property (1), obtained from (1) by replacing ; ; with a. Since da = 0 by

9% = 0, Hodge theory provides 1) € C*°(X’ Hom(F, F})) such that

(4.8.9) Mo = a+ 0P € Ker D%’;)ﬁl.

such that

Hence, the form 7, » satisfies the desired property (1) and

(4.8.10) D%’;);Hm,z —0.

It remains to verify the descent property (3).

Let v € C,)(Xreg, Hom(F3, F1)) be a smooth representative of the extension class
of &|x,., defined by

(4.8.11) 00— F — &

Restricting (4.8.8) to f™'(Xyeg) = v '(Xieg) and comparing with the pullback of
(4.8.11), we see that v*y and 7, 2], -1(x,.,) represent the same extension class over Xieg.
Hence, there exists ¢ € C° (v~ (Xyeq), Hom(Fy, FY)) such that

(4.8.12) M2lv1(Xeeg) = V'Y + ¢  over Xeg.

Xeg — F2 — 0.

We may assume that v: X’ — X is a Galois cover with Galois group GG. The section
defined by the average

1 . o/ —
Tor 20070 € CX(0 (Xigg) Hom(F. F)
geG
is G-invariant, hence it descends to a smooth section ¢n, € C°(X,ee, Hom(Fy, F7))
satisfying
1

v ¢av = degy

Zg*(b over Xyeg.
geG
Set
§ 1=V oy — ¢ € C°(v™ ! (Xyeg), Hom(Fy, F)).
Then, by Lemma 4.9 (which will be proved in the next step), the section s is holomorphic
over X,e; and bounded with respect to k5" ® h}. The Riemann extension type theorem

shows that 7*s extends to a holomorphic section of Hom (£}, F1) on X'
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Since ds = 0 on v~ !(X,¢), we obtain
(4.8.13) Mo ="y + 0p = vy + 5(1/*gz§av —s)=v"(y+ 5gbav) on I/_I(Xreg)

from (4.8.12). Thus 7, is the pullback of a form over X, proving (3) in the case
k=2

Step 3. In this step, we prove the following lemma.

Lemma 4.9. Let us consider the same situation as in Step 2. Then the section s =
V*hay — @ is holomorphic over X,es and bounded with respect to hiy & hj.

Proof. We first show that
(4.9.1) Dy, (7 + 9a) =0,

where D%’ghl is the (1,0)-part of the Chern connection on Hom(Fy, Fy) defined by hsy

and hy. Let U be a small open subset of X, such that v~'(U) = LI8"U, is a disjoint
union of open subsets, and v|y, : U, — U is biholomorphic. Fix U; and, for each
1 <0 < degv, choose g, € GG such that g,: U; — U, is biholomorphic. Since h; = v*h,,
we have g;h; = h; on U;. By construction, we have D,%;(gh,l (1,2) = 0 on v~ (X,eq) by
(4.8.9), and hence, we obtain

(4.9.2) 0= Dy, (V'Y +36) on U
by (4.8.12). Applying g; to (4.9.2) and using g; (v*y) = v*v, we obtain
0= D](zz;(gh,l (Vv + 9(g;¢)) on Uy.

Averaging over ¢ yields

degv

N = 1 . . _
0= DS (gh’ <V v+ @ng Z Qz¢> D;; [gh/ (V* (7 + O¢ay)) on Uy,
=1

Since v is étale and A is defined as the pullback of h;, we obtain (4.9.1) on U.
Now put s := v*¢,, — ¢. From (4.8.10), (4.8.12), and (4.9.1), we have

0) & (4812)
D(l 0) 88 - h]/-*((gh/ a ¢av + D}(L/*Q;h/ (V Py 771 2)

hy @h,
(48.10) Dh%*?z;h’ (OV* @y + 1Y)
= v (Dhls’;hlégbav + 7) #21) 0 over Xie.
Together with the Hermitian flatness of A} and h}, we obtain
V—100| s |2 ron,
_\/_< h,*®h/ s, D;(;*(gh/3> — + \/—_1<5s, 5S> — > 0 over Xye.
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In particular, the function |s|},. ., is plurisubharmonic over X, and hence on X',
2 1

eg

Since X’ is compact, it is constant, and therefore ds = 0 and D,%;%h, s = 0 over X,eg.
1

This proves the lemma. 0

Step 4. In this step, we construct n;; € Cf‘&l)(X’,Hom(Fj, F})) satisfying (1)—(3) by
induction on k. By the induction hypothesis, for every i < j < k — 1, there exists n; ;
satisfying (2) and (3) such that (®F=F}, 0,_1) is isomorphic to f¥&,_; on X', where
Op—_1 is the complex structure defined by

2 0 Mk-1
N2,k—1

O—1 =

o O O QI
o O Qi

0 0

Our purpose is to construct {n; ,}*=! satisfying (1), (2), and (3).

Representing the extension class of the corresponding exact sequence, we choose
smooth forms {a;}F=! C Cf‘(il)()z’, Hom(Fy, F})) such that (&%, F}, d,) is isomorphic to
fHE on X', where

0 M2 - Thik-1 Q1
B 0 9 M k—1 Q2
Jd,=10 0 --- e .

0 0 0 J 1

0 0 0 0 0

Then, we have the following two properties:
(i) Since 92 = 0, we obtain

k—1—i
(4.9.3) Odag_1 =0 and Joy; = — Z Mii+j N\ iy, for every i < k — 1.

J=1

(ii) For smooth forms {B;}*=! C C’E’gl)(f(’,Hom(Fk,F’i)) on X', we set the new
complex structure

0 M2 - Mk-1 51
) 0 0 Mok—1 2
=10 0 - .- .

0 0 0 0 Bra

0 0 0 0 0
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The operator Js defines the same vector bundle as O, if and only if there are smooth
sections f; € C'*° (X’, Hom(F, Fl)) such that

(Be-1 = a1 + Of -1,

Br—2 = Qk—2 — M—2,k—1 - fr—1 + O fr_2,

(4.9.4) :
pr=a; — Z M- fi+ 0/

L 2<j<k—1

We now COHStrl_lCt Me—1k € Cf‘dl)(X’,Hom(Fk,ﬁk_l)) satiffying (2) and (3). By
(4.9.3), we have Jay,_1 = 0. Thus, by Hodge theory on X', we can find ¢, €
C>°(X',Hom(Fy, Fy_1)) such that

-1+ OYy_1 € Ker Dél,{g@)ﬁk,l’

12

By the same argument as in Step 2 (using Lemma 4.9 on v (X,eg) = f7(Xieg)), there

exists s,_1 € HO(X", Hom(ﬁk, Fk,l)) such that
A 1,0
M1, 1= Qp—1 + O(WVr—1 + sp—1) € Ker Df%;@)ﬁk_l’
and 7,_14 can be written as the pullback of a form on X,.,. Then 7;_;; satisfies (2)
and (3).
Set fr—1:=Yr_1 + sx—1 and define (51, -+, Br—2) by
(51; T >5k—2) = (041 —Mk-1" Jre1, 0 Qg — Nk—2,k—1 * fk—l)-
Consider the complex structure

20 Mik—1 B

5 7]1_

0 0 M2,k—1 B
_ 0O 0 -+ .- .
Op.n = 0 0 - - Br—s

0 0 0 d  Me-1k

0 0 0 0 0

By (4.9.4), (&%, F}, 05,) is isomorphic to (©%_, F;,d,), hence to fHE on X',

We now construct ny—a € C’("&l)()z’, Hom(Fy, Fi_5)) satisfying (2) and (3). Applying
(4.9.3) to 0s,,, we have

O(Br—2) = —M—2j—1 A—1e  on X'.
The right-hand side is D%ghk Q—Closed. On the other hand, by Hodge theory, we can
~ LS =
find ¢y_o € C*(X’, Hom(Fy, F)_2)) such that

) (1,0)
Br—2 + OYp_o € Ker D’~12®’3k—2'
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Moreover, since ny_2 k-1 ANk—1% is the pu}lback of~a fqrm over X,qg, the same argument
as in Step 2 yields a section sz € H°(X', Hom(F}, F},_5)) such that

Mi—2,k = Br—2 + 5@%—2 + Sp—2)

satisfies (2) and (3).
Set fr_o := p_o + Sk_2 and define (vq,- -+ ,Yx_3) by

(Y1, k—s) = (51 — k2 Je—2," s B3 — M3 k2" fk:—2)-

Consider the complex structure

0 1,2 k-1 Al
0 0 M2,k—1 Y2
0 0 e .

a’y n — 0 0 VE—3
0 0 o Mk—2k
0 0 0 0 Nk—1,k
0 0 0 0 )

By (4.9.4), (9%, F},0,,) is isomorphic to (§¥_, F, ds,), hence to fFE on X.

Repeating this procedure, we construct mg 3, ...,n, satisfying (2) and (3) such
that 0, satisfies (1).

0J

5. NUMERICALLY FLAT VECTOR BUNDLES ON COMPACT COMPLEX MANIFOLDS

The aim of this section is to extend Theorem 1.2 in a different direction, namely to
the case where X is not necessarily Kéhler. This gives a positive answer to the question
raised in [DPS94, Remark 1.21].

We first recall some basic notions concerning stability of sheaves on compact complex
manifolds. We refer, for example, to [CP25, Section 6| for more details. Let X be a
compact complex manifold of dimension n. A Hermitian form w, on X is said to be a
Gauduchon metric if

d0w™ 1t = 0.

g
The Bott—Chern cohomology group H%Z(X) and the Aeppli cohomology group H%?(X)
are defined as follows:

(Ker §: CP(X) — CPH9(X)) N (Ker : CP(X) — CPoH(X))
Imod: Cr—ta—1(X) — Cre(X) ’
Ker 00: CP4(X) — CPHLatL(X)
(Imd: Cr—14(X) — CP4(X)) + (Imd: CPa—1(X) — CP(X))’

HE(X) : =

HY(X): =

The movable cone

Mov(X) ¢ H V"7 1(X,R)
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is the closed cone generated by the classes [w;‘_l], where w, ranges over all Gauduchon
metrics on X. The pseudo-effective cone
Psef(X) € Hyo(X,R)

is the closed cone consisting of classes represented by d-closed positive (1, 1)-currents
on X. We next recall some basic properties of stability for torsion-free coherent sheaves
on X.

Definition 5.1. Let X be a compact complex manifold of dimension n, and let £ be
a coherent torsion-free sheaf on X. Let w, be a Gauduchon metric and set a := wg_l
We define the slope of £ with respect to a by

1

R n—1
pal€) = — /X (&) A,
We say that £ is stable with respect to « if
fa(F) < pa(€)
for every subsheaf F C & satisfying 1 < rkF < rké€.

Then, we prove the following lemma.

Lemma 5.2. Let X be a compact complex manifold equipped with a Gauduchon metric
wy. Let E be a numerically flat vector bundle on X, namely, assume that ¢;(E) = 0
m H}B’é(X, R) and that E is nef. If E is stable with respect to o = wg_l, then E 1is
Hermitian flat.

Proof. The proof follows the same idea as that of Theorem 1.2. Recall that F is nef if
and only if for every € > 0, there exists a smooth metric h. on L := Opg)(1) such that

V=IO, (Osy (1)) > —cwy.

Here wy is a fixed Hermitian metric on P(£). Let r be the rank of E. Consider the
natural projection 7: P(F) — X. and the hyperplane bundle L = Op(gy(1). Since E is
nef and L is relatively ample, there exists a sequence of smooth Hermitian metrics h.
on L such that

V=16, (L) > —er*w,.

Fix a Gauduchon metric w, on P(E). Since P(E) is compact, the quantities
/P(E) (V=16,_(L) + em*wy) A wg,”_Z

are uniformly bounded. After a suitable normalization and after passing to a subsequence,
we may assume that /—10);,_(L) weakly converges to a positive current 7' > 0 such
that

7] = er(L) € Hpo(P(E),R).
Let h be a singular metric on L such that T = /—16;(L). Set

P o :={xeP(F)|v(T,x)> 0}.
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We divide the argument into two cases.

Case 1. Suppose that P, is not dominant over X. By applying the positivity theorem
for direct image sheaves [PT18]|, the metric h"*! induces an L? metric H on

det E® E = p, (OP<K]P(E)/X + (r + 1)L))

such that (det E ® E, H) is positively curved on X. Since ¢;(F) = 0, it follows that
(det E® E, H) is Hermitian flat. Hence E' is also Hermitian flat.

Case 2. Suppose that P, is dominant over X. We show that this case cannot occur.
Since F is stable and X is smooth, by [LY87], there exists a smooth Hermitian-Einstein
metric G on F, namely,

V=16g(E)Aw ' =0  on X.

The metric G induces a quotient metric hy on L.
We now construct a destabilizing subsheaf. By Proposition 3.2, there exists 0 < § < 1
such that

G = . (Op(Ke(pyx + (r + 1)L) @ T((Wh1~0)1))
is a nonzero proper subsheaf of £ ® det E. By construction, we have
V=10, (L) Am*w) 1 20 on P(E).
Together with v/—105(L) > 0, this yields
\/—l@h,;h}ﬂs(L) Amw) ™t > 0.
Applying [CCP, Theorem 1.6|, we obtain
V —10ge y(det G) /\wg"*1 >0 on X,

where H denotes the induced L? metric on G. Therefore, we obtain

/ c1(9) /\w;_1 > 0.
b

Since G ® (det E)* is a nonzero proper subsheaf of F, it destabilizes E, contradicting
the stability of E.

O

Combining Lemma 5.2 with the argument of [DPS94, Section 2|, we obtain the main
theorem of this section.

Theorem 5.3. Let X be a compact complex manifold, and let E be a locally free sheaf
on X. If E is numerically flat, then E admits a filtration by holomorphic subbundles

(531) {O}:E()CElC"'CEk:E

such that each graded quotient E;/FE; 1 is Hermitian flat. In particular, all Chern

classes c(E) vanish.
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Proof. The proof is the same as that of Theorem 1.1, but is considerably simpler in
the present setting, where X is smooth and FE is locally free. Fix a Gauduchon metric

wy. Since F is numerically flat, we can show that E is semistable with respect to wg”

Let F C Ox(FE) be a reflexive w’;”—stable subsheaf. By the same argument as in
[DPS94, Theorem 1.18, Step 1 and Lemma 1.20|, the sheaf F is in fact a numerically
flat subbundle of E. Note that the proof of [DPS94, Theorem 1.18, Step 1 and Lemma
1.20| does not require the Kahler assumption. Applying Lemma 5.2 to F, we conclude
that F is Hermitian flat. The theorem then follows by induction on the rank, since
E/F is numerically flat again. O

It should be possible to generalize Theorem 5.3 to certain singular settings. However,
the following question seems particularly interesting.

Question 5.4. Let X be a compact complex manifold, and let E be a locally free sheaf
on X. If E is numerically flat, does E admit a holomorphic flat connection compatible
with the filtration (5.3.1)7

Recall that, when X is Kéhler, Question 5.4 has an affirmative answer by [Sim92,
Den21]; the key tool is the d0-lemma. It is unclear whether Question 5.4 remains true
for manifolds that do not satisfy the d0-lemma.
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