L?>-VANISHING THEOREM AND A CONJECTURE OF KOLLAR
YA DENG AND BOTONG WANG

ABsTrRACT. In 1995, Kollar conjectured that a complex projective n-fold X with generically
large fundamental group has Euler characteristic y (X, Kx) = 0. In this paper, we confirm
the conjecture assuming X has linear fundamental group, i.e., there exists an almost faithful
representation 11 (X) — GLy (C). We deduce the conjecture by proving a stronger L? vanishing
theorem: for the universal cover X of such X, its L2-Dolbeaut cohomology H ?2;7()? ) = 0 for
q # 0. The main ingredients of the proof are techniques from the linear Shafarevich conjecture
along with some analytic methods.
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1. INTRODUCTION

1.1. Main theorem. In the study of Shafarevich maps, Kollar made the following conjecture
([Kol95, Conjecture 18.12.1]).

Conjecture 1.1 (Kollar). Let X be a smooth complex projective variety. If X has generically
large fundamental group, then y (X, Kx) > 0.

Following the notations of [Kol95], we say that X has generically large fundamental group
(resp. o : m(X) — GLy(C) is a generically large representation) if for any irreducible
positive-dimensional subvariety Z of X passing through a very general point, the image
Im[n(Z) - 71(X)] (resp. p(Im[n1(Z) — m1(X)])) is infinite (see [Kol95, Definition 2.4]
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for the precise meaning of “very general”). Note that in [CDY22, DYK23, DY24], generically
large is called big.

In [GL.87], Green and Lazarsfeld proved Kollar’s conjecture when X has maximal Albanese
dimension. In this paper, we will use methods of L?-cohomology to study Conjecture 1.1.
For a compact Kidhler manifold (X, w), we denote by 7y : X — X its universal cover, and for
any non-negative integer p and ¢, let Hfz’)q(f ) be the L2-Dolbeault cohomology group with
respect to the metric 7y w. Note that its definition does not depend on the choice of w. Our
main theorem is the following:

Theorem A. Let X be a smooth projective variety of dimension n. If there exists a generically
large representation 71(X) — GLy(C), then the following statements hold.

@) Hf’z’?(jf) =0for0<p<n-1 andH?é?()?) =0for1 <qg<n.
(ii) The Euler characteristic y (X, Kx) > 0.
(iii) If the strict inequality x (X, Kx) > 0 holds, then

(a) there exists a nontrivial L*-holomorphic n-form on X;
(b) X is of general type.

In particular, we prove Conjecture 1.1 assuming 71 (X) is linear, i.e. there exists an almost
faithful representation 71 (X) — GLy(C).

The most difficult aspect of proving Theorem A is showing that H‘(r’z’;)(f )=0for0<p <
n — 1. We outline the proof strategy at the beginning of Section 4. The remaining conclusions
of Theorem A can be derived from this L?-vanishing theorem, using Atiyah’s L?-index theorem
and Kollar’s theorem.

1.2. Some histories and comparison with previous works. In this subsection, (X, w) is a
compact Kéhler manifold of dimension n and we denote by 7y : X — X the universal cover.
In [Gro91], Gromov introduced the notion of Kdhler hyperbolicity in his study of the Hopf
conjecture. Recall that X is Kihler hyperbolic if there is a smooth 1-form 8 such that 75w = dB
and the norm |B|y:., is bounded from above by a constant. He then proved the vanishing of

k-th L2-Betti numbers of X for k # n.

Gromov’s idea was later extended by Eyssidieux [Eys97], in which more general notions
of weakly Kdhler hyperbolicity are introduced. Eyssidieux’s work was recently generalized
by Bei, Claudon, Diverio, Eyssidieux, and Trapani [BDET24, BCDT24], who studied a
birational analog of Kéhler hyperbolicity. Also as generalizations of Gromov’s work, Cao-
Xavier [CX01] and Jost-Zuo [JZ00] introduced the notion of Kdhler parabolicity. They
independently observed that the arguments of Gromov concerned with the vanishing of L2-
Betti numbers work also under the weaker assumption that g is a smooth 1-form such that
|B(X) |z has sub-linear growth. 1In other words, there exists a constant ¢ > 0 such that
1B |ry0 < c(1 +dg(x,x0)).

The formulation and proof of our partial L2-vanishing theorem in Theorem 2.4 are inspired
by the aforementioned works, and is introduced specifically for the proof of Theorem A. As a
result, it may appear technically involved.

In another aspect of the proof of Theorem A, we extensively use techniques from the study
of the reductive and linear Shafarevich conjectures in [DY K23, EKPR12]. Recall that the
Shafarevich conjecture predicts that a complex projective variety with a large fundamental
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group has its universal cover holomorphically convex. This conjecture was proved by Eyssi-
dieux, Katzarkov, Pantev and Ramachandran [Eys04, EKPR12] for smooth projective varieties
with linear fundamental groups, and was recently extended by Yamanoi and the first author in
[DYK?23] to projective normal varieties with reductive fundamental groups.

1.3. Notation and Convention.

e  All varieties in this paper are defined over C.
Let (X.w) be a Kédhler manifold. We denote by 7y : X — X the universal cover of X.
Let (X, w) be a compact Kéhler manifold. Unless otherwise specified, d(x, xo) stands
for the Riemannian distance between x and the base point xq in X with respect to the
metric 1y w.

e For a complex space Z, Z"°™ denotes its normalization, and Z™¢ denotes its regular
locus.

e  We use the standard abbreviations VHS and VMHS for variation of Hodge structures and
variation of mixed Hodge structures respectively.
By convention, a closed positive (1, 1)-current 7" on a complex manifold is semi-positive.
Plurisubharmonic functions are abbreviated as psh functions.

e Apositiveclosed (1, 1)-current T has continuous potential if locally we have T = V—199y
with ¢ a continuous psh function.

1.4. Acknowledgment. We would like to express our gratitude to Patrick Brosnan, Junyan
Cao, Simone Diverio, Philippe Eyssidieux, Mihai Paun, Pierre Py, Christian Schnell, Xu Wang,
and Mingchen Xia for their inspiring discussions. We extend special thanks to Chikako Mese
for her invaluable discussion and expertise on harmonic maps into Euclidean buildings, and
to Yuan Liu and Xueyuan Wan for reading the first version of the paper and their very helpful
remarks. YD acknowledges the partial support of the French Agence Nationale de la Recherche
(ANR) under reference ANR-21-CE40-0010. BW thanks Peking University and BICMR for
the generous hospitality and support during the writing of this paper. He is partially supported
by a Simons fellowship.

2. A PARTIAL L2-VANISHING THEOREM

A closed positive (1, 1)-current 7 on a complex manifold X can be seen as a (1, 1)-form with
positive measure coefficients. Note that positive measures admit a Lebesgue decomposition
into an absolutely continuous part (with respect to the Lebesgue measure on X) and a singular
part. We therefore get a decomposition of 7 itself into an absolutely continuous part ;. and a
singular part T§;,;. We begin with the following definition in [Bou02, §2.3].

Definition 2.1 (Lebesgue decomposition). The decomposition T = T,c + Tiing is called the
Lebesgue decomposition of T .

Definition 2.2 (Semi-Kihler form). Let (X, wy) be a compact Kéhler manifold. A smooth
closed real (1, 1)-form wg on X is semi-Kdihler if wgy is semipositive everywhere and is strictly
positive on a Zariski dense open subset of X.

Before proving a key L?-vanishing theorem, we first recall the definition of L>-cohomology
(cf. [BDIP02, Definition 12.3]).
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Definition 2.3 (L?-cohomology). Let (Y, w) be a complete Kihler manifold. Let L%} 2) 7(Y) be

the space of Lz-lntegrable (p, g)-forms with respect to the metric w. A section u is said to be
in Dom @ if du calculated in the sense of distributions is still in L?. Then the L?-Dolbeault
cohomology is defined as

Hé;’(Y) =kerd/Imd N Dom 4.

If (X, w) is a compact Kihler manifold, then H”:7(X) denotes the L2-cohomology with respect

to the metric Xa).

()

Let us state and prove our partial L>-vanishing theorem.

Theorem 2.4. Let (X, w) be a compact Kéihler n-fold. Let f : X — Y be a proper surjective
holomorphic map with connected fibers over a compact Kdhler normal space Y of dimension
m. Denote by f - X — Y the lift of f to universal covers. Assume that there exists a I1-form 3 on
X with Llloc-coe]ﬁaents, and a continuous quasi-psh function  on X satisfying the following
properties.

(1) The I-form B is smooth on an open subset of X whose complement has zero Lebesgue
measure, and Y is smooth on a Zariski dense open subset of X. Moreover, there is a
constant C > 0 such that

|ﬂ(x)|7r}w Zae. C(dﬁ(x’XO) +1) (D

where x is a base point of X.
(2) The sum df + myddy is a closed positive (1, 1)-current, satisfying

Ty [ wy <ae. (dB+mxdd“Y)ac <ae. Tyw (2)
where wy is a semi-Kdhler form onY.
Then
(i) Foranyp €{0,...,m— 1}, we have H(z) (X)=0

Assume that there exists a non-zero a € Hfzg)(X ) for some p < n. Let Y° be the Zariski open
subset of Y8, over which f is a proper submersion and wy is Kdhler.

(i) we have
_ 0,50 [FxAm p—m
alg. € H(X®, f Qyo ®Q§o ), 3)

where Y° := 7TY](Y°) and X° := f- L(Yo).
(iii) Foranyy € Y°, let @, be the holomorphic (p — m)-form on F~Y(y) induced by a under
the isomorphism

T I p-my _ p—m
fQ%@Qio 1 = Qf I(y)"

Then | -1,y is d-closed.

Proof. To lighten the notation, we write w instead of 7y w abusively.
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Step 1. Since the sectional curvature of the complete Kéhler manifold (X, myw) is uniformly
bounded, by a result of W. Shi (see e.g.lHual9, Theorem 1.2]), there exists a constant C > 0
and a smooth exhausting function r on X such that

dgz(x,x0) +1 < r(x) < dg(x,x0) +C,
|dr|,(x) < C and |ddr|,(x) < C forall x € X. Hence by (1), we have
1Blw(x) <ae. Cr(x).
Let o : R — R be a smooth function with 0 < o < 1 such that
1, ifr<0;
o(t) = {o, ifr> 1.
We consider the compactly supported function
Ji(x) = o(r(x) —j+1), “)
where j is a positive integer. Then
Supp(f;) € {x € X | r(x) < j},
df(x) = o' (r(x) — j + D)dr,
and
V=184 f; = o' (r — j + DN=18dr + V=10"(r — j + 1)dr A dr.
Then there exists some constant ¢; > 0 such that
|dd°® f;(x)|w < c1 and |df;(x)], < c1. ®)

for any x € X.
Let @ be a holomorphic (p, 0)-form which is L? with respect to w with0 < p < n—1. Then

— )
" [ ananw"? = M |ar|,w" < oo. (6)
_~ ‘ _~
X n. X

Claim 2.5. The smooth (p + k, p + k)-form iP’a A& A wk is closed and positive in the sense
of [Dem12, Chapter 3, Definition 1.1].

Proof of Claim 2.5. Since w and « are both closed, it is obvious that i’ a Ad@ Awk is closed. By

[Dem12, Chapter 3, Example 1.2], iPanaisa positive (p, p)-form. By [Dem12, Chapter 3,
Corollary 1.9], wis a strongly positive (1, 1)-form in the sense of [Dem 12, Chapter 3, Definition
1.1] (it is different from the notion “strictly positive” (1, 1)-form!). We apply [Dem 12, Chapter

3, Proposition 1.11] to conclude that iPaAa Aok is positive (p + k, p + k)-forms for any
k=1,...,n— p. The claim is proved. O

We have

i’ /X(ﬂ}l//ddcfj —dfiAB)Aa Aa@A i B /ij(dﬁ +dd°nyy) N Aa A w" P!

2 2
=i’ /~fja AaGAW"PTVAT, +iP /J‘]-Tsing A Aa AP
X X
(7N
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where T' = dB + dd°my s, and T = Ty + Tiing is the Lebesgue decomposition as in Definition
2.1.
Claim 2.5 implies that

i /~ fiTing A@ A@ A" P71 >0 (8)

since Tiing is a positive (1, 1)-current and f; > 0. By Item 2, T, <ae. w. Since 0 < f; <1

and lim;_,., fj(x) = 1 for any x € X, by Claim 2.5 and Lebesgue’s dominated convergence
theorem, we have

Jj—o

.2 _ e
0 < lim ¢ ‘/~f]~a/\a/\w”"1/\TaC:
X
p* = n—p-1 P’ = n-p ©
i aNA AW ATy <1 aANaANw < 400, 9
X X
Denote by

Bj::{x€f|j—1Sr(x)§j}.

In what follows, for any smooth form y on X, we denote by |y| its norm with respect to the
metric w. Denote dvol := %-. Since ¢ is continuous, we have supy || < ¢, for some constant
¢z > 0. Then by supp(ddcfj) C Bj, we have

‘/ﬂxgbddcf] AaAa A" P! / |7rtidd°fJ ANaANaAw" P 1|dV01
B

J

< C2/ |dd® ;] || |w™"~"| dvol

(5)
< cicp |a| dvol . (10)

Note that |8(x)| <a.. Cr(x) for some constant C > 0. Hence by supp(df;) C B;, one has

‘/df]/\,8/\cx/\cy/\a)”‘”1 /|df]/\,8/\a/\a'/\w”pl|dvol

J

< /B 1df 181 laf? lo™] dvol
J

ORI s
<cCj ||~ dvol (11)
Bj
Claim 2.6. There exists a subsequence {j;};s, such that

_limjl-/ la(x)]? dvol = 0. (12)
1—00 B

Ji

Proof. If not, then there exists a positive constant ¢’ and a positive integer ng such that

j/ |a(x)|2dvol >c >0
B;
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for any j > ng. This yields

(o]

/ la(x)|? dvol > / la(x)|? dvol
X B;
+00

J=no
, 1
J=no J
which leads to a contradiction that « is an L?>-form with respect to w. O

Claim 2.6 implies that there exists a subsequence {;},»; for which (12) holds. (7), (10),
(11) and (12) imply that

.2 _ e 2 _ e
lim i? /~fjka/\a//\a)"p UA Ty 17 ./~fjkTsing/\cx/\0//\w”p I -o.
X X

k—o0

Together with (8), (9), we obtain that

2
iP [aA&Aw”‘P‘IATaC:O.
X

Since Tyc > 7y f*wy, this equality along with Claim 2.5 imply that

2
iP /aA&Aw”_p_l Ay ffwy = 0.
b%

By Claim 2.5 again, iPaAa A ny f*wy is a positive (p + 1, p + 1)-form. The above equality
implies that

i Nd ATy = 0. (13)

Step 2. We abusively denote wy for mywy. Let y be any point in Y° and let x € X be any

point in f ~I(y). One can then find coordinate open subsets (U;z1, ..., Zu+m) centered at x
and (V;wy,...,w,,) centered at y, such that f(zi,...,Znm) = (2Z1,...,2m). Furthermore,
we assume that (V;wy,...,w,,) is orthonormal at y with respect to wy. Then wy(y) =

\/—_1271:1 de A de.

For any subset I € {1,...,n+m}, we denote w; := /\iel\/—_ldzi Adz;. Leta € Hfé?(f). If
we express a|y = ZI1|=p aydzy, where dzj := dz;, A---Adz;, with I consisting of i} < ... <ip,
then we have

.p2 - e
Pana A for) = > L omN - aPEo.
Je{l,...mI\I
Here [{1,...,m}\I| represents the cardinality of the set {1,...,m}\I. By (13), we have
{1,...,m} c I for ~each [ satisfying ay(x) # 0. Since x is an arbitrary point in the Zariski

dense open subset X° of X, this establishes Theorem 2.4.(i). If n > m and p > m, this also
establishes (3). Hence Theorem 2.4.(ii) is proved.
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Step 3. Let us prove Theorem 2.4.(iii). For any y € Y°, we denote Fy = f~'(y). Each non-
trivial m-form 7 in Q’YL’O )y induces a unique holomorphic (p — m)-form e, € H(F,, Q‘Zy_’") on

F, via the isomorphisrﬁ of locally free sheaves on Fy as follows

T I p—m _ ®fn" p—m _ p—m

FO7 ®Q: Ty = Qi) = Q5
Such ay, can be written explicitly. We use the coordinate systems (U;zi,. .., Zn+m) and
(V;wi,...,wy) introduced in Step 2. The canonical form dw; A - - - A dw,, in V is a nowhere-

vanishing. For any set I > {1,...,m}, denote by 7 := I\{1,...,m}. By Theorem 2.4.(ii), we
have

aly = Z ardzy ANdzy N - Ndzy,. (14)
|[I|=p,I>{1,....m}

Then the holomorphic (p — m)-form a, on F, N U induced by dwi A -- - A dw,, is defined by

ay = Z arlr,dz;. (15)
[I|=p.I>{1,....m}

It can be verified that the above definition depends only on the m-form dw; A --- A dw,,(y).
Therefore, if we choose different coordinate open subsets covering F), they glue together into
a well-defined holomorphic (p — m)-form @, on F.

Equation (14) implies that

« (9&’]
o_da_zz a—zjdzj/\dzf/\dzl/\-u/\dzm. (16)
[|=p j=m+1
This yields
S Oa
day= ) D =lrdzj Adz; =0,
[I|l=p,Io{1,....m} j=m+1 <
Theorem 2.4.(iii) is proved. We complete the proof of the theorem. O

We will need the following consequence of Theorem 2.4 in the proof of Theorem A.

Corollary 2.7. Let (X, w) be a compact Kdihler n-fold, and let f : X — A be a holomorphic
map to an abelian variety A such that dim f(X) = n. Let X, be a connected component of
X X4 A, where A — A is the universal cover of A. Then for any infinite Galois cover X’ — X

dominating X,, we have Hfé?()?’) =0forany p € {0,...,n— 1}

Proof. Denote by 7’ : X — X the covering map. We take global linear coordinates
(21,...,2m) for A such that V=1 ity dz; A dZ; descends to a Kéhler form w4 on A. Since X
dominates X, there is a holomorphic map g : X’ — A that lifts f:X—> A Letg :=z0g.
Consider smooth 1-form

Bi=g'V=13() 1z’ = V=1 ) | 2i(x)dgi(x).
i=1 i=1
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Note that dg;(x) descends to a holomorphic 1-form on X. Thus, there is a constant C > 0 such
that |0g;(x)|,#o, < C forany x € X’ and anyi = 1, ..., n. Therefore, g is Lipschitz. Fix a base

point xo € X’. Then there is a constant C’ > 0 such that
|8:(x)] < C'(dg (x,x0) + 1)

for any x € X. This implies that
1B(X) |5 < nCC’ (dz(x,x0) + 1).

Note that dB = 7’ f* w4, which is a semi-Kdhler form on X. By Theorem 2.4.(i), we conclude
the desired L?-vanishing theorem. O

3. CONSTRUCTING 1-FORMS VIA HARMONIC MAPS TO EUCLIDEAN BUILDINGS

Let K be a non-archimedean local field of characteristic zero and let G be a reductive
algebraic group defined over K. There exists a Euclidean building associated with G, which is
called the Bruhat-Tits building and denoted by A(G). We refer the readers to [KP23, Rou23]
for the definition and properties of Bruhat-Tits buildings.

Let (V, W, ®) be the root system associated with A(G). It means that V is a real Euclidean
space endowed with a Euclidean metric and W is an affine Weyl group acting on V. Namely, W
is a semidirect product 7 < WY, where W" is the vectorial Weyl group, which is a finite group
generated by reflections on V, and T is a translation group of V. Here @ is the root system of
V. Itis a finite set of V*\{0} such that W" acts on ® as a permutation. Moreover, ® generates
V*. From the reflection hyperplanes of W we obtain a decomposition of V into facets. Let H
be set of hyperplanes of V defined by w € W. The maximal facets, called chambers, are the
open connected components of V\Ugcqy.

For any apartment A in A(G), there exists an isomorphism i4 : A — V, which is called a
chart. For two chartsis, : Ay = Vandia, : Ay — V,if A| N A, # @, it satisfies the following
properties:

(a) Y := iA.Z(i;X}(V)) is convex.
(b) There is an element w € W such that w 0 ia,|a,na, = 14,]4,n4,-

The charts allow us to map facets into A(G) and their images are also called facets. The axioms
guarantee that these notions are chart independent.

Let X be a compact Kihler manifold and let o : 7;(X) — G(K) be a Zariski dense
representation. By the work of Gromov-Schoen [GS92] (see also [BDDM?22] for the quasi-
projective case), there exists a p-equivariant harmonic mapping u : X - A(G) where A(G) is
the (enlarged) Bruhat-Tits building of G (see [KP23, Definition 4.3.2] for the definition). Such
u is moreover pluriharmonic. We denote by R(u) the regular set of harmonic map u. That is,
for any x € R(u), there exists an open subset {2, containing x such that u(€,) c A for some
apartment A. Since G (K) acts transitively on the apartments of A(G), we know that R(u) is
the pullback of an open subset X’ of X. By [GS92], X\ X" has Hausdor{f codimension at least
two.

We fix an orthogonal coordinates (xy,...,xy) for V. Define smooth real functions on €,
by setting

Upa; = X; 0 iA ou. (17)
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The pluriharmonicity of u implies that V—10dus; = 0. We consider a smooth real semi-
positive (1, 1)-form on Q, defined by

N
V-1 Z (%tA,,' o 51/!14,,'.
i=1

By [Eys04, §3.3.2], such real (1, 1)-form does not depend on the choice of A, and is invariant
under 1 (X)-action. Therefore, it descends to a smooth real closed semi-positive (1, 1)-form
on X’. It is shown in [Eys04] that it extends to a positive closed (1, 1)-current T, on X with
continuous potential.

Definition 3.1 (Canonical current). The above closed positive (1, 1)-current T, on X is called
the canonical current of o.

By [Eys04, CDY22, DYK23], one has a proper fibration s : X — S, associated with o,
which is called Katzarkov-Eyssidieux reduction map. It has the following properties.

Proposition 3.2 ([Eys04, CDY22]). Let X be a smooth projective variety and let p : 71 (X) —
G (K) be a Zariski dense representation where G is a reductive group over a non-archimedean
local field K. Then there exists a proper morphism s, . X — S, (so-called Katzarkov-
Eyssidieux reduction map) onto a normal projective variety with connected fibers such that for
any irreducible closed subvariety Z C X, the following properties are equivalent:

(1) p(m[m(Znorm) — 71(X)]) is bounded;

(2) p(Im[r(Z) — m1(X)]) is bounded;

(3) sp(Z) is a point.

Moreover, there exists a (1, 1)-current Té with continuous potential on S, such that SZTé’J =
T,

Proposition 3.3. Let xo be a fixed base point in X. For the canonical current T, defined in
Definition 3.1, we have

\/—_laédi(c)(u(x), u(xp)) = nyT,, (18)

where dp ) (e, ®) is the distance function on A(G). Moreover, the above equality holds over
a dense open subset X° such that X\ X° has zero Lebesgue measure.

Proof. We assume that xo € R(u). Let w be a Kihler metric on X. For any x € R(u) where
R(u) is the regular set of the harmonic map u, there exists an open subset Q. containing x such
that u(€Q,) C A for some apartment A.

Note that da(g) is G(K)-invariant. Let ¢ : C — €, be any holomorphic curve. Then by
[GS92, Proposition 2.2 in p. 191], we have

Ad®(u o 1(x),u(x0)) > |Vu o |,

where the |Vu o ¢|? is the norm defined with respect to daG) and w. It follows that

N
|Vuo*fw = (V-1 Z Oup; A Ouy,)
i=1
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where u 4 ; is defined in (17). Therefore, over €2, we have
‘V—laédi(c)(u(x), u(xp)) = V-1 Z Oup; AOug,.
i=1

By Definition 3.1, we have (18) over the whole R (u).
Claim 3.4. (18) holds over the whole X.

Proof. Since u is Lipschitz, it follows that di( G)(u(x), u(xo)) is a continuous function on X.
Recall that 7}, is a positive closed (1, 1)-current with continuous potential. This implies that

for any point x € X, there exist a neighborhood €, and a continuous function ¢ on €, such
that

V=103d3 g, (u(x). u(x0)) — 73T, = V=134

on Q. Note that V—1dd¢ > 0 over Q, N R(u). Since the complement of ©, N R(u) has
Hausdorff codimension at least two in €., we apply the extension theorem in [Shi72, Theorem
3.1(i)] to conclude that there is a psh function ¢” on Q, such that ¢’|o_nr(w) = ¢l nrw)- Since
¢ is continuous, and ¢’ is upper semi-continuous, it follows that ¢ = ¢’ on Q. This shows that
(18) holds over €2, hence over the whole X. The claim is proved. |

Let X° be the set of points x in X such that there exists an open neighborhood €, containing
x such that u(€2,) is contained in the closure of a chamber C of the building A(G). By [DM24],
X° is a dense open subset such that X \f ° has zero Lebesgue measure. Note that there exists
an apartment A containing both C and x. It follows that for any y € Q, we have

N

By (u(y). u(x0)) = i (y) = as(xo) (19)

i=1

Therefore,

V=104 g, (u(y), u(x0)) = V=1 )" duai(y) A Jug(y)
i=1

by the pluriharmonicity of u4 ;. This proves that over X°, we have
«/—wédg(G)(u(x), u(xo)) = my T, (x).
The proposition is proved. O

Remark 3.5. Note that we cannot expect the equality (18) holds over R(u). Here is an example.
Consider a tree T C R? defined by 7 = R x {0} U 0 x Rxq and thus (0, 0) is the vertice of 7.
Consider a pluriharmonic map u : D — T defined by z — (Re(z),0). Let P := (0, 1) be a base
point in T. Then d?(u(z), P) = (|[Re(z)| + 1)?, where d(e, ®) denotes the distance function on
the tree 7. In this case, we note that V—189d?(u(z), P) does not has absolutely continuous
coefficients on D: on the line D N (Re(z) = 0), the coefficients of V—18dd?(u(z), P) have
non-trivial singular part for its Lebesgue decomposition. However, the regular locus R(u) is
the whole disk D.
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Let us denote by
Bo(x) = idd} g (u(x), u(xo)). (20)

Since di( 6) (u(x), u(xp)) is a psh function on X by Proposition 3.3, by [GZ17, Theorem 1.46],
By has L, -coefficients.

Lemma 3.6. There exists a dense open subset X° of X whose complement has zero Lebesgue
measure such that B, is smooth. Moreover, there exists a number ¢ > 0 such that for any

x € X° we have

1Bo(X) | < c(1+d5(x,x0))-

Here w is a Kdhler metric on X.

Proof. Let X° be the open subset defined in the proof of Proposition 3.3. Then X\ X° has zero

Lebesgue measure. For any x € X°, it has an open neighborhood €2, and an apartment A such
that u(€2,) C A and u(xg) € A. Then by (19) and (20), one has

N
Bo(3) = V=1 )" (uai(y) — uai(x0))duai().
i=1

Since u is Lipschitz and o-equivariant, it follows that there exists a uniform constant ¢; > 0
such that for any y € X, we have

dac)(u(y),u(xo)) < c1(1+dgz(y,xo)).
Note that for any y € Q,, we have

luai(y) —uai(x0)| < dag)(u(y),u(xo)).

On the other hand, by the Lipschitz condition of u, there exists another uniform constant ¢, > 0
such that for any y € Q,, we have

N
D 10uai(3)lrw < 2.
i=1

In conclusion, we have
1Bo(Wrw < cre2(l+d5(y,x0)) forany y € Q.

Since x is any point in X°, the above inequality holds for any x € X°. The lemma is proved. O

4. LZ—VANISHING THEOREM AND GENERICALLY LARGE LOCAL SYSTEMS

In this section we will prove Theorem A. In Section 4.1, we address the case where o
is semisimple, utilizing techniques from the proof of the reductive Shafarevich conjecture in
[DYK23]. The desired 1-form 3, as required in Theorem 2.4, arises from 1-forms S, associated
with 7 : 11(X) — GLy(K) defined in (20), where K is a non-archimedean local field. We
then reduce the proof to Theorem 2.4.(1).

For the proof of the general cases of Theorem A, we will apply techniques from the proof of
the linear Shafarevich conjecture in [EKPR12]. Using similar techniques as in the semi-simple
case, we first construct a suitable fibration f : X — Y (the reductive Shafarevich morphism
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Sh([b X - Sh%(X )) such that the conditions in Theorem 2.4 are fulfilled. Moreover, by the
structure of the linear Shafarevich morphism, for almost every smooth fiber of f, the conditions
in Corollary 2.7 are satisfied.

Therefore, if there exists a non-trivial a € H‘(Dz’;)()? ) for some p € {0,...,dimX — 1}, we
can apply Theorem 2.4.(i) to show that p > m := dimY, and use Theorem 2.4.(iii) to obtain a
non-trivial L? holomorphic (p — m)-form on the universal cover of almost every smooth fiber
of f. Finally, we apply Corollary 2.7 to obtain a contradiction.

Section 4.1 is covered by Section 4.2, and readers can skip it if they prefer to proceed directly
to the proof of the general case of Theorem A.

4.1. Case of semi-simple local systems.

Theorem 4.1. Let X be a smooth projective variety. Let o : m11(X) — GLy(C) be a semisimple

representation. If o is generically large, then Hfz’;)()?) =0for0<p<n-1

We will use techniques in proving the reductive Shafarevich conjecture in [DY K23, Eys04].
We summarize the main results needed in proving Theorem 4.1 as follows.

Theorem 4.2 ([DYK23, Proof of Theorem 4.31]). Let X be a smooth projective variety. Let
o : m11(X) — GLN(C) be a semisimple representation. If o is generically large, then after
replacing X by a finite étale cover, there exist

(1) a family of Zariski dense representations {t; : m1(X) — G;(K;)}i=1,...c where each G; is
a reductive group over a non-archimedean local field K; of characteristic zero,

(2) aC-VHS L on X,

such that there exists a birational morphism y : X — Y onto a normal projective variety Y
such that

(T, + -+ Ty, + V=1tr(0 A %)} = {*wy} € H'' (X, R),
where wy is a Kdhler form onY. Here

e T, is the canonical current on X associated with t; defined in Definition 3.1.
o  Oisthe Higgs field of the Hodge bundle relative to L and 8" is the adjoint of 6 with respect
to the Hodge metric. |

Note that in (20), we construct certain 1-forms S, associated with the non-archimedean
representations 7; in Theorem 4.2. For the C-VHS L, there is also another way to construct
similar 1-forms. This was established by Eyssidieux in [Eys97] and we recollect some facts
therein.

Proposition 4.3 ([Eys97, Proposition 4.5.1]). Let X be a smooth projective variety and let L
be a C-VHS on X. Let D be the period domain of L and let | : X — D be the period map.
Let g : D — R be the natural quotient where R is the corresponding Riemannian symmetric
space of D. Define wy = V—1tr(6 A 0*) as in Theorem 4.2, which is a smooth closed positive
(1, 1)-form. Then there exists a smooth function Yyg : R — Rso and constants C,c > 0
depending only on & such that the function ¢ := Wg o q o f is smooth and plurisubharmonic
and we have

V=18¢ A 8¢ < nywy, 2D
cmywy < V=-189¢ < Crlywy. (22)
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O

Proof of Theorem 4.1. After replacing X by a finite étale cover, by Theorem 4.2 there exist
Zariski dense representations {7; : m1(X) — G;(K;)}i=1...¢ where each G; is a reductive
algebraic group over a non-archimedean field K;, along with a C-VHS L satisfying the stated
properties. Let u : X — Y be the birational morphism in Theorem 4.2. Then

{Tr + -+ T, +wr}t = {1 wy}

where wy is a Kihler form on Y. Here w, := V—1tr(6 A 6*) is a smooth (1, 1)-form defined
in Theorem 4.2. We choose a Kéhler form wx on X such that u*wy < wy. We also denote by
wy its pullback on the universal cover X abusively.

Since each T, has continuous local potential, there exist a continuous quasi-psh function ¢
on X, such that

Toy+  +Tp +wp = 1wy — V—laa_lﬁ. (23)

Note that y is continuous and smooth outside a proper Zariski closed subset.

In what follows, for any form 7 we shall denote by |;| its norm with respect to wy. Let
ui © X — A(G;) be the T;-equivariant pluriharmonic map whose existence is ensured by
[GS92], where A(G;) is the Bruhat-Tits building of G;. By (20), if we define

Bi(x) = V=13d5 . (u;(x), ui(x0)), (24)

then by Lemma 3.6, S3; has Llloc—coefﬁcients and is smooth outside a set of zero Lebesgue
measure. Moreover, there exists a constant ¢y > 0 with |3;(x)| <ae. ¢1(dg(x,x0) + 1) for any
i

Let f : X — D be the period map of the C-VHS £ and let ¢ = Y5 o g o f be the smooth
plurisubharmonic function defined in Proposition 4.3. By (21) and (22), we have

V=109 A 0¢ < nywy and comywy < V-100¢ < camywy (25)

for some constant 0 < ¢, < c3. The first inequality implies that there exists a constant ¢4 > 0
such that

[(0¢)(x)] < c4 (26)

for any x € X. Define B = % + Zle Bi. Then S has Llloc—coefﬁcients. By Lemma 3.6 and
(26), it satisfies

IB(X)| <ae. c5(1+dg(x,x0)) 27)
for some constant c¢s > 0. By Proposition 3.3 and (25), we have
¢
Tyt wy = ﬂ}(z T, + wyp +V=180¥) < dB + N-180r3y,
i=1
and over a dense open subset X° of X whose complement has zero Lebesgue measure, we have

c3 —C2 *

4
_ 1 _ _
dB+N-100nyy = n}}(z T:) + p V=100¢ + 15 V-100y < myu’wy + C—anwL.
i=1
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Since u is birational, wg = u*wy is a semi-Kéhler form on X. It then follows that

C3 —C2

mxwsk < (dB +V=1901x ) < 7y (wsk + wg) < cemywx (28)

e

for some constant cg > 0. Therefore, for the 1-form 8 on X and the function Y on X, they
satisfy the conditions in Theorem 2.4. We conclude the desired L>-vanishing theorem. O

Remark 4.4. If we compare the proof of Theorem 4.1 with that of the reductive Shafarevich
conjecture in [DY K23, Eys04], we observe striking similarities in their approaches. Indeed, in
[Eys04, Proposition 4.1.1], Eyssidieux proved the following result: let X be a compact Kihler
normal variety. If there exist a continuous plurisubharmonic function ¢ : X — R.p and a
positive closed (1, 1)-current 7 on X with continuous potential such that {7} is a Kéhler class
and V-109¢ > ny T, then X is Stein. Therefore, if X is a smooth projective variety endowed

with a semisimple and large representation o : 71(X) — GLy(C), then we can prove that X
is Stein using Theorem 4.2 as follows.
Consider the continuous function

‘
¢
d0:= ) di gy (i), wi(x0)) +
i=1
on X, where u; and ¢ are defined in the proof of Theorem 4.2. We then have
¢
V=103¢0 2 75 () T + wp).
i=1

Note that Zf:] {Ty + wy} is a Kéhler class in X 1{ o is large by Theorem 4.2. Therefore, by the
above Eyssidieux’s criterion, we conclude that X is Stein.

4.2. Proof of Theorem A. In this subsection we will prove Theorem A.

Theorem 4.5. Let X be a smooth projective variety of dimension n. Let ¢ : 71(X) — GLy(C)

be a linear representation. If o is generically large, then H‘("Z’?()F(v )=0forO<p<n-1.

Proof. Step 1. Let M := Mg(7(X), GLy)(C) be the character variety of 711 (X). By [DYK23,
Proof of Theorem 3.29], there exists

e afamily of Zariski dense representations {7; : 71;(X) — G(K;)}i=1...¢ where each G; is
a reductive group over a non-archimedean local field K; of characteristic zero;
e aC-VHS £ with the period domain 9;;

such that the following properties hold. We define ;IE to be the intersection of the kernels of all
semisimple representations 71 (X) — GLy(C). Denote by XI?,[ = f/HR/I and g : X& - X

the projection map. Then the period map of £ descendsto ¢ : 5(:?; — 9. For the holomorphic
map

- €
@ : X0, — ﬂsn x D,
i=1

X = (s.rl o 1o, ..., S O Mo, ¢(x))’
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each connected component of the fiber of @ is compact. Here s, : X — S, is the Katzarkov-
Eyssidieux reduction for 7; defined in Proposition 3.2. By [DYK23, Proof of Theorem 3.29],
@ factors through

0 ¢
— r
X9, 5 89,(X) S [ | S x 2
i=1
where r1?4 is a proper surjective holomorphic fibration and rg is holomorphic map with each

fiber being a discrete set Moreover, SY 17 (X) does not contain compact subvarieties. Therefore,
the Galois group Aut( / X) induces an action on S0 (X) Wthh is properly discontinuous,
and such that r is equivariant with respect to the action by Aut(X / X). By [DYK23, Lemma
3.28], replacing X by a finite étale cover, we can assume that such an action on § M(X ) is free.
Taking the quotient of rjow by Aut(E(\OA; /X), we obtain

w———— X
\L lsho
SO (X) —L 5 shY,(X)

I

z:l STi X @1

Here Shg,,(X ) is called the reductive Shafarevich morphism associated with M.
We shall use [EKPR12] to deal with the linear representation case. According to [EKPR12,
§5.2], there is a R-VMHS M of weight length 1 with the mixed period domain . (cf.

[EKPR12, Lemma 5.4]) and an infinite Galois étale cover 71 : X 1{/[ — X (cf. [EKPRI12, p.
1575] for the definition) factorizing through m : Xl?/[ — X such that

(a) the mixed period domain descends to @ : 5(}; — M,
(b) for the holomorphic map

- 14
Q) X}, — l_[ST,-X.%X./%
i=1
X (Sq 0my, ..., 87, 0wy, d(x), w(x)),

each connected component of the fiber of ® is compact.

Here we abuswely use ¢ X, X 2 to denote by the composite of ¢ : X0 — 2 with
X1 — XO By [EKPR12, p. 1576], ®; factors through
— 4
Xh B85, X) B[]S x i x
i=1
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where r 11\/1 is a proper surjective holomorphic fibration and r; is holomorphic map with each

fiber being a discrete set.

By [EKPRI12, Lemma 5.7], g‘}‘;(X ) does not contain compact subvarieties. Therefore, the

Galois group Aut(X [{4/ X) induces an action on S}W(X ) which is properly discontinuous, and

such that r 11\/1 is equivariant with respect to the action by Aut(X 111/1 /X). Replacing X by a finite

étale cover, we assume that such an action is free. Taking the quotient of r}u by Aut(X }VI/ X),
we obtain:

Us|

Xy P X =——— X X},

| 0
\Lr}w J/sh u lsh & \Lrﬁl

@1 Sh(X) ——— Shi,(X) — ShY,(X) ¢—2— $9,(X) |ov

étale

! I’

L Su XDy x M LSy x D

(29)

By [EKPR12, p. 1549], if o is generically large, then sh}w is a bimeromorphic map.

Step 2. By [DYK23, Proof of Theorem 4.31] (which is exactly Theorem 4.2), there exists a
Kihler form wr on the normal projective variety Shg/, (X) such that

(T, + -+ Ty + V=1tr(6 A 6%)} € H'' (X, R) = {(sh%)*wr}. (30)

Here T, is the canonical current for 7; defined in Definition 3.1 and V—-1tr(6 A 6%) is the
semi-positive (1, 1)-form over X defined in Theorem 4.2. Since each 77, has continuous local
potential, there exist a continuous function ¢ on X, such that

T+ + Ty +wyp = (shY) wr — V=-139y.

Let 2, be the graded period domain of /. Note that # — 2, is a holomorphic vector
bundle (cf. [Car87]). Let Z be any fiber of X — Shg,I(X). Let Z}V[ be any connected
component of the inverse image 711_1 (Z). Then there exists some P € 9, such that for the fiber
Vof ll — D, at P e D), we have w|2]~ : ZI{/I — V. Moreover, by [EKPR12, p. 1575-1576],

M
after we replace Z by a finite étale cover, there exists amap a : Z*" — A, where A is an abelian
variety and Z*" is the semi-normalization of Z such that, g := @]| T factors as
M

——sn

Zl

S

<X
L/ L
<¢— >

where Zzlvl is the semi-normalization of ZZ{/I, A is the universal cover of A, p is the lift of
a which is proper, and A — V is a linear injective map. Since r; has discrete fibers, sh}w is
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proper bimeromorphic, and the image of Z 11u under the composite map

. ¢ ¢
Si(X) , HSTi X Dy X M — ]—[Sﬂ. X Dy
i=1 i=1

——Sn ——Sn
is constant, it follows that dim p(Z 11\4 ) =dimZ 11\4 if Z is a general fiber of X — Sh%(X ).
Here ]—[f:1 St XD X M — ]_[f:1 Sz, X 2 is the natural projection map. This implies the
following result.

Claim 4.6. For a general fiber Z of X — Shgl(X), there is a map a : Z°" — A to an abelian
variety A such that

dim Z* = dim a(Z™). 31)

Step 3. For each i, let 8; be 1-form on X defined in (24). By Proposition 3.3, it is generically
smooth and satisfies that df; > 3 T,, with equality holding outside a closed subset of zero
Lebesgue measure. We fix a Kéhler metric wy on X and, by slight abuse of notation, also
denote its lift on the universal cover X by wy. By Lemma 3.6, there exists a number ¢y > 0
and a dense open set X° c X whose complement has zero Lebesgue measure such that for any
ie{l,...,{}andx € §°, we have

1Bi(X)|wy < co(l +dg(x, x0)). (32)

Consider the period map p : X — @ of L andlet ¢ = Y, © q o p be the positive smooth
plurisubharmonic function defined in Proposition 4.3. By eq. (21) and (22), we have

i0p Ad¢ < mywr,
cimywr < V=-100¢ < conywyr

for some constant 0 < ¢ < c¢3. The first inequality implies that there exists a constant ¢3 > 0
such that

1(0¢) (0) |y < €3 (33)
for any x € X. Write '
Bi=pite et 09,

Then S has Llloc—coefﬁcients and is smooth outside a set of zero Lebesgue measure. By (32),
we have

1B(X)|wx Sae. ca(l+dg(x,x0)) (34)

for some constant ¢4 > 0.
By (30), one has

* % * * cr—C
' (shd) wr < (dB+y)),e < 7l | (shd) wr + 2—

wr| < cemywyx (35)

for some constant cg > 0. We write f : X — Y for sh(]i,[ : X — Y. Therefore, for the 1-form S
and the function ¥, they satisfy the conditions in Theorem 2.4.
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Step 4. We will apply Theorem 2.4 and use its notations as defined therein, without re-
explaining their meanings. Assume by contradiction that, for some p € {0,...,n — 1}, there

is a non-trivial « € Hé’?(f). By Theorem 2.4, we have n > m and p > m. Furthermore, over
the Zariski open subset Y° of Y™, we have

_ 0/yo f*om p—m
aXOEH(X,f.Q?o@Q}?O ),

where ¥° := 77! (Y°) and X° := f~!(Y°). We pick any yo € ¥°, and choose a simply connected
coordinate open subset (V;w; ..., w,,) centered at yg. We abusively denote by V' a connected
component of n;l (V). Then dwy A --- A dwy, is a nonwhere-vanishing holomorphic m-form
on V. Let Q be a connected component of £~1(V). We denote by g : Q — V the restriction of
f on Q. Then g is a submersion with connected fibers. For any y € V, by Step 3 in the proof
of Theorem 2.4, dwy A - -- A dw,, induces a unique holomorphic (p — m)-form a, on g 1 (y)
defined in (15) within suitable coordinate open subset (U; z1, ..., z,) of Q. Then by (14) and
(15) together with the Fubini theorem, we have

0= / (/ ,'(p—m)zay A ay A (wX|g“(y))n_p) idwi Adwi A=+ Nidwy N dw,y,
'(y)

2 _ _
:/zpa/\a/\w';(pS/~|cx|2dvol<+oo.
Q X

Therefore, there is a subset Z of V with zero Lebesgue measure, such that for any y € V\Z,
we have

/ I )i(p_m)zay A @y A (Wxlg-i(y)" " < eo. (36)
y

Thus, we construct an L? holomorphic (p — m)-form @y on g~ '(y) for any y € V\Z, which is
also d—closed by Theorem 2.4.(iii). We note that for any x € f~'(y), @, (x) = 0if and only if
a(x) =

Denote by X, := f~'(y). By Claim 4.6, if we choose a general point y € V\Z, then
there exists a morphlsm a : X, — A to an abelian variety A such that dim Xy = dima(Xy).
Moreover, for a connected component X X/, of 7r‘1 (Xy), there is a lift X}, X’ — A of a. Note that

g !(y) is a connected component of n}l (Xy). Then g ~I(y) dominates Xy . The conditions in
Corollary 2.7 are fulfilled. It follows that @, = 0. Hence, a(x) = 0 almost everywhere. By
continuity, we conclude that a@(x) = 0 everywhere. This yields a contradiction. Therefore,

Hf’Z?(X) =0 for any p € {0,...,n — 1}. The theorem is proved. O

We will apply Theorem 4.5 to prove Theorem A.

Proof of Theorem A. Let H (”251 (X) be the L2-harmonic (n, g)-forms with respect to the metric
wy. By the Lefschetz theorem in [Gro91, Theorem 1.2.A]), for any g € {1,...,n},

n ,0 n,
(2)‘1 (X) — 7{(2;1 (X)

a— w! Aa
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is an isomorphism. Since we have an isomorphism ("z)q (X) ~
(2) 9(X)forg € {l,...,n}.
We denote by I = 7y (X ) and dimr H'; 2 7(X) the Von Neumann dimension of H”, 2 7(X) (cf.
[Ati76] for the definition). By Atiyah’s L?-index theorem along with Theorem A.(i), we have

(2) 7(X), this establishes that

Y(X,Kx) = Z;( 1)? dimp Hyy! (X) = dimp H3)(X) > 0. (37)
q=

Theorem A.(ii) is proved. _
If the strict inequality (37) holds, then Hzlé())(X ) # 0. We then apply [Kol95, Corollary 13.10]
to conclude that Ky is big. Theorem A.(iii) follows. The theorem is proved. O
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