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INTRODUCTION

Fundamental groups of algebraic varieties have been extensively studied. In this memoir, our main focus
lies on the following problem: how do representations of the fundamental group of a complex quasi-projective
variety into general linear groups over fields of arbitrary characteristic influence the algebro-geometric properties
of the variety? This topic leads to a fascinating interplay between non-abelian Hodge theories, harmonic maps,
hyperbolicity, Nevanlinna theory, and the Shafarevich conjecture. We will organize the main results in this memoir
from various perspectives, exploring their implications and connections.

In Chapter 1, we develop some tools in non-abelian Hodge theories in the non-archimedean setting using the
techniques of harmonic mappings of infinite energy into non-positively-curved spaces and Bruhat-Tits buildings.
Non-abelian Hodge theories are robust tools in studying the fundamental groups of algebraic varieties. Consider a
complex quasi-projective manifold X and a reductive representation o : 71(X) — GLx(K). When X is compact
and K = C, in the 90s Simpson [Sim88,Sim92] systematically established the theory of Higgs bundles and discovered
its relation with variations of Hodge structure. This theory was later extended to the cases where X is non-compact
by Mochizuki in a series of difficult works [Moc06, MocO7a,Moc(07b]. On the other hand, when X is compact and
K is a non-archimedean local field, Gromov-Schoen [GS92] constructed harmonic mappings from the universal
covering of X to the Euclidean buildings, with significant applications ranging from p-adic super-rigidity [GS92],
Simpson’s motivic conjecture [CS08], Shafarevich conjecture [Eys04, EKPR12] and beyond.

The first result presented in Chapter 1 extends Gromov-Schoen’s theory to non-compact cases, involving the
treatment of infinite energy harmonic mappings into Euclidean buildings. As an application, we construct logarith-
mic symmetric differentials in the presence of unbounded linear representations of 71 (X) in non-archimedean local
fields. Moreover, we prove that a complex quasi-projective manifold X admits logarithmic symmetric differentials
provided there is a linear representation 7 (X) — GLy (K) with infinite image, where K can be any field. This
extends a previous work by Klingler, Brunebarbe, and Totaro to the quasi-projective setting. Another significant
application is a reduction theorem for unbounded linear representations of 7; (X) in non-archimedean local fields.
The main results in this chapter lay the groundwork for subsequent works.

Chapter 2 is on the hyperbolicity of complex quasi-projective normal varieties in the presence of a local system
with big monodromy. The motivation stems from the question: how does fundamental groups of algebraic varieties
determine its hyperbolicity property. We are mainly interested in three notions of hyperbolicity from different
aspects. In the algebraic setting, a quasi-projective variety X is strongly of log general type if there exists a proper
Zariski closed subset = such that all subvarieties not being of log general type is contained in Z. In the analytic
setting, X is pseudo-Picard hyperbolic (resp. pseudo-Brody hyperbolic) if there exists a a proper Zariski closed
subset E of X such that any holomorphic map f : D* — X from the punctured disk with essential singularity at
the origin (resp. any non-constant holomorphic map f : C — X) has image contained in E.

The first result in Chapter 2 addresses the initial question. Given a quasi-projective normal variety, if there exists
a big representation o : m1(X) — GLy(K) such that the Zariski closure of o(m;(X)) is a semisimple algebraic
group, where K can be any field, then X is both strongly of log general type and pseudo Picard hyperbolic (hence
also pseudo Brody hyperbolic).

The second result in Chapter 2 is a confirmation of the generalized Green-Griffiths-Lang conjecture in the
presence of a big local system: assuming the existence of a big representation o : m;(X) — GLy(K), which is
further required to be reductive in cases where char K = 0, we prove that X is of log general type if and only if it is
strongly of log general type, or pseudo Picard or Brody hyperbolic. This result can be refined further by identifying
the non-hyperbolicity loci (special loci) from different perspectives.

In Chapters 3 and 4, we address the Shafarevich conjecture, which stipulates that the universal covering of a
complex projective variety is holomorphically convex. This conjecture was studied extensively in 90s building
on the tools from non-abelian Hodge theories described in Chapter 1. The most significant breakthrough on
this conjecture came from Eyssidieux [Eys04], where he proved the Shafarevich conjecture for smooth projective
varieties whose fundamental groups admit a faithful reductive representation into a complex general linear group.
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Subsequently, in [EKPR 12] it was further asked whether Eyssidieux’s theorem can be extended to singular projective
varieties.

The first result of Chapter 3 addresses this question: the universal covering of a projective normal variety is
holomorphically convex if there exists a faithful reductive representation of its fundamental group into a complex
general linear group. Building on our work on non-abelian Hodge theories in non-archimedean setting shown in
Chapter 1, we also construct the Shafarevich morphism sh, : X — Sh, (X) associated with o : 71 (X) — GLy (K),
where X is any quasi-projective normal variety and K is any field (if char K = 0 we assume additionally that
o is reductive). It has the property that for any closed subvariety Z of X, sh,(Z) is a point if and only if
o(Im[rn(Z) — m(X)]) is finite. Additionally, we prove that a projective normal variety whose I'-dimension
(defined by Campana) is at most two is holomorphically convex if there exists a faithful reductive representation of
its fundamental group into a general linear group in positive characteristic.

In Chapter 5, we present several applications in algebraic geometry of the results established in previous chapters.
The first application concerns Claudon-Héring-Kolldr’s conjecture, which asserts that a complex projective manifold
with quasi-projective universal covering has a locally trivial Albanese map up to a finite étale cover. Their
conjecture was proven under the assumption of the abundance conjecture by Claudon-Horing-Kolldr, or varieties
with virtually abelian fundamental groups by Claudon-Héoring. Our result confirms their conjecture in cases where
the fundamental groups admit a faithful linear representation into the general linear group of any characteristic.

The second application addresses Campana’s tantalizing abelianity conjecture, which predicts that a special or
Brody special complex projective manifold has a virtually abelian fundamental group. Here, a complex projective
manifold X is special if it does not admit a fibration onto an orbifold of general type, with the orbifold structure on the
base being given by the divisor of multiple fibers. X is Brody special if it has a Zariski dense entire curve. Special
or Brody special varieties are known for their non-hyperbolic nature. Campana [Cam04] and Yamanoi [Yam10]
proved that any complex linear quotient of the fundamental group of a special or Brody special projective manifold
is virtually abelian. Our first result extends their theorems to linear quotients in positive characteristic of the
fundamental groups of quasi-projective varieties. Additionally, we establish that any complex linear quotient of
the fundamental group of a special or Brody special quasi-projective manifold is virtually nilpotent. We further
provide illustrative examples to demonstrate the sharpness of this result. The last result is a structure theorem for
algebraic varieties in the presence of a big local system, addressing a conjecture by Kolldr.
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CHAPTER 1

EXISTENCE OF HARMONIC MAPPINGS INTO BRUHAT-TITS BUILDINGS

1.1. Introduction

Let X be a complex smooth quasi-projective variety, and let G be a semisimple algebraic group defined over a
field K. In this chapter, we mainly focus on representations o : 7;(X) — G(K), where K can be either the field of
complex numbers or an algebraic number field, or a non-archimedean local field. We refer to o as Zariski dense if
the Zariski closure of its image is the whole group G.

Non-abelian Hodge theories play a significant role in the study of the geometric properties of the above
representations o : m1(X) — G(K). These theories are based on harmonic mappings to symmetric spaces in
the archimedean cases (when K is complex or an algebraic number field) or to Bruhat-Tits buildings in the non-
archimedean cases (when K is a non-archimedean local field). In the archimedean setting, these theories have been
well-established, with notable works including [Don87, Cor88, Sim92, Moc07b].

However, in the non-archimedean case, while the theory has been established for algebraic varieties that are
projective, thanks to the work of Gromov-Schoen [GS92], its full generalization to quasi-projective varieties
remained a challenge over the past three decades. The main difficulty is that, we will encounter with harmonic
maps with infinite energy.

Infinite energy harmonic maps between manifolds previously appeared in the work of Lohkamp and Wolf.
Lohcamp [L.oh90] proved the existence of a harmonic map in a given homotopy class of maps between two non-
compact manifolds, provided that a certain simplicity condition is satisfied. The most important case is when the
domain is metrically a product near infinity. Wolf [Wol91] studied harmonic maps of infinite energy when the
domain is a nodal Riemann surface and applied this study to describe degenerations of surfaces in the Riemann
moduli space.

In this chapter I will present the main result in [BDDM?22]. Precisely, we establish the existence of equivariant
(infinite energy) harmonic maps to Bruhat-Tits buildings, which are associated with representations of fundamental
groups of quasi-projective varieties into semisimple algebraic groups over non-archimedean local fields. Addi-
tionally, we prove the pluriharmonicity of these harmonic maps and provide estimates for their energy growth at
infinity. This result extends the Gromov-Schoen theory to quasi-projective varieties.

I then present applications of the aforementioned result concerning existence theorem of harmonic maps. The
first application involves constructing logarithmic symmetric differentials on quasi-projective varieties X in the
presence of a representation o : 71 (X) — GLy (K), where K is a non-archimedean local field, with the condition
that o(71(X)) is unbounded. By leveraging this result, we establish the existence of logarithmic symmetric
differentials for quasi-projective varieties, provided their fundamental groups possess an infinite linear quotient.
Notably, this theorem extends the work of Brunebarbe, Klinger, and Totaro in [BKT13].

The second application concerns a reduction map theorem for the linear representation of fundamental groups
of quasi-projective varieties into algebraic groups over non-archimedean local fields, as developed in [CDY22].
This result generalize previous work by Katzarkov [Kat97] and Eyssidieux [Eys04].

These main results in this chapter are foundational cornerstones for the subsequent chapters.

1.2. Definition of harmonic maps

1.2.1. NPC spaces and Euclidean buildings. — For the definitions in this subsection, we refer the readers
to [BH99, Rou09, KP23, BDDM?22].

Definition 1.2.1 (Geodesic space). — Let (X, dx) be a metric space. A curve y : [0,£] — X into X is called
a geodesic if the length dx(y(a),y(b)) = b — a for any subinterval [a, b] C [0,£]. A metric space (X, dx) is a
geodesic space if there exists a geodesic connecting every pair of points in X.

Definition 1.2.2 (NPC space). — An NPC (non-positively curved) space (X, dx) is a complete geodesic space
that satisfies the following condition: for any three points P, Q, R € X and a geodesicy : [0,¢] — X withy(0) = Q
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and y(£) = R
d% (P,Q,) < (1 -1)d*(P,Q) +td*(P,R) — t(1 — t)d*(Q,R)
where Q; = y(t0).

A smooth Riemannian manifold with nonpositive sectional curvature is an NPC space. Among these, Bruhat-Tits
buildings A(G) associated with semisimple algebraic groups G defined over non-archimedean local fields K are
noteworthy examples of NPC spaces. We will not provide the lengthy definition of Bruhat-Tits buildings here, but
interested readers can find precise definitions in references such as [Rou09] and [KP23]. It’s noteworthy that G (K)
acts isometrically on the building A(G) and transitively on its set of apartments. Here, G (K) denotes the group of
K-points of G. The dimension of A(G) equals the K-rank of the algebraic group G, which is the dimension of a
maximal split torus in G.

1.2.2. Harmonic maps to NPC spaces. — Consider a map f : Q — Z from an n-dimensional Riemannian
manifold (€, g) to an NPC space (Z, dz). When the target space Z is a smooth Riemannian manifold of nonpositive
sectional curvature, the energy of a smooth map f: Q — Z is

Ef=/|df|2dvolg
Q

where (€, g) is a Riemannian domain and d vol, is the volume form of Q. We say f : Q — Z is harmonic if it is
locally energy minimizing; i.e. for any p € Q, there exists r > 0 such that the restriction u|p_(,,) minimizes energy

amongst all maps v : B, (p) — Z with the same boundary values as u|g, ( P

In this paper, we mainly consider the target Z to be NPC spaces, not necessarily smooth. Let us recall the
definition of harmonic maps in this context (cf. [KS93] for more details).

Let (Q, g) be a bounded Lipschitz Riemannian domain. Let Q. be the set of points in Q at a distance least €
from 0Q. Let B, (x) be a geodesic ball centered at x and S (x) = B¢ (x). We say f : Q — Z is an L?>-map (or
that f € L*(Q, Z) ) if

/dz(f, P)dvol, < o0
Q
For f € LZ(Q, Z), define

dz(f(X)z,f(y)) dox.c

ec 1 Qo R, ec(x)= {gyGSE(x) € i X € Qe

otherwise

where o is the induced measure on S¢ (x). We define a family of functionals
E{ 1 Ce(Q) - R, E{(go) = / pecdVolg.
Q

We say f has finite energy (or that f € WH2(Q, Z) ) if

Ef = sup limsup EL (¢) < 0.
9eCq(Q),0<p<l €—0
weakly to a measure which is absolutely continuous with respect to the Lebesgue measure. Therefore, there exists
a function e(x), which we call the energy density, such that e, (x)dvol, — e(x)d volg. In analogy to the case of
smooth targets, we write |V f|?(x) in place of e(x). Hence |V f|?(x) € LIIOC(Q). In particular, the (Korevaar-Schoen)
energy of f in Qs

ET[Q] = / |V £|2d vol,, .
Q

Definition 1.2.3 (Harmonic maps). — We say a continuous map f : Q — Z from a Lipschitz domain Q is
harmonic if it is locally energy minimizing; more precisely, at each p € Q, there exists a neighborhood &, of p
such that all comparison maps which agree with u outside of this neighborhood have no less energy.

For V € T'Q where I'Q is the set of Lipschitz vector fields on Q, | £.(V)|? is similarly defined. The real valued
L' function |f.(V)|*> generalizes the norm squared on the directional derivative of f. The generalization of the
pull-back metric is the continuous, symmetric, bilinear, non-negative and tensorial operator

np(V,W)=TQxTQ— L' (Q,R)
where | |
7y (V, W) = S 1LV + WP = SIL(V = W)
We refer to [KS93] for more details.
Let (x!,...,x™) be local coordinates of (Q, g) and g = (8ij). &
energy density function of f can be written (cf. [KS93, (2.3vi)])

. 0 0
\Y) 22 Y —,
VAP = g5 =

! = (g'7) be the local metric expressions. Then

)



1.3. MAIN THEOREM: EXISTENCE OF HARMONIC MAPS 9

Next assume (£,g) is a Hermitian domain and let (z! = x! +ix?,...,2" = x*! + ix?") be local complex
coordinates.
Definition 1.2.4 (Locally Lipschitz). — A continuous map f : Q — Z is called locally Lipschitz if for any
p € Q, there exists B.(p) c Q and a constant C > 0 such that d(f(x), f(y)) < Cd(x,y) forx,y € Bo(p).

The following typical example shows the connection between classical Hodge theory and non-abelian Hodge
theory.
Remark 1.2.5. — The name of “non-abelian Hodge theory” generalizes aspects of Hodge theory from abelian
cohomology to nonabelian cohomology. Let (X, w) be a compact Kdhler manifold and we consider the first
cohomology of X with real coefficients H' (X, R). Note that H'(X,R) = Hom(n;(X),R). The classical Hodge
theory shows that each cohomology class @ € H'(X,R) contains a unique harmonic form 7. Taking the integral
of i, we obtain a harmonic map u,, : X — R. If we consider @ as a representation w1 (X) — R, such u,, is
a-equivariant, where the action of R on R is given by translation. Note that u,, is pluriharmonic: the (1,0)-part
d(lc’ou,, of the complexified differential dcu,, of u,, is a holomorphic 1-form. Since u,; is a-equivariant, such dé’ou,,
descends to a holomorphic form on X. Such a holomorphic form is nothing but 7' where 1! is the (1, 0)-part
of the harmonic form 7.

1.3. Main theorem: existence of harmonic maps

Theorem 1.A ([BDDM22, Theorem A]). — Let X be a complex smooth quasi-projective variety, and let G be
a semisimple algebraic group defined over a non-archimedean local field K. If o : n1(X) — G(K) is a Zariski
dense representation, then we have:

(i) There exists a p-equivariant, locally Lipschitz harmonic map (with respect to any Kdhler metric on X)
u:X - A(G) from the universal cover X of X to the Bruhat-Tits building A(G) of G.

(i) This map u is pluriharmonic and has logarithmic energy growth.

(>iii) The local energy around points at infinity are finite provided that the corresponding local monodromies are
quasi-unipotent.

(iv) If f : Y — X is a morphism from a smooth projective variety Y, then u o f : Y > A(G) is f*p-equivariant
harmonic map with respect to any Kéhler metric on Y. Furthermore, u o f has logarithmic energy growth.
Here f : Y — X denotes the lift of f between the universal coverings of Y and X.

Let us explain some notion in the theorem.

First, since G is semisimple, A(G) is a Euclidean building without a Euclidean factor. By [Par00, Theorem 4.1],
for any g € G(K), g is either elliptic or hyperbolic. Thus, there exists Py € A(G) such that minpeag) d(P, gP) =
d(Po,gPo). _

Definition 1.3.1 (logarithmic energy growth). — Let X be a smooth quasi-projective variety and let X be a smooth
projective compactification of X such that X := X\ X is a simple normal crossing divisor. Let o : 71 (X) — G(K)
be a Zariski dense representation where G is a semisimple algebraic group. A p-equivariant pluriharmonic map
i:X— A(G) has logarithmic energy growth if for any holomorphic map f : D* — X with no essential singularity
at the origin (i.e.f extends to a holomorphic map f : D — X), there is a positive constant C such that for any
r €]0, %[ one has
2 2

(1.3.1) —ﬁlogrSE”"f[D 1] s—ﬂlogwc,

2r "2 2n

where L, is called the translation length of o([y]) where y € m1(X) is the element corresponding to the loop
around the smooth component Z; of the divisor X; i.e.

(1.3.2) L, := p€i§<fG> d(o([yD)P, P).

The constant C does not depend on r.

We give a summary of the proof of Theorems 1.A.(i) and 1.A.(ii). We consider a non-empty closed minimal
convex p(m;(X))-invariant subset C of X, meaning that there does not exist a non-empty convex strict subset of
C invariant under p (71 (X)). The existence of such C is guaranteed by [CM09, Theorem 4.3, (Aii)]. As a convex
subset of an NPC space, C is itself an NPC space. Thus, when dimX = 1 or dimX = 2, we can apply the
existence theorems of an equivariant harmonic map into an NPC space proved in [DM23b, Theorems 1.1 and 1.2]
and [DM23a, Theorem 1] respectively.

Next we prove a uniqueness result:

Claim 1.3.2. — Any p-equivariant harmonic mapping u from X10Cis unique provided that

(a) u has logarithmic energy growth at infinity;
(b) o(m1(X)) does not fix a point at infinity.
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Note that the guarantee of Item (b) can be established when o is Zariski dense. The harmonic map u from a

punctured Riemann surface R = R\{p1,. .., pn} satisfies a logarithmic growth estimate towards a puncture in the
form of

L 1/2 L 1/2 1
(1.3.3) —logLSE“[A l]s—logL+c, O<r<=

2r r 2 2n r 2

where A is a holomorphic disk of R at a puncture, A, | is an annulus with inner and outer radius  and 1 respectively,
E"[A, 1] is the energy contained in A, ; and L is the translation length of the isometry p(y) where y € m1(X) is
the element corresponding the loop dA around the puncture. One can interpret L as the length of the minimum
geodesic homotopic to the image loop #(dA) in the quotient metric space X /p(7;(X)), and the lower bound of
(1.3.3) is a consequence of the fact that the energy of the (parameterized) geodesic loop is at least % Indeed,

L2 1 1 L2 2 1 1 |ou
“og-< [ Zar= - |
m By /, 27 ‘/0 /, r2 |96

(Note that L = 0 is the case when the loop u(dA) is homotopically trivial.)

The upper bound in (1.3.3) comes from the construction of the harmonic map which we review now. The idea is
to first construct a Lipschitz map v with controlled energy growth towards any puncture. This can be accomplished
by defining 6 +— v(r, 8) to be a parameterized geodesic loop corresponding to p(7y) for each r where (r, 6) is the
polar coordinates of the disk A. We call such a map a prototype map. Next, let R, be a Riemann surface with A,
(disk of radius r) removed around each puncture. Let u, be the Dirichlet solution with boundary values v|s%,. We
thus construct a family of harmonic maps u, and prove that the sequence of harmonic maps u,, converges uniformly
to a harmonic map u on every compact subset of R as r; — 0. The upper bound on the energy growth towards a
puncture of u can be deduced from the energy growth of the prototype map v. The details of the above argument
can be found in [DM23b].

In the case of quasi-projective surfaces, the existence also relies on the construction of a prototype map but
is technically more complicated because the points at infinity are the normal crossing divisors and hence much
more complicated than isolated points. The details of this construction can be found in [DM23a]. By the (more
elaborated) Bochner technique, the harmonic map is actually pluriharmonic; in other words, its restriction to any
complex curve is harmonic.

The proof of the existence in higher dimension relies on the existence results in dimensions 1 and 2. We use
Lefschetz hyperplane theorem to prove Theorem 1.A by induction on dim X. First, assume that dimc X = 3. The
existence result in dimension 2 guarantees that there is a pluriharmonic map defined on a general hyperplane on X.
The uniqueness result implies that the pluriharmonic maps defined on the two different hyperplanes agrees along
the intersection. Thus, we can define a pluriharmonic map on X. To define a pluriharmonic map in any dimensions,
we proceed by induction on the dimension.

2
rdrdf < E“[A, 1].

1.4. Application (I): logarithmic symmetric differentials and fundamental groups

We will now present significant applications of Theorem 1.A, which are cornerstones for the subsequent works
discussed in Chapters 2 to 5.

1.4.1. Constructing logarithmic symmetric differentials. — In previous works [Kat97, Eys04, Kli13], for pro-
jective varieties whose fundamental groups admitting unbounded reductive representations into non-archimedean
local fields, global symmetric differentials are constructed. In [BDDM?22] we apply Theorem 1.A to extend this
result to quasi-projective varieties.

Theorem 1.B ( [BDDM?22, Theorem B]). — Let X be a complex quasi-projective manifold and K be a non-
archimedean local field. If there exists an unbounded representation ¢ : n1(X) — GLy (K), then X has non-zero
global logarithmic symmetric forms.

Proof of Theorem 1.B (sketch). — Note that we do not assume that o is reductive and thus we cannot apply
Theorem 1.A. We apply the following lemma in [DYK23, Lemma 3.5].

Claim 1.4.1. — Let T be a finitely generated group and let o : 71(X) — GLN (K) be a representation where K be
a non-archimedean local field. Then o is unbounded if and only if its semi-simplification 05 : 71(X) — GLy (K)
is unbounded.

This result enables us to replace o by its semi-simplification and K by a finite extension such that we may assume
that o is semisimple, and thus reductive.

For simplicity, we assume that the Zariski closure o (771 (X)) is a semisimple algebraic group defined over K (after
replacing K by a finite extension). By Theorem 1.A, there exists a p-equivariant harmonic map u : X - A(G),
where A(G) is the Bruhat-Tits building of G. Here p : X — X is the universal covering map.

Recall that a point x € X is said to be a regular point of u if there exists a neighborhood N of x and an apartment
A c A(G) such that u(N) c A. A singular point of u is a point in X that is not a regular point. Note that if x € X
is a regular point (resp. singular point) of u, then every point of p~!(p(x)) is a regular point (resp. singular point)
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of u. We denote by X° C X the set of all regular points of u. Then there exists a dense open set X° C X such that
pl(X°) = X°. A deep and difficult theorem by Gromov-Schoen [GS92] shows that the complement of X° is a
closed subset that has Hausdorff codimensional at least two.

We mention that over the regular locus X° of u, u is locally a holomorphic map from an open set Q of X to
some apartment A of A(G) (such A is not unique in general). Note that A is locally isometric to RY. Therefore,
if @ : A — R is a linear map, then the (1, 0)-part of the complexified differential dé’o(a o u) is a holomorphic one
form on Q since u is pluriharmonic. We can choose a generalized linear coordinates (a1, . . ., @¢) for A such that

— (dé’o(al ou),..., dé’o(ag o u)) does not depend on the choice of the apartment;

— these holomorphic 1-forms glue together into a mutivalued holomorphic 1-form defined over X°;

— this multivalued holomorphic 1-form is invariant under the 71 (X)-action, hence descends to a mutivalued
1-form {w1,...,w¢} on a dense open set X° C X whose complement is a closed subset that has Hausdorff
codimensional at least two;

— Span{ay,...,ar} = Hom(A,R) since G is semisimple.

We need to show that {wy, ..., w¢} is non-trivial. Otherwise, u is constant, and thus o(7; (X)) fixes a point in
A(G), which is thus bounded, contradicting to our assumption that ¢ is unbounded.

We show that these multivalued 1-forms {wj,...,w¢} induce a symmetric form on X°. Let T be a formal
variable. Then

(1.4.1) [[T-w)=T"+nT" "+ o,
k=1

is well defined. Its coefficients o € I'(X°, Sym*Qy).
Let us show that o extends over X. By Theorem 1.A, u is locally Lipschitz. By our construction, there is a
uniform constant Cy > 0 such that

(1.4.2) lok|w < Ci|VulX,  over X°,

where w is a complete metric on X of Poincaré type at infinity. Since X c X° has Hausdorff codimension at least
two, by (1.4.2) we apply some generalized Riemann extension theorem by Shiffman [Shi68] to conclude that o
extends to a symmetric form in I'(X, SykaX).

To show that o has only logarithmic poles, we need to apply the energy estimate of u at infinity in Theorem 1. A.
The proof is based on some complex analysis. For more details we refer to [BDDM?22]. O

1.4.2. Simpson’s integrality conjecture. — Let I" be a finitely generated group. We say o : I' — GLy (C) is
rigid if its image in the character variety Mp(I", GLy ) is isolated. Say o is integral if there exists a number field &
such that o factors through ¢ : I' — GLy (Ok).

In [Sim92], Simpson conjectured that any rigid representation of the fundamental group of a smooth projective
varieties is integral. This conjecture is solved for rank 2 rigid representations of fundamental groups of smooth
projective varieties by Corlette-Simpson [CSO8]. Based on Theorem 1.B, in [BDDM?22] we prove the following
theorem.

Theorem 1.C ([BDDM22, Theorem C]). — Let X be a complex quasi-projective manifold which does not admit
any global logarithmic symmetric differentials. Then any reductive representation o : 71 (X) — GLy (C) is rigid
and integral. Moreover, o is a complex direct factor of a Z-variation of Hodge structures.

Note that Klingler [Klil13] had previously established Theorem 1.C when considering the case where X is
a projective manifold. He utilized non-abelian Hodge theories in the archimedean setting, involving harmonic
mappings to symmetric spaces, to establish the rigidity property in Theorem 1.C for compact Kéhler manifolds.
Precisely, his proof is based on the following result by Arapura.

Theorem 1.4.2 ([Ara02]). — Let X be a smooth projective variety without global symmetric differentials. Then
forany N € Z-, the character variety Mg (1 (X), GLy) is zero dimensional.

Let us explain the idea of Theorem 1.4.2 as it is elegant and simple. By the work of Simpson [Sim94a, Sim94b],
the semistable Higgs bundles of rank N with vanishing Chern classes over X exists, denoted by Mpo (X, N),
is a complex quasi-projective variety. He proved that there exists a homeomorphism between Mpq (X, N) and
Mg (m1(X),GLn).

On the other hand, there exists a proper holomorphic fibration Mpe (X, N) — ®=oH 0(X R Symk Qyx) (so-called
Hitchin fibration). Since we assume that @;-oH°(X, SykaX) is trivial, it follows that Mpy (X, N) is compact.
Hence Mg (m1(X),GLy) is compact. However, it is an affine variety. This implies that My (71 (X), GLy) is zero
dimensional. Theorem 1.4.2 is proved.

Such a nice proof by Arapura cannot be used when X is quasi-projective since the moduli space of Higgs bundles
is missing. Nevertheless, we can use Gauge theoretical arguments (i.e. Uhlenbeck’s compactness) together with
Mochizuki’s work [Moc06, Moc(07b] to extend Theorem 1.4.2 to the quasi-projective setting. This is shown in the
first arXiv version of [BDDM?22].
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Later we discovered that we can use Theorem [.A to simultaneously address both aspects of rigidity and
integrality. Furthermore, it’s noteworthy that our approach exclusively works within non-archimedean local fields
of characteristic zero. This represents a novel aspect compared to the work by Corlette and Simpson in [CSOS8].
In their work, they interpret rigidity in rank 2 cases as the representation of SL,(C(#)) into a compact subgroup.
This introduces an additional layer of complexity since the Bruhat-Tits tree for SL,(C(¢)) is not locally compact.
Consequently, they had to employ the method of reduction modulo p to bring it down to the case of representations
in SL (F, (¢)).

Let us explain the idea of the proof of Theorem 1.C.

Proof of Theorem 1.C (sketch). — We recall a nice theorem by Yamanoi. Let I' be a finitely generated group.
Let R(I",GLy) be the representation variety of Hom(m;(X),GLy). It is an affine scheme over Z such that
R(T', GLy) (k) is the set of representation I' — GLy (k) for any field k. The reductive algebraic group GLy acts
on R(T", GLy) by conjugation. Let 7 : R(I', GLy) — Mg (T, GLy) be the GIT quotient by GLy .

Lemma 1.4.3 ([Yam10]). — Let K be afinite extension of Q, with p any prime. Denote by Ry C R(I', GLy ) (K) be
the set of bounded representations. Then w(Rg) is a compact subset (in the analytic topology) of Mg (I", GLy ) (K).

Write Mg(X,N) := Mg(m(X),GLy) for short. Assume that M c Mg(X,N) is a geometric irreducible
component that is not zero dimensional. Since M (Qp) is not compact, it follows from Lemma 1.4.3 that there
exists a finite extension K of Q, such that there exists an unbounded representation o : 71(X) — GLy (K) with
[o] € M(K). Here we write [o] := n(0). We apply Theorem 1.B to conclude that X has some non-trivial
logarithmic symmetric differentials and obtain a contradiction. Hence Mg (X, N) is zero dimensional. This implies
that o is rigid.

Note that R(7;(X),GLy)(Q) is dense in R(7r;(X), GLy)(C). o can thus be deformed into a representation
71(X) — GLy(Q). Since o is rigid, for any small continuous deformation o', its semi-simplification is conjugate
to 0. Hence after replacing o by some conjugate, there exists some number field & such that o : 71(X) — GLy (k).

Let v be any non-archimedean place of k. We denote by k, the non-archimedean completion of k with respect
to v. Consider the representation o, : 71 (X) — GLy (k,) by composing ¢ with k < k. If o, is unbounded, we
apply Theorem 1.B to conclude that X has some logarithmic symmetric differential, contradicting to our assumption.
Hence o, is bounded for each v. It follows that o factors through o : 71(X) — GLy(Ok). This proves that o is
integral.

Let w : k — C be any archimedean place of k. Consider the representation o, : m1(X) — GLy(C)
by composing o : m1(X) — GLy(k) with w : k — C. Since Mg(X, N) is zero dimensional, o,, is rigid.
By [Sim92], o underlies a complex variation of Hodge structures (C-VHS for short). We apply [CS08] to conclude
that o is a direct factor of a Z-VHS. O

1.4.3. Infinite fundamental group and logarithmic symmetric forms. — As an application of Theorem 1.C,
we extend a theorem by [BKT13] to the quasi-projective setting.
Theorem 1.D ([BDDM22, Theorem D]). — Let X be a smooth quasi-projective variety, and let X be a smooth
projective compactification of X such that 3. := X\ X is a simple normal crossing divisor. Let K be any field of any
characteristic. If there is a linear representation v : n1(X) — GLy (K) such that the image is infinite, then there
exists a positive integer k such that
H(X, Sym*Qx(log X)) # 0

Theorem 1.D was proved by Klingler, Brunebarbe and Totaro [BKT13] in the case where X is a compact Kéhler
manifold.
Proof of Theorem 1.D (sketch). — Assume by contradiction that X does not have logarithmic symmetric differen-
tials. By Theorem 1.C, p is a complex direct factor of a Z-variation of Hodge structures o. Given that o has an
infinite image, it follows that o does as well. Consider the period map of o. After replacing o by a finite étale
cover, we may assume that it is torsion free by Selberg’s lemma. By a theorem of Griffiths, the period mapping
p : X = DT extends to a proper mapping X’ — P /T, where X’ C X is a Zariski open set containing X, and
D is the period domain and T" := o (71 (X)) is the monodromy group. Let Z be the image p(X”) that is positive
dimensional since o has infinite image. For simplicity we may assume that Z is smooth. One can prove that
Z is quasi-projective and p : X’ — Z is algebraic. The curvature computation of period domain yields that Z
has non-zero logarithmic symmetric differentials. We pullback these differentials to X’ via p. The theorem is
proved. O

1.5. Application (I): a reduction theorem

For another crucial application of Theorem 1.A is the following reduction theorem. It will have further
applications in Chapters 2 and 3.
Theorem 1.E ( [CDY22, Theorem 0.10]). — Let X be a complex smooth quasi-projective variety, and let
0 : m1(X) — GLy (K) be a reductive representation where K is non-archimedean local field. Then there exists a
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quasi-projective normal variety S, and a dominant morphism s, : X — S, with connected general fibers, such
that for any connected Zariski closed subset T of X, the following properties are equivalent:

(a) the image p(Im[n(T) — n1(X)]) is a bounded subgroup of G(K).

(b) For every irreducible component T, of T, the image p(Im[7|(T2°™) — 71(X)]) is a bounded subgroup of
G(K).

(c) The image s,(T) is a point.

It is worth noting that if X is projective, the equivalence between Item (a) and Item (c) has been established by
Katzarkov [Kat97], Eyssidieux [Eys04, Proposition 1.4.7]. Hence when X is compact, the above s, : X — S, is
called the Katzarkov-Eyssidieux reduction.

The proof of Theorem 1.E relies on Theorem 1.A together with the following result on partial Albanese
morphism.

Let X be a smooth quasi-projective variety. Let {ny, ..., n,} be a set of logarithmic holomorphic 1-forms of X.
Consider the quasi-Albanese map f : X — Ax. Then there exists logarithmic holomorphic 1-forms {wy, ..., w;}
of Ax such that f*w; = ;. Let B be the largest semi-abelian subvariety of Ax such that w;|p = 0 for each i. Write
A := Ax/B which is also a semi-abelian variety. Denote by a : X — A the composite of f and the quotient map
Ax — A. This map a is called the partial quasi-Albanese map associated with {ny, ..., n,}. It has the following
property:

Claim 1.5.1. — Let Z be any closed subvariety of X. Then a(Z) is a point if and only if n;|z = 0.

Now let us outline the idea of the proof of Theorem I.E.

Proof of Theorem 1.E (sketch). — For simplicity, we assume that the Zariski closure o(7;(X)) is a semisimple
algebraic group defined over K (after replacing K by a finite extension). By Theorem 1.A, there exists a o-
equivariant harmonic map u : X - A(G), where A(G) is the Bruhat-Tits building of G. We use the same notations
in the proof of Theorem 1.B.

Recall that we constructed some multivalued 1-forms {wy,...,ws} over X°. These multivalued 1-forms
correspond to the (1, 0)-part of the complexified differential of the harmonic map u. Based on Theorem 1.B, we
can prove that there exists a (in general ramified) finite Galois covering 7 : X — X with Galois group H such
that 7*{w1, ..., we} becomes single valued; i.e. there exists forms {n,...,n,} c H(XP, n*QIY(log D)) such

that {n1,...,n¢} coincides with 7*{wy, ..., w,} over X°. Here X is a smooth projective compactification of X
with D := X\X a simple normal crossing divisor and 7 extends to a finite Galois cover X** — X. Such X — X
is called spectral covering associated with the representation o. Its ramification locus is well-behaved.

Claim 1.5.2. — Let us denote by Ram(x) be the ramification locus of m. Then we have

Ram(n) C U (n: —=m; =0).

ni#1;
Moreover, we have
Claim 1.5.3. — {n1,...,n¢} is invariant under the Galois group H.
Consider the partial quasi-Albanese map a : X’ — A induced by {1, ...,n¢}. Claim 1.5.2 implies that there

exists a Galois action H on A such that a is H-equivariant. Taking the quotient by H and we obtain a morphism
b:X — A/H. Let s, : X — S, be the quasi-Stein factorization of b. In [CDY22], we prove that s, the desired
factorization in Theorem 1.E. Indeed, by the property of the harmonic map u, s,(Z) is a point if and only if u(Z’)
is a point in A(G), where Z’ is a connected component 7, 1(Z) with 7ty : X — X being universal covering map.
Note that u(Z’) is a point in A(G) if and only if o(Im[7;(Z) — m;(X)]) fixes a point P € A(G), hence is a
bounded subgroup. )

1.6. Further applications

Further applications of Theorems 1.A, 1.B and 1.E include the hyperbolicity of quasi-projective varieties whose
fundamental groups admit a large representation (see Chapter 2), as well as constructing the Shafarevich morphism
for linear representations of the fundamental groups of quasi-projective varieties (see Chapters 3 and 4). There are
some further work in progress and let me mention a few without giving details. In [EKPR12] Eyssidieux et. al.
proved the Shafarevich conjecture for smooth complex projective varieties with complex linear fundamental group
and they proposed to extend their work to the singular setting. In a forthcoming work, we proved that complex
projective normal varieties have universal coverings holomorphically convex provided that their fundamental
groups are complex linear. In another joint work with Botong Wang, we applied techniques from non-abelian
Hodge theories to establish the following Singer-Hopf conjecture in the linear case:

Theorem 1.F ([WB20]). — Let X be a complex projective manifold. If there exists a large linear representation
p : 1 (X) — GLN(K) where K is any field, then for any perverse sheaf P on X, its Euler characteristic
x(X,P) = 0.
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A direct consequence is the following result.
Corollary 1.G ( [WB20]). — Let X be a complex projective manifold. Assume that X is aspherical, i.e., its
universal covering is contractible. If there exists an almost faithful representation p : n1(X) — GLy (K) where K
is any field, then (—=1)%™Xy(X) > 0.



CHAPTER 2

HYPERBOLICITY AND FUNDAMENTAL GROUPS OF QUASI-PROJECTIVE
VARIETIES

2.1. Notions of hyperbolicity

The notion of hyperbolicity originates from Picard’s great theorem and Picard’s little theorem on the range of
an analytic function.
Theorem 2.1.1 (Little Picard theorem). — Any holomorphic map f : C — P'\{0, 1, co} must be constant.

This theorem is a significant strengthening of Liouville’s theorem which states that the image of an entire
non-constant function must be unbounded.
Theorem 2.1.2 (Great Picard theorem). — Any holomorphic map f : D* — P'\{0, 1, o0} from the punctured
unit disk does not have essential singularity at the origin.

This is a substantial strengthening of the Casorati—Weierstrass theorem, which only guarantees that the range of
a holomorphic function defined over D* with essential singularity at the origin has image dense in C. One can see
that Theorem 2.1.2 implies Theorem 2.1.1.

The complex algebraic varieties that have the similar properties as described in Theorems 2.1.1 and 2.1.2 is
called hyperbolic. Precisely, we have the following definition.
Definition 2.1.3 (Hyperbolicity). — Let X be a complex quasi-projective variety.

(1) X is pseudo Picard hyperbolic if there is a proper Zariski closed subset E & X such that any holomorphic
map f : D* — X from the punctured disk D* to X with f(D*) ¢ E extends to a holomorphic map from the
disk D to a projective compactification X of X.

(i) X is pseudo Brody hyperbolic if there is a proper Zariski closed subset = & X such that any non-constant
holomorphic map f : C — X has image in =.

Note that every pseudo Picard hyperbolic variety is pseudo Brody hyperbolic. While we conjecture the converse
to hold true, as of now, we lack both a proof and any counter-example of our conjecture.

In the algebraic setting, we introduce the following definition.
Definition 2.1.4 (Strongly of log general type). — Let X be a complex quasi-projective variety. X is strongly
of log general type if there is a proper Zariski closed subset & & X such that any positive-dimensional closed
subvariety of X not contained in E is of log general type.

Lang conjectured that a complex quasi-projective variety is strongly of log general type if it is of log general
type. To my knowledge, this conjecture remains open even for complex surfaces.

2.2. Generalized Green-Griffiths-Lang conjecture

To characterize algebraic varieties falling into the hyperbolic category, we will start by examining cases where C
is a smooth quasi-projective curve, with C as its compactification, and D representing the complement of C within
C. Here is a classification: As we can see from the table provided, we can make the following observations: from
an algebraic geometric perspective, we can identify hyperbolic curves as those possessing a positive logarithmic

Ficure 1. Hyperbolicity from different viewpoints

’ \ deg(Ks+ D) \ m1(C) Hyperbolicity
P, C <0 {1} no
C*, torus =0 Inﬁqlte, no
abelian
PT\{at least three points} Infinite, non-
. >0 . yes
torus\{at least one point} - - - abelian
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canonical bundle. On the other hand, from a topological standpoint, hyperbolic curves are characterized by having
infinite and non-abelian fundamental groups.

It’s worth noting that the generalized Green-Griffiths-Lang conjecture aligns with the algebraic geometric
viewpoint, focusing on the positivity of the logarithmic canonical bundle.
Conjecture 2.2.1 (Generalized Green-Griffiths-Lang conjecture). — Ler X be a smooth quasi-projective variety.
Then the following properties are equivalent:

(i) X is of log general type;

(i) X is pseudo-Picard hyperbolic;
(iii) X is pseudo-Brody hyperbolic;
(iv) X is strongly of log general type.

So far Conjecture 2.2.1 remains an open and challenging problem, even in situations where X is a surface. We
are fascinated by this conjecture due to its analogy with the Bombieri-Lang conjecture concerning rational points.
Conjecture 2.2.2 (Bombieri-Lang). — Let X be a smooth projective variety defined over a number field k. Then
there exists a dense Zariski closed subset E & X such that for all number field extensions k' of k, the set of
k’-rational points in X\E is finite.

2.3. Property of Picard hyperbolicity and some examples

It is natural to ask why we are interested in the more general notion Picard hyperbolicity. It indeed enjoys the
following algebraicity property.

Proposition 2.3.1 ( [Den23]). — Let X be a smooth quasi-projective variety that is pseudo Picard hyperbolic.
Then any meromorphic map f 1Y --> X from another smooth quasi-projective variety Y to X with f(Y) ¢ Spp(X)
is rational.

A direct consequence of Proposition 2.3.1 is the following uniquness of algebraic structure of pseudo Picard
hyperbolic varieties.

Corollary 2.3.2 ([Den23]). — Let X and Y be smooth quasi-projective varieties such that there exists an analytic
isomorphism ¢ : Y* — X of associated complex spaces. Assume that X is pseudo Picard hyperbolic. Then ¢ is
an algebraic isomorphism. )

As we will see in Chapter 5, Picard hyperbolicity has more applications in algebraic geometry.

Let us discuss some examples of pseudo Picard hyperbolic varieties. A classical result due to Borel [Bor72]
and Kobayashi-Ochiai [KO71] is that quotients of bounded symmetric domains by torsion-free lattices are Picard
hyperbolic. In [Den23] we proved a similar result for algebraic varieties that admit a complex variation of Hodge
structures.

Theorem 2.3.3 ([Den23, Theorem A]). — Let X be a quasi-projective manifold. Assume that there is a complex
variation of Hodge structures on X whose period mapping is injective at one point. Then X is pseudo Picard
hyperbolic. m}

Theorem 2.3.3 will be used in the proof of Theorem 2.A.

In [Nad89], Nadel proved the nonexistence of certain level structures on abelian varieties over complex function

fields, which was refined by Rousseau in [Rou16]. Precisely, they proved the following theorem:
Theorem 2.3.4 ([Nad89,Roul6]). — Let X be a smooth quasi-projective variety such that X = Q/T" where Q is a
bounded symmetric domain and T is an arithmetic torsion free lattice acting on Q. Then there exists a finite index
subgroup T C T, such that for the quasi-projective variety X' = Q/T", its projective compactification X' is Brody
(moreover Kobayashi) hyperbolic modulo the boundary X'\ X’.

In [Den23], we obtained the following result which incorporates previous results by Nadel and Rousseau.
Theorem 2.3.5 ([Den23, Theorem B]). — Let X be a quasi-projective manifold. Assume that there is a complex
variation of Hodge structures on X whose period mapping is injective at one point. Then there exists a finite étale
cover X' of X such that its projective compactification X' is pseudo Picard hyperbolic.

The proofs of Theorems 2.3.3 and 2.3.5 in [Den23] are involved and rely heavily on the analytic aspects of
Hodge theories. Later, in [CD21], we present a simplified proof. Nonetheless, Nevanlinna theory plays an essential
role in both works.

2.4. How fundamental groups determine hyperbolicity

It is natural to inquire into the relationship between the (topological) fundamental groups, denoted as m(X),
of complex algebraic varieties X and their hyperbolicity property. From a topological perspective, as illustrated in
section 2.2, a characterization of hyperbolicity necessitates that the fundamental group 7| (X) be both infinite and
non-abelian. Moreover, the following example shows that we need more assumptions.

Example 2.4.1. — Let C be a projective curve of genus at least two. Then 71 (C x P') ~ 7;(C) is infinite and
non-abelian. It is not pseudo Brody hyperbolic.
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To exclude the cases of the above example, we need to introduce the definition of big representation of fundamental

groups.
Definition 2.4.2 (Big representation). — Let X be a quasi-projective normal variety, and let G be any group. A
representation o : m1(X) — G is said to be big, or generically large in [Kol95], if for any positive dimensional
closed subvariety Z C X containing a very general point of X, o(Im[m(Z"™) — m;(X)]) is infinite, where
Z"™ denotes the normalization of Z. Moreover, o is called large if o(Im[x1(Z"°™) — 71(X)]) is infinite for any
positive dimensional closed subvariety Z of X.

Therefore, if 71(X) is big, then it is not A'-uniruled, i.e., for a very general point x € X there exists a morphism
A' — X whose image passes to x. Hence a variety with big representation will exclude the non-hyperbolic examples
in Example 2.4.1. However, it is easy to construct non-hyperbolic varieties with large fundamental groups.
Example 2.4.3. — Let C be a projective curve of genus at least two and let E be an elliptic curve. Then
m(C X E) ~m(C) X m1(E) is large and non-abelian. It is not pseudo Brody hyperbolic.

Example 2.4.3 shows that the the product of varieties with elliptic curves, or more generally elliptic surfaces,
though their fundamental groups are large and non-abelian, they are not pseudo Brody hyperbolic. To exclude these
examples, we introduce the definition of semisimple fundamental groups.

Definition 2.4.4 (Semisimple group). — Let G be a finitely generated group. G is also semisimple if it has no
non-trivial normal infinite abelian subgroups.

We propose the conjecture that varieties endowed with substantial and semisimple fundamental groups are
necessarily hyperbolic.

Conjecture 2.4.5. — Let X be a quasi-projective normal variety. If there exists a representation ¢ : m1(X) —» G
which is big and o(m1(X)) is semisimple, then X is strongly of log general type and pseudo Picard hyperbolic.

2.5. Hyperbolicity of varieties with big fundamental groups

Concerning Conjecture 2.4.5, when G is a linear complex algebraic group and X is projective, this conjecture
has been proven in [Yam10, CCE15]. Recall that a linear algebraic group G over a field K is called semisimple if
it has no non-trivial connected normal solvable algebraic subgroups defined over the algebraic closure of K, and
has positive dimension. Specifically, Campana-Claudon-Eyssidieux [CCE15, Theorem 1] proved that a smooth
complex projective variety X with a Zariski dense representation o : 7;1(X) — G(C), where G is a semisimple linear
algebraic group over C, is of general type when o is big (“). At almost the same time, Yamanoi [ Yam 10, Proposition
2.1] proved that X does not admit Zariski dense entire curves f : C — X.

A representation o : m(X) — G(C) is said to be big, or generically large in [Kol95], if for any closed
irreducible subvariety Z C X containing a very general point of X, o(Im[r;(Z"™) — m;(X)]) is infinite, where
Z™™ denotes the normalization of Z. It is worth noting that a stronger notion of largeness exists, where o is called
large if o(Im[m (Z™™) — m1(X)]) is infinite for any closed subvariety Z of X. In [CDY?22], with Cadorel and
Yamanoi, we generalize and strengthen the above theorems to complex quasi-projective varieties. In [DY24], we
establish analogous result for representation in positive characteristic. Our main result is the following:

Theorem 2.A. — Let X be a complex quasi-projective normal variety and let G be a semisimple algebraic group
over an infinite field K. Assume that o : m1(X) — G(K) is a big and Zariski dense representation.

(i) [CDY22, Theorem A] If char K = 0, then for any automorphism o € Aut(C/Q), denoting by X the Galois
conjugate variety of X under o, X is strongly of log general type and pseudo Picard hyperbolic.
(i) [DY?24, Theorem E] If char K > 0, then X is strongly of log general type and pseudo Picard hyperbolic.

We also mention that the two conditions for the representation o in Theorem 2.A are essential to conclude the
two statements in Theorem 2.A, as we have seen in Examples 2.4.1 and 2.4.3.

It is noteworthy that the condition of bigness for the representations o in Theorem 2.A is not particularly
restrictive, unlike the requirement for a large representation. In fact, in [CDY?22,DY?24] we demonstrate that any
linear representation of 7;(X) can be factored through a big representation after taking a finite étale cover. This
result, combined with Theorem 2.A, yields a factorization theorem for linear representations of 7 (X).

Corollary 2.B. — Let X be a complex quasi-projective normal variety and let G be a semisimple linear algebraic
group over any field K. If o : m1(X) > G(K) isa Zarlskl dense representation, then there exista finite étale cover
v : X — X, a birational and proper morphism p : X' — X, a dominant morphism f : X' = Y with connected
general fibers, and a big and Zariski dense representation T : 71(Y) — G(K) such that

— [frr=(ow’o.

— Y is strongly of log general type.

— Y is pseudo Picard hyperbolic.

In particular, X is not weakly special and does not contain Zariski-dense entire curves.

a. This result was previously claimed by Zuo [Zuo96]. However, it seems to me that some arguments in [Zuo96] need amplification.
See [CDY?22, Remarks 8.5 & 8.9] on the remarks on Zuo’s proof.
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Note that by Campana [Cam11], a quasi-projective variety X is weakly special if for any finite étale cover
X - X and any proper birational modification X’ — X, there exists no dominant morphism X > YwithYa
positive-dimensional quasi-projective normal variety of log general type.

Corollary 2.B generalizes the previous work by Mok [Mok92], Corlette-Simpson [CS08], and Campana-
Claudon-Eyssidieux [CCE15], in which they proved similar factorisation results.

We sketch the main idea behind the proof of Theorem 2.A.(i). The proof of Theorem 2.A.(ii) will be presented
in Chapter 4.
Proof of Theorem 2.A.(i) (sketch). — We can assume that K = C. For simplicity, we assume that the Zariski
closure G of o(71(X)) is almost simple. There are several cases that occurs.
Case 1. o is rigid. It means that for any continuous deformation o, of o, we have [o;] = [ o], where [ 0] denotes the
image of o in the character variety Mg (X, N)(C) := Mp(m(X),GLy)(C). By the work of Mochizuki [Moc06],
o underlies a C-variation of Hodge structures (VHS for short). Moreover, after replacing o by a conjugation, we
may assume that there exists a number field k C Q such that

— G is defined over k;
— we have the factorization ¢ : 71 (X) — G(k);
—  o(m (X)) is Zariski dense in G.

Case 1.1. Assume that for each non-archimedean place v of k, the composite o, : 7;(X) — GLy (k) of o and
k — k,, is bounded. Here k, denotes the non-archimedean completion of k£ with respect to v.

If this case occurs, we have a factorization o : 71(X) — GLy (Oy). Letusdenote by Ar(k) the set of archimedean
places of k. Note that GLy (Ox) — [1,car(x) GLn (C) is a discrete subgroup by [Zim84, Proposition 6.1.3]. We
denote by oy, : 11 (X) — GLx(C) the composite of o and w : k < C. Then p,,, is also rigid and thus underlies a
C-VHS. It follows that for the product representation

[] ew:m) - [] oLy (©),

weAr(k) weAr(k)

its image I" is discrete.

Let 9 be the period domain corresponding to the C-VHS of o := [],,car(x) ©w- Then D/I" is a complex space
since I acts on & discretely. Let p : X — D/I" be the period map. Since we assume that o is big, o is also
big. One can thus show that dim X = dim p(X). We apply Theorem 2.3.3 to conclude that X is pseudo Picard
hyperbolic, and is strongly of log general type by [BC20].

Case 1.2 Assume that there exists some non-archimedean place v of k, the composite g, : 71(X) — G(k,) of
o and k — k,, is unbounded. Note that o, (71 (X)) is Zariski dense in G. Since p is big, o, is also big. Then
conditions in Theorem 2.C are fulfilled. We conclude our theorem.

Case 2: o is non-rigid. In the previous work like [CSO8, Eys04, Zuo96], the authors constructed unbounded
representations using curves in character varieties in positive characteristic (after taking reduction mod p). However,
these unbounded representations might not be Zariski dense in G nor big (hence we cannot apply Theorem 2.C).
In [CDY22] we introduce a completely new method to construct unbounded representations and avoid reduction
mod p.

Claim 2.5.1. — If o : n1(X) — G(C) is non-rigid, then there exists a big, Zariski dense, and unbounded
representation o' : m1(X) — G(K), where K is a finite extension of some Q,, with p prime.

The idea of the proof of Claim 2.5.1 is roughly that, for the set of bounded representations R in the representation
variety Rg(m1(X), G)(K), its image in the character variety Mg (71 (X), G)(K) is compact. Since o is non-rigid
and Mg (71 (X), G) is affine, the geometric connected component of Mg (71(X), G) containing o is non-compact.
Hence there exists some unbounded representation. Moreover, since the Zariski dense representation is a Zariski
open condition, we can make such unbounded representation Zariski dense. To ensure that it is big, we need some
extra work and refer the readers to [CDY?22, Proposition 8.1] for more details.

Since o is non-rigid, by Claim 2.5.1 we can construct a big, Zariski dense, and unbounded representation
o : m(X) - G(K), where K is some non-archimedean local field. We then apply Theorem 2.C below to
conclude the theorem. O

Theorem 2.C ( [CDY22, Theorem I]). — Let X be a quasi-projective normal variety and let G be an absolutely
almost simple algebraic group defined over a non-archimedean local field K. If o : n1(X) — G(K) is a big,
Zariski dense, and unbounded representation, then X is strongly of log general type, and pseudo Picard hyperbolic.
We would like to sketch the idea of the proof of Theorem 2.C since the methods are new even if X is projective
(compared with [CCE15]).
Proof of Theorem 2.C (sketch). — We will use the same notation as in the proof of Theorem 1.E. Let 7 : X? — X
be the spectral covering induced by o. It is a finite Galois covering with the Galois group H. Let X be a smooth
projective compactification of X with D := X\ X a simple normal crossing divisor and 7 extends to a finite Galois
cover X — X. The spectral covering satisfies the following properties:
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— there exists forms {11, ... 5} € H'(X*, ﬂ*Qli(log D)) such that {1, . . .,1¢} coincides with the mutivalued
one-forms 7*{wy,...,w¢} induced by the p-equivariant pluriharmonic map u with logarithmic energy at
infinity constructed in Theorem [.A.

— Let us denote by Ram(7r) the ramification locus of 7 : X* — X. Then we have

2.5.1) Ram(r) C U (ni —n; =0).
ni#n;
— {11, ...,n¢} is invariant under the Galois group H.
Claim 2.5.2. — The partial quasi-Albanese map a : X* — A induced by {n,...,n¢} satisfies dim X°P =
dim a(XP).

This is indeed a crucial fact in the proof of the theorem. It relies on the following lemma whose proof uses the
techniques in the Bruhat-Tits buildings.

Lemma 2.5.3 ( [CDY22, Lemma 5.3]). — Let G be an almost simple algebraic group defined on a non-
archimedean local field K. Assume that I' C G(K) is a Zariski dense subgroup which is unbounded. If N <T is a
normal subgroup which is bounded, then N is finite.

Let us explain the proof of Claim 2.5.2. Assume by contradiction that dima(X*?) < dim X*". Let F be a
connected component of a general fiber of a. By Claim 1.5.1, we know that ;| = 0 for each n;.

Let 7’ : X — X°P be the universal covering and denote by 7 : XP — X be the map between universal covering
lifting 7w : X — X. Thenuon : XP — A(G) is " p-equivariant harmonic map with logarithmic energy at infinity.
Let F’ be a connected component of 7’~!(F). Since {51,...,n,} is generically the (1,0)-part of complexified
differentials of u o 77, it follows that u o 7 (F") is a point. This implies that 7% o(Im[x (F) — 71 (X°P)]) fixes a point
in A(G), hence is bounded.

On the other hand, note that 7*o(Im[7;(F) — m1(X*?)]) is a normal subgroup of 7*o(m(X*P)), which is
unbounded as o is unbounded. By Lemma 2.5.3, we conclude that 7*o(Im[7 (F) — 71 (X*P)]) is finite.

Since we assume that o is big, 7% o is also big. We obtain a contradiction. Hence dim a(X*?) = dim X*P.

Therefore, the logarithmic Kodaira dimension <(X**) > 0. Assume that it is not maximal, then for the
logarithmic litaka fibration j : X** — J has general fibers positive dimensional. Let F be a general fiber of F.
Then a|r : F — A is generically finite into the image and ¥(F) = 0. By Lemma 2.5.4, we conclude that 7 (F) is
abelian.

Since 7*o(Im[7; (F) — 71 (X*P)]) is a normal subgroup of 7% (71 (X*P)) and g is Zariski dense, we conclude
that the Zariski closure of 7*o(Im[7;(F) — m1(X*P)]), denoted by N, is a normal subgroup of G (the identify
connected component of G). Since G is almost simple, it follows that NV is finite. Hence 7% o(Im[x (F) — 71 (X*P)])
is finite, contradicting with the assumption that o is big. Therefore, j is birational, and we conclude that X*P is of
log general type.

We will spread the positivity from X*P to X to show that X is of log general type. This step is innovative and as
far as I know, the method has never appeared before.

Define a section

o= 1_[ 1_[ h*(ni —n;) € Ho(ﬁ, SymMyr*QY(log D)),
heH ni#n;
which is non-zero. By eq. (2.5.1), o~ vanishes at Ram(r). Since it is invariant under the H-action, it descends to a
section
o e H'(X, Sym™ Q¢ (log D))

sothat 70" = . Let R C X be the ramification locus of 7 : X — X and let R be its closure in X. By the purity
we know that R is a divisor on X. Note that o vanishes at R. Therefore, it induces a non-trivial morphism

(2.5.2) Ox(R) - Sym™Qx(log D).

H

Since X*? is of log general type, and 7 is unramified over X — R, it follows that K5 + D + R is big. eq. (2.5.2)
together with the criterion in [CP19, Corollary 8.7], implies that K5+ D is big. Therefore, X is of log general type.

We will prove that X is pseudo Picard hyperbolic after we introduce some notions of Nevanlinna theory in
Section 2.6. O

Lemma 2.5.4 ([CDY22, Lemma 3.3]). — Let @ : X — A be a (possibly non-proper) morphism from a quasi-
projective manifold X to a semi-abelian variety A with k(X) = 0. Assume that dim X = dim «(X). Then m1(X) is
abelian and « is proper in codimension one.

2.6. A theorem of Nevanlinna theory on semiabelian variety

In this section, A is a semi-abelian variety and Y is a Riemann surface with a proper surjective holomorphic
mapr : Y — Cs s, where C.5 := {z € C | § < |z|} with some fixed positive constant § > 0.
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For r > 26, define Y(r) = 171 (Cs25(r)) where Cs25(r) = {z € C | 26 < |z| < r}. In the following, we assume
that » > 20. The ramification counting function of the covering 7 : Y — C. s is defined by

1 r dt
Niam (1) == degn / Z ord yram -

20 |yer(n)

where ram 7 C Y is the ramification divisor of 7 : ¥ — C. 5.
Let L be a line bundle on X. Let f : ¥ — X be a holomorphic map. We define the order function Ts(r, L) as
follows. First suppose that X is smooth. We equip with a smooth hermitian metric &y, and let ¢ (L, hy) be the

curvature form of (L, hr).
1 r . dt
Tf(}’,L) = / [/ f Cl(L,hL)] —.
degm Jas [Jy@r) t

This definition is independent of the choice of the hermitian metric up to a function O (logr).

Theorem 2.D ( [CDY22, Theorem 4.2]). — Let X be a smooth quasi-projective variety which is of log general
type. Assume that there is a morphism a : X — A such that dim X = dima(X). Then there exists a proper
Zariski closed set B G X with the following property: Let f : Y — X be a holomorphic map such that
Nram z(r) = O(logr) + o(Ty(r))|| and that f(Y) ¢ E. Then f does not have essential singularity over oo,
i.e., there exists an extension 7 Y — X of f, where Y is a Riemann surface such that m : Y — Cs s extends to a
propermap T : Y — Cs s U {co} and X is a compactification of X.

Note that Theorem 2.D is proven by Yamanoi in [Yam15] when X is compact. The proof of Theorem 2.D is
based on techniques in Nevanlinna theories in [Yam15]. Compared with the compact case treated in [ Yam15], the
lack of Poincaré reducibility theorem is a major difficulity to treat the non-compact case. We use a more general
“cover” than étale cover to overcome this problem. We refer the readers to [CDY22, Remark 4.35] for the main
difficulty and novelty in the non-compact cases. Since the proof of Theorem 2.D is highly involved and unrelated to
other aspects of the paper, we choose to omit it. Instead, we present a fundamental result from Nevanlinna theory.
Claim 2.6.1. — Let f : Y — X be as above. If the order function T¢(r, L) = O(logr) as r — oo, then f does not
have essential singularity at infinity.

In a nutshell, the ultimate goal in proving Theorem 2.D is to estimate the order function 7y (r, L) utilizing
Nevanlinna theory tools, such as the logarithmic derivative lemma, the Second Main Theorem, jet differentials, and
other related techniques.

In the context of Nevanlinna theory if [CDY?22, §4], another crucial result is obtained.

Theorem 2.6.2 ([CDY22, Corollary 4.32]). — Let X be a smooth quasi-projective variety and leta : X — AX S
be a morphism such that dim X = dim a(X), where S is a smooth quasi-projective variety (S can be a point). Write
b : X — S as the composition of a with the projection map A X S — S. Assume that b is dominant.

(i) Suppose S is pseudo Picard hyperbolic. If X is of log general type, then X is pseudo Picard hyperbolic.
(i) Suppose Spy(S) & S. If Spep, (X) & X, then Spy,(X) & X.

We will continue the proof of Theorem 2.C using Theorem 2.D.

Proof of Theorem 2.C (continued). — Let g : D* — X be non-constant holomorphic map that is not contained
in Ram(mr). Then there exists a Riemann surface Y, a proper surjective holomorphic map p : ¥ — D* and a
holomorphic map f : ¥ — X°° such that we have the following commutative diagram

y —L s xo

L

D* —£5 x
We first estimate the ramification counting function of p : ¥ — D*.
Claim 2.6.3 ( [CDY22, Proposition 6.9]). — There exists a proper Zariski closed subset 21 C X such that if
g(D*) ¢ By, then we have

Nramﬂ(r) = O(IOgr) + O(Tf(r))~
Recall that X*P is of log general type and we have a morphism a : X** — A such that dim X** = dima(X*P).

Therefore, we apply Theorem 2.D to conclude that there exists a proper Zariski closed subset E, C X g does
not have essential singularity at the origin provided that g(D*) ¢ E; U BE,. This proves that X is pseudo Picard
hyperbolic. O

2.7. On the generalized Green-Griffiths-Lang conjecture

Building upon Theorem 2.A, we further investigate Conjecture 2.2.1 and its relation to the non-hyperbolicity
locus of a smooth quasi-projective variety X, under the weaker assumption that 7} (X) admits a big and reductive
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representation. Specifically, we introduce four special subsets of X that measure the non-hyperbolicity locus from
different perspectives, as defined in Definition 2.7.1. Our main result, given in Theorem 2.E, establishes the
equivalence of several properties of the conjugate variety X under the assumption that o : 71 (X) — GLx(C) is
a big and reductive representation, and for any automorphism o € Aut(C/Q). Additionally, we provide a further
result regarding the special subsets, as stated in Theorem 2.F.

Definition 2.7.1 (Special subsets). — Let X be a smooth quasi-projective variety.

Z,
(1) Spgp(X) := Uys f(Ao) dr, where f ranges over all non-constant rational maps f : A --» X from all semi-
abelian varieties A to X such that f is regular on a Zariski open subset Ao C A whose complement A\ A has
codimension at least two;

R
(i) Sp,(X) :=Uys f(C) aI, where f ranges over all non-constant holomorphic maps from C to X;

—7
(iil) Spyg(X) :==UyV ar, where V ranges over all positive-dimensional closed subvarieties of X which are not of
log general type;

-7
(iv) Sp,(X) = Uy f(D*) ar, where f ranges over all holomorphic maps from the punctured disk D* to X

with essential singularity at the origin, i.e., f has no holomorphic extension f : D — X to a projective
compactification X.

The first two sets Spg,;, (X) and Spy, (X) are introduced by Lang for the compact case. He made the following
two conjectures:

—  Spgp(X) G X if and only if X is of general type.
- Spsab(X) = Sph(X)
The first assertion implicitly includes the following third conjecture:

—  Spyp(X) = Spalg(X)-

The original two conjectures imply the famous strong Green-Griffiths conjecture that varieties of (log) general
type are pseudo Brody hyperbolic. Here we note that, by definition, X is pseudo Brody hyperbolic if and only if
Spi(X) & X. Similarly, X is pseudo Picard hyperbolic if and only if Sp,(X) & X.

Theorem 2.E. — Let X be a complex smooth quasi-projective variety and let o : 71(X) — GLN(K) be a big
representation where K is any infinite field.

(i) [CDY22, Theorem C] If charK = 0 and o is reductive, then for any automorphism o € Aut(C/Q),
Conjecture 2.2.1 holds for the conjugate variety X := X X5 Spec C, where o € Aut(C/Q).
(i) [DY24, Theorem C] If char K > 0, then Conjecture 2.2.1 holds for X.

Let us explain how to obtain Theorem 2.E.(i) via Theorem 2.6.2 and Theorem 2.A.

Proof of Theorem 2.E.(i) (sketch). — We may assume that K = C. Let G be the Zariski closure of o, which is a
complex reductive group as we assume that o is reductive. We may assume that G is connected after we replace X
by a finite étale cover. Let DG be the derived group of G and let R(G) be the radical of G. Define G| := G/R(G)
which is semisimple and G, := G/DG which is a torus. Then G — DG X T is an isogeny.

Consider the representation o : 71(X) — G (C) by composing o with the quotient G — G . Then o is Zariski
dense. By Proposition 2.7.2, after replacing X by a finite étale cover and a birational proper modification, there
exists a dominant morphism f : X — Y with connected general fibers, and a big representation 7 : 71 (Y) — G(K)
such that f*r = 0. Since o is Zariski dense and G is connected, it follows that 7 is also Zariski dense. Therefore,
by Theorem 2.A, we conclude that Y is pseudo Picard hyperbolic and strongly of log general type, if it is not a
point.

Consider the morphism ( f,albx) : X — Y X A, where alby : X — A is the quasi-Albanese map of X. Since o
is big, we can show that g := (f, albx) is generically finite into its image. Hence we apply Theorem 2.E to conclude
that Conjecture 2.2.1 holds for X. O

The following factorization was proved in [CDY?22] in the case where char K = 0 and in general in [DY24,
Proposition 5.8]. It will be used throughout this memoir.
Proposition 2.7.2 ([CDY22,DY24]). — Let X be a quasi-projective normal variety. Let o : m1(X) — G(K) be
a representation, where G is a linear algebraic group defined over any field K. Then there is a diagram

X Ly X Yy x
lf
Y

where Y and X are quasi-projective manifolds, and

(a) v: X 5 Xis a finite étale cover;
(b) u: X — X is a birational proper morphism;
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(c) f: X — Y is a dominant morphism with connected general fibers;

such that there exists a big representation v : w1 (Y) — G(K) with f*t = (vo u)*p.

In Theorems 2.A and 2.E, the hyperbolicity of conjugate varieties X for any o € Aut(C/Q) is claimed. It is
based on the following result.
Proposition 2.7.3 ([CDY 22, Proposition 8.6]). — Let X be a smooth quasi-projective variety and let p : m1(X) —
GL,,(C) be a representation. Let o € Aut(C/Q). Then there exists a representation T : n11(X?) — GL,(C) such
that the Zariski closures satisfy

(2.7.1) p(”l(X))Zar = T(m(X‘T))Zar-

More precisely, T satisfies the following property: If Y — X is a morphism from a smooth quasi-projective variety
Y, we have

(272) Pl (V) = (D) = tmlm (F7) = 2 (X))
In particular, if p is big (resp. large), then T is big (resp. large).

Proposition 2.7.3 is not obvious since in general, the fundamental groups of the complex variety X and X

may be quite different, as demonstrated by the famous examples of Serre [Ser64]. Despite this, their algebraic
fundamental groups, which are the profinite completions of the topological fundamental groups, are canonically
isomorphic. Our proof of Proposition 2.7.3 is based on this fact.
Proof of Proposition 2.7.3 (sketch). — Since m1(X) is finitely generated, we can find a finite subset S c C such
that for each element y € 71 (X), each entry of the matrix o(y) lies on the smallest subring of C generated by S. Let
Q(S) be the smallest subfield of C containing S. We now apply Cassels’ p-adic embedding theorem (cf. [Cas76])
to show that there exist a prime number p € N and embeddings ¢ : Q(S) — Q,, and u : Q, — C of fields such
that

(2.7.3) ()], =1

for all x € S and o ¢ is the identity map. Via such embedding, (2.7.3) yields that e GL,(Z,). Since GL,(Z,) is
a profinite group, p extends to p : m1(X) — GL,(Z,), where m(X) is the profinite completion of 7;(X). Since

71 (X) is isomorphic to 711 (X ), we can find the desired 7 from the above construction. O

As for the second and third conjectures of Lang, we obtain the following theorem under the stronger assumption
when 71 (X) admits a large and reductive representation.
Theorem 2.F ( [CDY22, Theorem D]). — Let X be a smooth quasi-projective variety and let o : n1(X) —
GLy (C) be a large and reductive representation. Then for any automorphism o € Aut(C/Q),

(i) the four special subsets defined in Definition 2.7.1 are the same, i.e.,
SPatg(X7) = Spy, (X7) = Sp,(X7) = Sp,(X7).
(i) These special subsets are conjugate under automorphism o, i.e.,
Sp.(X7) =Sp,(X)7,
where Sp, denotes any of Sp,ig, SPgap,, SPh 07 Spp,.

For representation into algebraic groups in positive characteristic, we have a stronger result. We first introduce
a notion of special loci Sp(p) for any big representation o : 71(X) — GLx (K) which measure the “non-large
locus” of o.
Definition 2.7.4. — Let X be a smooth quasi-projective variety. Let o : m1(X) — GLy(K) be a representation
where K is a field. We define

sp(o) = | 7
vZ—X

where ¢ : Z < X ranges over all positive dimensional closed subvarieties of X such that (*o (71 (Z)) is finite.

Subsequently, we establish a theorem concerning these special subsets, thereby refining Theorem 2.E.
Theorem 2.G ( [DY24, Theorem D]). — Let X be a quasi-projective normal variety. Let o : 1(X) — GLy(K)
be a big representation where K is a field of positive characteristic. Then Sp(o) is a proper Zariski closed subset
of X, and we have

Spaig (X) \ Sp(@) = Spyie (X) \ Sp(e) = Sp,,(X) \ Sp(e) = Spy(X) \ Sp(0).

We have Sp,(X) € X if and only if X is of log general type, where Sp, denotes any of Spg,,, SPaig: SPh 0r Spy,.
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2.8. On positive characteristic case

In previous subsections, we provided an outline of the proofs for Theorems 2.A.(i) and 2.E.(i). We defer the
discussion of the proof for Theorems 2.A and 2.E in the case where char K > 0 until Chapter 4. Indeed, apart
from the key result Theorem 2.C, another crucial aspect of the proof involves understanding the structure of the
Shafarevich morphism for representations in positive characteristic, as we will discuss in Chapter 4.






CHAPTER 3

ON THE SHAFAREVICH CONJECTURE (I)

3.1. Shafarevich conjecture: some histories

In his famous textbook “Basic Algebraic Geometry” [Sha77, p 407], Shafarevich raised the following tantalizing
conjecture.
Conjecture 3.1.1 (Shafarevich). — Let X be a complex projective variety. Then its universal covering is holo-
morphically convex.

Recall that a complex normal space X is holomorphically convex if it satisfies the following condition: for each
compact K C X, its holomorphic hull

{x e X1 17| < suplfl. vy e 0(x>},

is compact. X is Stein if it is holomorphically convex and holomorphically separable, i.e. for distinct x and y
in X, there exists f € O(X) such that f(x) # f(y). By the Cartan-Remmert theorem, a complex space X is
holomorphically convex if and only if it admits a proper surjective holomorphic mapping onto some Stein space.

The study of Conjecture 3.1.1 for smooth projective surfaces has been a subject of extensive studies since the mid-
1980s. Gurjar-Shastri [GS85] and Napier [Nap90] initiated this investigation, while Kollar [Kol93] and Campana
[Cam94] independently explored the conjecture in the 1990s, utilizing the tools of Hilbert schemes and Barlet cycle
spaces. In 1994, Katzarkov discovered that non-abelian Hodge theories developed by Simpson [Sim92] and Gromov-
Schoen [GS92] can be utilized to prove Conjecture 3.1.1. His initial work [Kat97] demonstrated Conjecture 3.1.1
for projective varieties with nilpotent fundamental groups. Shortly thereafter, he and Ramachandran [KR98]
successfully established Conjecture 3.1.1 for smooth projective surfaces whose fundamental groups admit a faithful
Zariski-dense representation in a reductive complex algebraic group.

In [Eys04], Eyssidieux made a significant breakthrough on the Shafarevich conjecture. He explored the previous
work [KR98, Kat97] and fully developed the non-abelian Hodge theories [Sim92, Sim93a, Sim93b, GS92] to
study the Shafarevich conjecture. He also discovered that the celebrated work of Demailly-Paun [DP04] on the
characterization of the Kéhler cone can be applied crucially in the proof of Shafarevich conjecture. In [Eys04]
Eyssidieux proved that Conjecture 3.1.1 holds for any smooth projective variety whose fundamental group possesses
a faithful representation that is Zariski dense in a reductive complex algebraic group. This result is commonly
referred to as the “Reductive Shafarevich conjecture”.

It is worth emphasizing that the work of Eyssidieux [Eys04] is not only ingenious but also highly significant
in subsequent research. It serves as a foundational basis for advancements in the linear Shafarevich conjecture
[EKPR12] and the exploration of compact Kdhler cases [CCE15]. In [EKPR12], the authors raised the question
of whether their theorem could be extended to projective normal varieties. In our work [DYK23], we address this
question, following the general strategy outlined in [Eys04] to study the Shafarevich conjecture.

Currently, all known works have only considered complex linear representations of fundamental groups. It is
natural to study representations of fundamental groups of algebraic varieties into general linear groups in positive
characteristic. In [DY?24], we consider this problem along with exploring hyperbolicity and various algebro-
geometric properties of these algebraic varieties. In this chapter and Chapter 4, I will recall the main results proven
by myself, Yamanoi and Katzarkov in [DYK23,DY?24].

3.2. Shafarevich morphism and Shafarevich map

Let X be a projective normal variety. If its universal covering is holomorphically convex, it is not difficult
to show that there exists a fibration (i.e. surjective proper morphism with connected fibers) shy : X — sh(X)
satisfying the following property: for any closed subvariety Z C X, Im[n;(Z) — n1(X)] is finite if and only if
shx(Z) is a point. Such morphism shy is called the Shafarevich morphism by Kollar in [Kol93, Kol95]. More
generally, we introduce the following definition.
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Definition 3.2.1 (Shafarevich morphism). — Let X be a quasi-projective normal variety, and let o : 71(X) —
GLy (K) be a linear representation where K is any field. A dominant holomorphic map sh, : X — Sh,(X) to a
complex normal space Sh, (X) whose general fibers are connected is called the Shafarevich morphism of o if for
any closed subvariety Z C X, sh,(Z) is a point if and only if o(Im[m;(Z"™) — m1(X)]) is finite. Here Z"™
denotes the normalization of Z.

Note that the Shafarevich morphism is not unique unless X is projective.

While it is still an open question about the existence of Shafarevich morphism, Campana [Cam94] and Kollar
[Kol93] independently proved the existence of Shafarevich maps, which are birational to Shafarevich morphisms.
Their theorem can be summarized as follows.

Theorem 3.2.2 ([Kol93]). — Let X be any quasi-projective normal variety X, and let H be any normal subgroup
H <7 (X). Then there exists a dominant rational map shf(l : X > Shf (X) such that

(i) the indeterminacy locus of sh? does not dominate Sh™ (X);

(ii) the general fibers of shg are connected;

(>iii) for any closed subvariety Z of X containing a very general point of X, sh)}g (Z) is a point if and only if
Im[7(Z™™) — m(X)/H] is finite.

The above rational map shf : X --» Sh¥ (X) is called the Shafarevich map of (X, H). If H = {1}, we simply
write shy : X --> Sh(X) for the Shafarevich map. In [Cam94], Campana also constructed the Shafarevich map
for compact Kéhler manifolds (which is also called I'-reduction). The proofs of their theorems are based on cycle
theoretic methods. Therefore, the work [Cam94, Kol93] did not provide the precise structure of the Shafarevich
morphism.

In [Cam94], Campana introduced the following definition.

Definition 3.2.3 (I'-dimension). — Let X be a projective normal variety. The I'-dimension of X is defined to be
dim Sh(X), where shy : X --> Sh(X) is the Shafarevich map constructed in Theorem 3.2.2.

3.3. Existence of the Shafarevich morphism and its property

3.3.1. Main results. —
Theorem 3.A ([DYK23, Theorem A], [DY24, Theorem A]). — Let X be a quasi-projective normal variety and
o : 11 (X) = GLn (K) be a linear representation, where K is any field. When char K = 0, we assume additionally
that o is reductive (i.e. the Zariski closure of o(m1(X)) is a reductive group).

Then there exists a dominant holomorphic map sh, : X — Sh,(X) over a normal complex space Sh,(X) with
connected general fibers such that for any connected Zariski closed subset Z C X, the following properties are
equivalent:

(a) sh,(Z) is a point;

(®) o(Im[n(Z) — 71 (X)]) is finite;

(c) for each irreducible component Z, of Z, o**(Im[n(Z}°™) — n1(X)]) is finite, where 0*° : 71(X) —
GLy (K) is the semisimplification of o and Z2°™ denotes the normalization of Z,.

Moreover, when char K > 0, Sh, (X) is quasi-projective and sh, is an algebraic morphism.

Note that when char K = 0, a representation o : m;(X) — GLy (K) is reductive if and only if it is semisimple.
This fails in positive characteristic.

We ask whether the Shafarevich morphism in Theorem 3.A is algebraic in the case where char K = 0. This
seems quite difficult problem. Nevertheless, we can prove a weaker version that sh, : X — Sh, (X) is algebraic in
the function field level.

Theorem 3.B. — Let X be a quasi-projective normal variety and o : n1(X) — GLy (C) be a reductive represen-
tation. For the Shafarevich morphism sh, : X — Sh,(X) constructed in Theorem 3.A, there exists

(a) a proper bimeromorphic morphism o : § — Shy(X) from a smooth quasi-projective variety S;
(b) a proper birational morphism u : Y — X from a smooth quasi-projective variety Y ;
(c) an algebraic morphism f : Y — S with general fibers connected;

such that we have the following commutative diagram:

y —2 s x

b e

S —2— Sh,(X)
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Furthermore, if X is smooth, then there exists a smooth partial compactification X" of X such that sh, extends to a
proper surjective holomorphic fibration shy : X — Shy (X):

Xe— X
shgl lﬁg
Sh,(X) === Shy,(X)

Let us sketch the idea of proof of Theorem 3.B. By Theorem 3.2.2, we know that the Shafarevich map
shkr@ . X -5 Sh*re(X) exists, which is a rational dominant map over a quasi-projective normal variety. We can
show that it is birational to the Shafarevich morphism sh,, of o.

We further conjecture that Sh,(X) is quasi-projective and sh, is an algebraic morphism. Our conjecture is
motivated by Griffiths’ conjecture, which predicted the same result when o underlies a Z-VHS. We show this in
what follows.

Let 0 : m1(X) — GLy(Z) be a representation underlying a Z variations of Hodge structure (VHS for short)
which has infinite monodromy at infinity (see Definition 3.4.5). By a theorem of Griffiths [Gri70], its period map
p : X — DT is proper, where 9 is the period domain of this VHS and I' := o (71 (X)) is the monodromy group.
Hence by the Remmert theorem, p(X) is a closed subvariety of &. The Griffiths conjecture predicted that the
image p(X) is algebraic and the period map is algebraic.

We can show that the Shafarevich morphism sh, : X — Sh, (X) is the Stein factorization of the period map p.
Therefore, the algebraicity of Sh,(X) and sh, is a consequence of the Griffiths conjecture. Let us mention that
Griffiths’ conjecture was recently proved by Baker-Brunebarbe-Tsimerman [BBT23] using o-minimality theory.

Based on Theorem 3.A, in [DYK23] we construct the Shafarevich morphism for families of representations.
Corollary 3.C. — Let X be a quasi-projective normal variety. Let X be a (non-empty) set of reductive representa-
tions o : 1 (X) — GLy,(C). Then there is a dominant holomorphic map shy : X — Shz(X) with general fibers
connected onto a complex normal space such that for closed subvariety Z C X, shy(Z) is a point if and only if
o(Im[m1(Z"°™) — 71(X)]) is finite for every o € X.

3.3.2. R*-action on character varieties and Mochizuki’s ubiquity. — We recall some techniques in the non-
abelian Hodge theory by Simpson and Mochizuki. Consider a smooth projective variety X equipped with a simple
normal crossing divisor D. We define X as the complement of D in X. Additionally, we fix an ample line bundle
LonX. Let o : 711(X) — GLy(C) be a reductive representation.

By [MocO7b], ¢ : m1(X) — GLN(C) is a reductive representation if and only if there exists a tame pure
imaginary harmonic bundle (E, 6, k) on X such that (E,V;, + 0 + 6;) is flat, with the monodromy representation
being precisely 0. Here Vj, is the Chern connection of (E, /) and 9; is the adjoint of 6 with respect to A.
Let (E.,0) be the prolongation of (E,6) on X defined in [Moc07a]. By [Moc06, Theorem 1.4], (E.,6) is a
ur-polystable regular filtered Higgs bundle on (X, D) with trivial characteristic numbers. Therefore, for any
t € C*, (E., 1) be also a uy -polystable regular filtered Higgs bundle on (X, D) with trivial characteristic numbers.
By [Moc06, Theorem 9.4], there is a pluriharmonic metric 4, for (E, ) adapted to the parabolic structures of
(E.,t0). Then (E, t6, h;) is a harmonic bundle and thus the connection V, +16 + t_g;, is flat. Here Vy, is the Chern

connection for (E, h;) and HT is the adjoint ot 8 with respect to /,. Let us denote by o, : 71(X) — GLx(C) the

monodromy representation of Vi, +160 + IHT It should be noted that the representation o, is well-defined up to
conjugation. As a result, the C*-action is only well-defined over Mp (X, N) and we shall denote it by

t.[o] .= [o;] foranyte C".

It is important to observe that unlike the compact case, o, is not necessarily reductive in general, even if the
original representation o is reductive. However, if ¢t € R*, (E,t6) is also pure imaginary and by Mochizuki’s
theorem [Moc07b], o, isreductive. Nonetheless, we can obtain a family of (might not be semisimple) representations
{0: : 1 (X) = GLN(C)};ec+- By [Moc06, Proofs of Theorem 10.1 and Lemma 10.2] we have

Lemma 3.3.1. — The map

O:R"—> MB(ﬂl(X),N)
1 o]
is continuous. ®({t € R* | |t| < 1}) is relatively compact in Mg(71(X), N). O
Note that Lemma 3.3.1 can not be seen directly from [Moc06, Lemma 10.2] as he did not treat the character variety
in his paper. Indeed, based on Uhlenbeck’s compactness in Gauge theory, Mochizuki’s proof can be read as follows:

for any #, € R* converging to 0, after subtracting to a subsequence, there exists some ¢ : 7;1(X) — GLn(C)
and g, € GLy(C) such that lim g} 0;, = oo in the representation variety R(7;(X), GLx)(C). Moreover, one can
n—oo

check that p( corresponds to some tame pure imaginary harmonic bundle, and thus it is reductive (cf. [BDDM?22]
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for a more detailed study). For this reason, we can see that it will be more practical to work with R*-action instead
of C*-action as the representations we encounter are all reductive.

When X is compact, Simpson proved that lim,_,o @(¢) exists and underlies a C-VHS. However, this result is
current unknown in the quasi-projective setting. Instead, Mochizuki proved that, we achieve a C-VHS after finite
steps of deformations. Let us recall it briefly and the readers can refer to [Moc06, §10.1] for more details.

Let o : m(X) — GLN(C) be a reductive representation. Then there exists a tame and pure imaginary
harmonic bundle (E, 6, h) corresponding to o. Then the induced regular filtered Higgs bundle (E,, ) on (X, D)
is uy -polystable with trivial characteristic numbers. Hence we have a decomposition

(E.,0) = @jeA(Ej*,Qj) ®C™i

where (Ej., 6) is uy -stable regular filtered Higgs bundle with trivial characteristic numbers. Putr (@) := X jep m;.
Then r(p) < rank E. For any ¢t € R*, we know that (E, t0) is still tame and pure imaginary and thus g, is also
reductive. Since o({t € R* | [t| < 1}) is relatively compact, then there exists some 7, € R* which converges to
zero such that lim,, o[ 0y, ] exists, denoting by [0g]. Moreover, gg corresponds to some tame harmonic bundle.
There are two possibilities:

— Foreach j € A, (Ej.,1,0;) converges to some i -stable regular filtered Higgs sheaf (cf. [Moc06, p. 96] for
the definition of convergence). Then by [Moc06, Proposition 10.3], oo underlies a C-VHS.

— Forsomei € A, (E;.,1,0;) converges to some yy -semistable regular filtered Higgs sheaf, but not y; -stable.
Then by [Moc06, Lemma 10.4], we have r(0) < r(0g). In other words, letting o; be the representation
corresponding to (E;.,6;) and o, , be the deformation under C*-action. Then lim,,_, 0; s, €xists, denoted
by 0:.0. Then p; o corresponds to some tame harmonic bundle, and thus also a p -polystable regular filtered
Higgs bundle which is not stable. In this case, we further deform o until we achieve Case 1.

In summary, Mochizuki’s result implies the following, which we shall refer to as Mochizuki’s ubiquity, analogous
to the term Simpson’s ubiquity for the compact case (cf. [SIm91]).

Theorem 3.3.2. — Let X be a smooth quasi-projective variety. Consider €, a Zariski closed subset of
Mg (X, G)(C), where G denotes a complex reductive group. If € is invariant under the action of R* defined above,
then each geometrically connected component of €(C) contains a C-point [ o] such that ¢ : 71(X) — GLN(C) is
a reductive representation that underlies a C-variation of Hodge structure. )

3.4. Constructing the Shafarevich morphism

In this section we shall outline the idea of the proof of Theorem 3.A. For simplicity, we shall assume that the
absolutely constructible subset € is Mp(X, N) := Mg (71(X), GLy).

3.4.1. Simultaneous Stein factorization. —

Lemma 3.4.1. — LetV be a quasi-projective normal variety and let (fy : V — S))1ea be a family of morphisms
into quasi-projective varieties S ). Then there exist a normal projective variety Se and a morphism f 1V — S
such that

—  for every subvariety Z C 'V, fu(Z) is a point if and only if fi(Z) is a point for every A € A, and
— there exist Ay,...,dy € A such that f : V — S is the quasi-Stein factorization of (fi,...,fn) : V —
S/h X S/ln~

3.4.2. Factorizing through non-rigidity. — In this subsection, X is assumed to be a smooth quasi-projective
variety. Note that the character variety Mg (X, N) := Mg (71 (X),GLy) is a finite type affine scheme defined over
Z.

Let us utilize Lemma 3.4.1 and Theorem |.E to construct a reduction map s, : X — Sgac, Which allows us to

factorize non-rigid representations into those underlying C-VHS with discrete monodromy.
Definition 3.4.2. — The reduction map sg,. : X — St is obtained through the simultaneous Stein factorization
of the reductions {s- : X — S:}|r]emp(x,n), employing Lemma 3.4.1. Here 7 : m;(X) — GLy (K) ranges over
all reductive representations with K a non-archimedean local field of characteristic zero and s, : X — S; is the
reduction map constructed in Theorem 1.E.

Note that sg,c : X — Stac is @ dominant morphism with connected general fibers. For every subvariety Z C X,

Stac(Z) is a point if and only if s,(Z) is a point for any reductive representation 7 : 71(X) — GLy(K) with K a
non-archimedean local field.
Proposition 3.4.3 ([DYK23, Proposition 3.9]). — Let X be a smooth quasi-projective variety. Let f : F — X
be a morphism from a quasi-projective normal variety F such that sge o f(F) is a point. Let {1; : m1(X) —
GLn (C)}i=1.2 be reductive representations such that [t1] and [12] are in the same geometric connected component
of Mg (X, N)(C). Then 1 o ¢ is conjugate to T, o t, where v : w1 (F) — n1(X) is the homomorphism of fundamental
groups induced by f. In other words, j(Mg(X, N)) is zero-dimensional, where j : Mg(X,N) — Mg(F, N) is the
natural morphism of character varieties induced by v : w1 (F) — m1(X).
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The proof of Proposition 3.4.3 is based on Lemma 1.4.3 and Claim 1.4.1.

By Proposition 3.4.3, we note that for any reductive representation 7 : 1 (X) — GLN(C), [Tot] € Mg(F,N) is
invariant under R*-action for any reductive 7 : 71 (X) — GLx (C). Hence it underlies a C-VHS by Theorem 3.3.2.
This means that, the restriction of 7 on the normalization of each fiber of sg,. underlies a C-VHS. In next proposition,
we will see that our construction also incorporates the infegrality (i.e. T o ¢ is moreover a complex direct factor of
a Z-VHS).

Proposition 3.4.4 ([DYK23, Proposition 3.12]). — Let X be a smooth quasi-projective variety. Then there exist
reductive representations {0 : m1(X) — GLy(C)}iz1,...,m such that each o} underlies a C-VHS, and for a
morphism ¢ : Z — X from any quasi-projective normal variety Z with sg. o ((Z) being a point, the following
properties hold:

() Foro =& a™, o(x1(2)) is discrete in [[;; GLy (C).

(ii) For each reductive representation v : 11(X) — GLy (C), (*7 is conjugate to some 1*c}"™.

(iii) For each o™, there exists a reductive representation T : m1(X) — GLy(C) such that *7 is conjugate to
I,*O'-VHS
Pl

This proposition is crucial in the proof of Theorems 3.A and 3.D. The construction of factorization map
Sfac © X — Sgac 1S new compared with that in [Eys04].

,,,,,

3.4.3. Infinite monodromy at infinity. — When considering a non-compact quasi-projective variety X, it is
important to note that the Shafarevich conjecture fails in simple examples. For instance, take X := A\{0}, where A
is an abelian surface. Its universal covering X is C2 — I, where I is a lattice in C2. Then X is not holomorphically
convex. Therefore, additional conditions on the fundamental groups at infinity are necessary to address this issue.
Definition 3.4.5 (Infinity monodromy at infinity). — Let X be a quasi-projective normal variety and let X be a
projective compactification of X. We say a subset M c Mg (X, N)(C) has infinite monodromy at infinity if for any
holomorphic map y : D — X with y~!(X \ X) = {0}, there exists a reductive o : 71(X) — GLx(C) such that
[e] € M and y* o : 11 (D*) — GLx (C) has infinite image.
Proposition 3.4.6 ( [DYK23, Proposition 3.18]). — Let X be a smooth quasi-projective variety. Assume that
o : n1(X) — GLN(C) is a torsion free representation. Then there exists a smooth partial compactification X’ of
X such that o extends to a representation o’ : m1(X’) — GLy (C) with infinite monodromy at infinity.

A more general result is proved in [DYK23, Proposition 3.18] without assuming the torsion freeness of o.

3.4.4. Outline of the proof of Theorem 3.A. — The proof of Theorem 3.A in the case where char K = 0 can be
reduced to the following theorem based on Proposition 3.4.6.

Theorem 3.4.7 ( [DYK23, Theorem 3.28]). — Let X be a smooth quasi-projective variety. Assume that M :=
Mg (X, N)(C) has infinite monodromy at infinity (c¢f. Definition 3.4.5). Then there exists a proper surjective
holomorphic fibration shy; : X — Shys(X) over a normal complex space Shy, (X) such that for any connected
Zariski closed subset Z of X, the following properties are equivalent:

(i) shp(2) is a point;

(i) o(Im[n(Z) — n1(X)]) is finite for any reductive representation o : w1(X) — GLy (C);

(iii) for any irreducible component Zy of Z, o(Im[n)(Z]*™) — m1(X))) is finite for any reductive representation
o:m(X) —> GLy(C).

When X is compact, Shys(X) is projective.

Proof (sketch). — We use the same notations in Theorem 3.4.7. Define H := N, ker o, where o : 71(X) —
GLy (C) ranges over all reductive representation. Denote by Xy =X /H. Let D be the period domain associated
with the C-VHS ¢ and let p : X — 9 be the period mapping. We define a holomorphic map

(3.4.1) ¥ Xy — Spc X D,

2+ (Stac © T (2), p(2))

where g : X g — X denotes the covering map and sg,c : X — Sgyc is the reduction map defined in Definition 3.4.2.

Claim 3.4.8. — Each connected component of any fiber of ¥ is compact.

Proof of Claim 3.4.8 (outline). — Let F be a fiber of sg : X — Sgic. For simplicity we assume that F is smooth
and connected. Denote by ¢ : F — X the inclusive map. Note that (o has discrete monodromy I". We consider
its period map p : F — 2/T". Let us show that it is proper.

For any reductive o : 71(X) — GLx(C), we note that t*o : 1 (F) — GLx(C) is a complex direct factor of
(*o. Since we assume that M has infinite monodromy at infinity, it follows that ("o has infinite monodromy at
infinity. By a theorem of Griffiths [Gri70], p is proper.

Let Z be any fiber of p which is compact since p is proper. It follows that ¢*o(Im[7(Z) — 71 (F)]) is finite.
From this fact together with Proposition 3.4.4.(ii) it is not hard to show that [7{(Z) — m;(X)] N H is a finite
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index subgroup of [7,(Z) — m1(X)]. Therefore, the inverse image 7r1‘11 (Z) is a (possibly infinite) disjoint union
of compact subvarieties which are finite étale covers of Z. The fibers of W are precisely these subvarieties. O

By a theorem of Henri Cartan [Car60], the set S, 1 of connected components o of fibers of ¥ can be endowed with
the structure of a complex normal space such that ¥ = g o shy where shy : Xy — Sy isa proper holomorphic
fibration and g : S, o — St X D is a holomorphic map. We can show that each fiber of g is discrete.

Claim 3.4.9. — Sy does not contain any compact subvariety.

Proof. — If X C Spisa compact subvariety, then Z := shl_{1 (X) is also compact since shy is proper. Then, W :=
g (Z) is also a compact irreducible subvariety in X with dim Z = dim W. Hence Im [7{ (Z"™) — 7 (W"™)] is
a finite index subgroup of 7; (W"™). Note that W can be endowed with an algebraic structure induced by X. As
the natural map Z — W is finite, Z can be equipped with an algebraic structure such that the natural map Z — X
is algebraic.

For any reductive representation o : 71 (X) — GLy (K) where K is anon archimedean local field of characteristic
zero, we have o(Im [71(Z) — m(X)]) € o(Im[m(Xg) — m(X)]) = {1}. Hence, o(Im [y (W"™) —
m1(X)]) is finite which is thus bounded. By the construction of sge, W is contained in a fiber F of sg.. Note
that o(Im[7{(Z) — m1(X)]) is trivial. It follows from Proposition 3.4.4.(iii) that the variation of Hodge structure
induced by 0|, (z) is trivial. Therefore, p o 7 (Z) is a point where p : F — /T is the period map defined
above. Hence Z is contracted by W. The claim follows. O

One can show that the Galois action 71 (X)/H on Xy induces an action on S, g such that shy is equivariant with
respect to such an action. We take the quotient by 7 (X)/H and it gives rise to a proper holomorphic fibration
shps : X — Shys(X). The readers can easily check from Claim 3.4.9 that shyy is the desired Shafarevich morphism
in the theorem. O

3.5. On the holomorphic convexity

Let X be a smooth projective variety. Let H be a normal subgroup of 7; (X). Denote by Xy — X be the Galois
covering of X with the Galois group m;(X)/H. It is natural to ask whether Xy is holomorphically convex for any
H <71 (X). Indeed this depends on the group H in view of the Cousin example:

Example 3.5.1. — Let X be a simple abelian variety and p : 71(X) = H;(X) — Z be a surjective homomorphism.
Then ker( p)\ﬁ’ has no positive dimensional compact complex subvariety but does not carry any non constant
holomorphic function either.

Hence the Shafarevich problem is an instance of the problem of determining the pairs (X, H < m;(X)) with
Xy holomorphically convex. An ingenious discovery by Eyssidieux [Eys04] is that, Xp will be holomorphically
convex if it is intersection of the kernel of reductive representations lying in absolutely constructible subsets of
character varieties Mg (X, N) defined by Simpson [Sim93b].

In this subsection, we present the second main result in [DYK23] which generalizes Eyssidieux’ theorem to
projective normal varieties. We will sketch the proof in the case of projective surfaces.

3.5.1. Holomorphic convexity (I). — The second main result in [CDY22] is on the holomorphic convexity of
certain topological Galois coverings corresponding to the intersections of the kernels of all reductive representations
of projective normal varieties.

Theorem 3.D (c [DYK23, Theorem C]). — Let X be a projective normal variety and let N be a fixed positive
integer. Set H := Nyker o, where o : m(X) — GLn(C) ranges over all reductive representations. Let X be
the universal covering of X, and denote Xy = X/H. Then the complex space Xy is holomorphically convex. In
particular, if ©1(X) is a subgroup of GLy (C) whose Zariski closure is reductive, then the universal covering X of
X is holomorphically convex.

In [DYK23], a more general theorem is proved concerning the absolutely constructible subsets in the character
variety introduced by Simpson [Sim93b]. We list a special version here for simplicity. We will outline the proof of
Theorem 3.D when dim X = 2.

Let us remark that Theorem 3.D is proven by Eyssidieux [Eys04] when X is smooth. In [DYK23] we make an
effort to simplify Eyssidieux’ original difficult proof. Nevertheless, the general strategy follows closely Eyssidieux’
one.

3.5.2. Some analytic tools. — Let X be a smooth projective variety. Let 7 : 7;(X) — GLy (K) be a reductive
representation where K is a non-archimedean local field. According to Theorem 1 .E, the reductionmap s, : X — S-
of 7 exists, fulfilling the properties outlined therein. We will outline the construction of certain canonical positive
closed (1, 1)-currents over S.

By Theorem 1.A, there exists a T-equivariant harmonic map u : X - A(G), where A(G) is the Bruhat-Tits
building of G. We use the same notation as in the proof of Theorem 1.B.
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Recall that we constructed some multivalued 1-forms {wy,...,w¢} over X° that are (1,0)-part of the com-
plexified differential of u. These multivalued 1-forms correspond to the (1,0)-part of the complexified differ-
ential of the harmonic map u. Based on Theorem 1.B, we can prove that there exists a finite Galois covering
m @ X — X with Galois group H such that 7*{wy,...,w¢} becomes single valued; i.e. there exists forms
{n,...,m¢} C HO(XS'F’,ﬂ'*Q1 )} such that {n;,...,n¢} coincides with 7*{w1,...,we} over X°. Such X — X
is called spectral covering associated with the representation 7 and these 1-forms {n,,...,n¢} are called spectral
forms. By Claim 1.5.3, they are invariant under the action of the Galois group H.

Note that the Stein factorization of the partial Albanese morphism a : X — A of {ny,...,nx} leads to the
reduction map Sy+¢ : X** — Sy« of 7°7. This map s+, is H-equivariant and its quotient by H gives rise to the
reduction map s, : X — S; by 7. More precisely, we have the following commutative diagram:

)GPL)X

Here o is also a finite ramified Galois cover with Galois group H. Note that there are 1-forms {77’1, e} C
HO(A,QL‘) such that a*n} = ;. We define a positive smooth (1, 1)-form T+ := b* 372, in; A 7: on S,+,. Note
that Ty« is invariant under the Galois action H. Therefore, there is a positive closed (1, 1)-current 7. defined on
S+ with continuous potential such that 0.7 = Tp+.

Definition 3.5.2 (Canonical current). — The closed positive (1, 1)-current 7 on S is called the canonical
current of T.

Lemma 3.5.3. — {T,} is strictly nef. Namely, for any irreducible curve C C S, we have {T.} - C > 0.

Proof. — Let C’ C o;!(C) be an irreducible component which is dominant over C. Consider its image b(C”).
By the property of the partial Albanese morphism, there exists some 7} € HO(A, QA) such that n/|5(c/) # 0. Hence

in; A 77_§| () is strictly positive at general points. Consequently, {7} - C > 0. O

.....

_____ x be such family of representations. Lets, : X — S,
be the Steln factorization of (s,,...,50,) : X — S o X+ X8y, where s, : X — §,, denotes the reduction map
associated with g; and p; : S, — S o; 18 the induced finite morphlsm Sp 1 X > Spis called the reduction map for
the family g of representations.
Definition 3.5.4 (Canonical current IT). — The closed positive (1, 1)-current T, := Zf.‘zl piTy; on S, is called
the canonical current of o.

The canonical current 7, will serve as a lower bound for the complex hessian of plurisubharmonic functions
constructed by the method of harmonic mappings.
Proposition 3.5.5 ( [Eys04, Proposition 3.3.6, Lemme 3.3.12]). — Let X be a projective normal variety and
let 0 : m1(X) — G(K) be a Zariski dense representation where K is a non archimedean local field and G is a
reductive group. Let xo € A(G) be an arbitrary point. Let u X o> A(G) be the associated harmonic mapping,
where X is the universal covering of X. The function ¢ : X - Rsq defined by

¢(x) = 2d* (u(x), u(xo))
satisfies the following properties:

(a) ¢ descends to a function ¢, on X =X /ker (o).
(b) Let X be a normal complex space andr : X — X a proper holomorphic fibration such that s , o v X - S,
factorizes via a morphism v : 2—S8,. The fumtlon @0 is of the form ¢, = ¢>Z or with ¢2 being a continuous

plurisubharmonic function on X;
(c) dd°¢% = v'T,. o

3.5.3. Outline of the proof of Theorem 3.D. — We first start with the following criterion for the Steiness of a
topological Galois covering of a compact complex normal space.
Proposition 3.5.6 ([Eys04, Proposition 4.1.1]). — Let X be a compact complex normal space and let  : X 55X
be an infinite topological Galois covering. Let T be a positive current on X with continuous potential such that
{T} is a Kdhler class. Assume that there exists a continuous plurisubharmonic function ¢ : X - Rso such that
dd®¢ > n*T. Then X' is a Stein space.

For simplicity, we will prove the following baby version of Theorem 3.D. It nevertheless gives the rough strategy
of the proof of Theorem 3.D.
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Theorem 3.5.7. — Let X be a smooth projective surface. Assume that M := Mg (X, N) is large in the sense that, i.e.
for any closed positive-dimensional subvariety Z C X, there exists reductive representation o : m1(X) — GLy (C)
such that o(Im[r(Z™™) — 71(X)]) is infinite. Then the universal covering of X is Stein.

Proof (sketch). — We will use the same notations as in Proposition 3.4.4. Let sgc : X — Spac be the reduction
map defined in Definition 3.4.2. There are three cases.

Case 1: dim Sg,c = 0. This means that there exists no unbounded representation o : m1(X) — GLy (K) with K
a non-archimedean local field of characteristic zero. Applying Lemma 1.4.3 in conjunction with the subsequent
discussion yields the conclusion that Mg (X, N)(C) contains only finitely many points [01], ..., [om], and each
representation ; : 71(X) — GLy(C) is integral and is a direct factor of a Z-VHS o;. Set o := &7 ;. Since
Mg (X, N) is large, it follows that o is a large representation. Consider the period mapping p : X — /T of
o. Itis a finite map. Let (E, 6, h) be the Hodge bundle associated with this Z-VHS. Then w :=itr(6 A ;) is a
semi-Kihler form on X, which is strictly positive at the points where dp : Tp — Tg,r is immersive. Since p is
finite, it follows that for any positive-dimensional subvariety Z of X, we have fZ w%™Z > 0. By Demailly-Paun’s
theorem in [DP04], {w} is a Kéhler class.

Let & be the symmetric space associated with & endowed with the natural metric dg. Then there exists
natural quotient map & — &. It induces a o-equivariant pluri-harmonic mapping u : Xy — &. Define
¢ = 2d§,(u(x), u(xp)). By [Eys04, Proposition 3.3.2], we have

(3.5.1) dd®¢ > nhw.

We apply Proposition 3.5.6 to conclude that X is Stein.

Case 2: dim Sgc = 1. By the construction of sg, : X — Sgc, there exists an unbounded reductive representation
o : m(X) — GLy(K) with K a non-archimedean local field of characteristic zero such that s, : X — S, factors
through sg,c. Since dim Sg,e = 1, it follows that dim S, = 1 and thus sg, coincides with s,. Let T, be the canonical
current on S, associated with o defined in Definition 3.5.2. Then {T,} is a Kihler class on S, by Lemma 3.5.3.
We apply Proposition 3.5.5 to conclude that there exists continuous psh function ¢, : X — Rso such that
dd°¢o = myy s, T

Consider the C-VHS ¢ in Proposition 3.4.4. Since Mg (X, N) is large, by Proposition 3.4.4.(iii), o is also
large. Then for each fiber F' of sg,, the period map F — D/I" of 0|, (r) is finite. Here 9 is the period domain
and I' is the monodromy group of |, (r). Let (E, 6, h) be the Hodge bundle associated with this Z-VHS. Then
w = itr(6 A 67) is a semi-Kéhler form on X. Therefore, {w}|r is Kihler. Let ¢ : X — Ry be the continuous
function defined in case 1 such that dd°¢ > n},w by (3.5.1).

One can see that {w + s}, T, } is Kéhler. Therefore, we have

dd®(¢p + @) 2 mpy (55T + ).

We apply Proposition 3.5.6 once again to conclude that Xp is Stein.

Case 3: dim Sg,c = 2. This is the most difficult case.

Let 7 := {1; : m(X) = GLy(K;)}i=1....¢ be a family of unbounded reductive representations with K; non-
archimedean local fields of characteristic zero. Let T = Zle p; Tz, be the canonical current on S, defined in
Definition 3.5.4. Let X — X be the spectral covering with respect to 7. The collective spectral forms on X*P
induced by 11, . . ., 7, will be called the spectral forms for T.

Note that we have
X St;
l X\
Sfac

Sfac — S-r L) S‘ri

Case 3.1: The spectral 1-forms have rank 2. Assume that there exist 7 such that, their spectral forms have rank 2. By
the construction of sg,c, we can add more unbounded reductive representations {7; : 71 (X) — GLn (K;) }izt+1.....m
with K; non-archimedean local fields of characteristic zero, to assume additionally that sg,. : X — Sg,e coincides
with s : X — S, where 77" = {1;}i=1,._m-

By the construction of the canonical current 7 on S, is strictly positive at general points since the spectral
forms associated with 71, . . ., T,, has rank 2. Since T~ has continuous potentials, it follows that {7+ } is a big and
nef class.

On the other hand, by Lemma 3.5.3, we conclude that {7/} is strictly nef. We now apply a theorem by
Demailly-Paun [DP04] to conclude that {7~} is a Kéhler class.

According to Proposition 3.5.5, there exist continuous plurisubharmonic functions {¢; : X H — Rsoli=1,..m
such that

dd*¢; > nyysy, T,
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fori=1,...,m. Let ¢ : X — R be the continuous function and w be the semi-Kidhler form defined in Case 2
such that dd°¢ > n},w. Moreover, {w}|F is Kihler for each fiber F of sg,c. Hence {s{ Tr/ + w} is a Kahler class
on X. Therefore, we have

*
fac

m

(Y ¢r +9) 2wy (5, T + ).

i=1
We apply Proposition 3.5.6 once again to conclude that Xpg is Stein.

Case 3.2: The spectral 1-forms always have rank 1. Assume that for any family of unbounded reductive represen-
tations any family of {7; : 7;(X) — GLx(K})}i=1,....¢ With K; non-archimedean local fields of characteristic zero,
their spectral forms {n,...,7,} ¢ H(X*, H*Q;() always have rank 1, i.e., 7; A n; = O for every 7; and 7;.

Case 3.2.1: The dimension of spectral 1-forms is at least two. Assume that there exists a family of unbounded
reductive representations {7; : 71(X) — GLn(K;)}i=1....¢ With K; non-archimedean local fields of characteristic
zero, such that their spectral forms {1, ...,7,} ¢ H*(X?, 7*Q}) have rank 1, and

dimeSpan{ny,...,n,} = 2.

Here m : X*® — X is the spectral covering with respect to 71,...,Tx. Therefore, without loss of generality,
we may assume that 77 A1y = 0 and n; ¢ {Cny}. According to the Castelnuovo-De Franchis theorem (cf.
[ABC*96, Theorem 2.7]), there exists a proper fibration /& : X** — C over a smooth projective curve C such that
{n1,m} c *HO(C, Q'C). Since s, is birational, we can choose a general fiber F of 4, which is irreducible and
such that sg,. o 7(F) is not a point. By the construction of s, there exists an unbounded reductive representation
o : m(X) — GLy(K) with K a non-archimedean local fields of characteristic zero such that s, o 7(F) is not a
point. We replace X*P by some Galois covering such that it is also the spectral covering for {0} U {7;};=1,.._¢. For
the spectral forms {wy, . ..,w,} ¢ HO(X?P, ﬂ*Q;() induced by p, there exists some i such that w;|r # 0. Given
that |F = 0, this implies that w; A 171 # 0. It contradicts with our assumption that the spectral 1-forms always
have rank 1. Therefore, this case cannot occur.

Case 3.2.2: The dimension of spectral 1-forms is always I. Assume that for any family of unbounded reductive rep-
,,,,, ¢ with K; non-archimedean local fields of characteristic
zero, the set of their spectral forms {1y, ...,n,} ¢ H*(XP, R*Q;() have rank 1, and they are all C-linear.

By the construction of sge, we can find 7 := {1; : 71;(X) — GLN(K;)}i=1.....¢ such that sg. coincides with
Sy X — S-.

Let G; be the Zariski closure of 7; (71 (X)), which is reductive. Consider the isogeny

.....

g Gi i Gi/Zi XG[/DG[

where Z; is the central torus of G; and DG; is the derived group of G;. As aresult, G} := G;/Z; is semisimple
and G := G;/DG; is a torus. Let 7/ : m1(X) — G:(K) be the composite of 7; with the projection G; — G7,
and 7/" : i (X) — G;’(E) be the composite of 7; with the projection G; — G}’. Then 7/ and 7/’ are both Zariski
dense representations.

Notably, both families of representations, 7 and {7/, 7/’ };=1,¢ define the same reduction map.

Next, we consider the partial Albanese morphism a : X — A induced by 1;. If dima(Y) = 1, then the Stein
factorization i : X — C of a is a proper holomorphic fibration over a smooth projective curve C such that
n € h*HO(C, QIC). We are now in a situation akin to Case 3.2.1, and we can apply the same arguments to reach a
contradiction.

Let v : ¥ — X be a desingularization and denote i := v*n;. Consider the partial Albanese morphism
a:Y — Ainduced by 5. Then there exists a one form n’ € H%(A, Qg) such that a*n’ = 1. By the above argument,
we know that dima(Y) > 2. Let 74 : A — A denote the universal covering map. We denote by Y’ := ¥ X FAa
connected component of the fiber product and let 7’ : ¥’ — Y be the induced étale cover. It’s worth noting that
n”*n is exact. Consequently, we can define the following holomorphic map:
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We then have the following commutative diagram:

y Zlyy XXy

The holomorphic map A — C in the above diagram is defined by the linear 1-form 7%, 7". By Simpson’s Lefschetz
theorem [Sim93a], for any # € C, h~'(¢) is connected and we have the surjectivity 7y (h~!(¢)) - m;(Y’). By the
definition of h, niy,n7|z = 0 where Z is any connected component of p~Y(h™(¢)). Here p : Y — Y’ is the natural
covering map.

Consider any Zariski dense representation 7/ : m1(X) — G (]Fqi ((t))) as defined previously. Let K; be a finite
extension of Fy, ((¢)) such that 7/ : 71(X) — G}(K;). We denote by o; : 71 (Y) — G;(Ki) the pullback of 7/
via the morphism ¥ — X. The existence of a o;-equivariant harmonic mapping u : Y - A(G?) is guaranteed
by [GS92].

We note that 73,77 is the (1,0)-part of the complexified differential of the harmonic mapping u at general points of
Y,withry : Y > Y denoting the universal covering. For any connected component Z of p~'(h~'(¢)) for a general
t € C, since 31|z = 0, and all the spectral forms are assumed to be C-linearly equivalent, it follows that u(Z) is
constant. Since u is oj-equivariant, it follows that 7*o; (Im[1 (h~'(f)) — 71 (Y")]) is contained in the subgroup
of G(K;) fixing the point u(Z). Recall that 7 (h='(t)) — m;(Y’) is surjective. Hence 7"*o; (71 (Y’)) is a bounded
subgroup of G;(K;). Additionally, note that Dy (Y) C Im[x;(¥Y’) — m1(Y)], and it follows that oy (D (Y))
is bounded. Since 7 is Zariski dense, and Im[7{(Y) — 71(X)] is a finite index subgroup of 1 (X), the Zariski
closure of o (71 (Y)) contains the identity component of G/, and it is also semisimple. We apply Lemma 2.5.3 to
conclude that o (71 (Y)) is bounded.

Since o;(m1(Y)) is a finite index subgroup of 7/ (m(X)), it follows that 7/ (71 (X)) is also bounded. Then
the reduction map s, is the constant map. This means that the reduction map of representations {7/ }i=1
identified with that of {7/, 7/"},=1,.._¢. It follows that s is the Stein factorization of

.....

(STIN""’STZ’,) X - STI' Xoee XST;.

Recall that each G;' is a tori. By [CDY22, Proof of Theorem 0.10], we know that there exists a morphism
a; : X — A; with A; an abelian variety such that Sz is the Stein factorization of a;. Therefore, s, is the Stein
factorization of (aj,...,ar) : X > Ay X --- X Ap. Write  : X — A for (ay,...,ar) : X > A X -+ X Ap.

Let y,...,mx C Ho(ﬂ,Q;) be a basis. Then wqg := iZf.‘zl n; A 17; is a Kéhler form on A. Note that the
universal covering 74 : A — Aof Ais isomorphic to CY™ A There exists a smooth function ¢ : A — R
such that

ddyg > mqwo.

Let ¢ : X — Ry be the continuous function and w be the semi-Kéhler form defined in Case 2 such that
dd¢ 2> nj;w. Moreover, {w}|Fr is Kihler for each fiber F* of sg,c. Since s is the Stein factorization of ,
{Y*wo + w} is a Kihler class on X. Let f : X — A be the lift of i to the universal coverings and let 7 : X—X
be the universal covering. We have

dd(f*yo + ¢) = mx (¥ wo + w).

We apply Proposition 3.5.6 once again to conclude that X is Stein.
Note that any unramified cover of a Stein space is Stein. In conclusion, the universal covering of X is Stein. O

Remark 3.5.8. — The proof of Theorem 3.D in the general case is much more involved. In addition to the
techniques used above, we have to apply Simpson’s work on absolutely constructible subsets in character varieties
(cf. [Sim93b, WB20, DYK23]).

Remark 3.5.9. — While we follow the general strategy in [Eys04], our approach in proving Theorems 3.A and 3.D
introduces several novel elements, including:

(a) An avoidance of the reduction mod p method used in [CS08, Eys04]. Roughly speaking, in the treatment
of non-rigid representation in [CSO8, Eys04], Corlette-Simpson and Eyssidieux constructed unbounded o :
m1(X) — GLy (k(())), where k is some number field. Unfortunately, the field k((¢)) is not locally compact,
which prevents the application of Gromov-Schoen’s theory (cf. Theorem 1.A). To address this issue, in
[Eys04, CS08] the authors perform reduction modulo p for ¢ and obtain a family of representation o, :
m1(X) — GLn(F;((#))). In this chapter, we only work on finite extensions of Q,. As we have seen in
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Proposition 3.4.4, our construction of sg,c : X — Sg,c in section 3.4.2 incorporates both rigid and non-rigid
cases, previously treated separately in [Eys04].

(b) Werelax the definition of absolutely constructible subsets in [Sim93b, Eys04], enabling us to extend our results
to projective normal varieties and establish the reductive Shafarevich conjecture for such varieties. Note that
adopting the original definition of absolutely constructible subsets by Simpson and Eyssidieux would pose
significant challenges in extending the Shafarevich conjecture to the singular setting.

3.5.4. Holomorphic convexity (II). — It is natural to ask whether Theorem 3.D holds in the case of linear
representation in positive characteristic. For surfaces we can prove the following result.

Theorem 3.E ( [DY24, Theorem B]). — Let X be a projective normal variety and let o : 71(X) — GLy(K) be
a faithful representation where K is a field of positive characteristic. If the I'-dimension (see Definition 3.2.3) of X
is at most two (e.g. when dim X < 2), then the universal covering X of X is holomorphically convex.

Let us explain briefly the idea of the proof. One can first show that after replacing X by a suitable finite
étale cover, o factors through the Shafarevich morphism sh, : X — Sh,(X): there exists a large representation
o : m1(Shy (X)) — GLn(K) such that (sh,)*T = o. Since we assume that the I'-dimension of X is at most two,
and g is faithful, it follows that dim Sh, (X) < 2 and (shy). : 711(X) — 71(Sh, (X)) is an isomorphism. Let S be
the universal covering of Sh,(X). Therefore, there exists a proper holomorphic fibration f : X — S between the
universal coverings that lifts sh,. By Remmert-Cartan’s theorem, it suffices to prove that S is Stein. It is obvious
if dim Sh, (X) = 1. For the case dim Sh,, (X) = 2, the proof of Steiness of S is very close to that of Theorem 3.5.7
once we know the structure of the Shafarevich morphism in Theorem 4.1.6. We thus omit it.






CHAPTER 4

SHAFAREVICH CONJECTURE AND HYPERBOLICITY: POSITIVE
CHARACTERISTIC CASE

In Chapters 2 and 3 we state the theorems for linear representation in arbitrary field, but only sketched the proof
in characteristic zero. In this chapter we will discuss the proof of Theorems 2.A.(ii), 2.E.(ii) and 3.A for the case
of representation in positive characteristic.

4.1. Constructing Shafarevich morphism (II)

In this section we will sketch the proof of Theorem 3.A for the case char K > 0. As we will see soon, the proof
is simpler than the case of characteristic zero. We begin with the following lemma.

Lemma 4.1.1 ([DY24, Lemma 2.1]). — Let K be an algebraically closed field of positive characteristic and let
I be a finitely generated group. Let ¢ : I — G(K) be a representation such that its semisimplification has finite
image. Then o(I') is finite.

Proof. — Since the semisimplification 0*® of o has finite image, we can replace I" by a finite index subgroup such
that ¢**(T") is trivial. Therefore, some conjugation o~ of o has image in the subgroup Uy (K) consisting of all
upper-triangular matrices in GLy (K) with 1’s on the main diagonal.

Note Uy (K) admits a central normal series whose successive quotients are isomorphic to G, x. We remark
that a finitely generated subgroup of G, k is a finite group. By [STOO0, Proposition 4.17], any finite index subgroup
of a finitely generated group is also finitely generated. Consequently, o-(I") admits a central normal series whose
successive quotients are finitely generated subgroups of G, x, which are all finite groups. It follows that o (T") is
finite. The lemma is proved. O

As an immediate consequence, if X is a quasi-projective normal variety and if o : 7;(X) — GLy(K) is a big
representation with char K > 0, then o** is also big. This explains why in positive characteristic zero, we do not
need to assume that the representation is reductive in Theorem 2.E.

In what follows, X is assumed to be a smooth quasi-projective variety. The variety of N-dimensional linear
representations of 71 (X) in characteristic zero is represented by an affine Z-scheme R of finite type. Namely, given
a commutative ring A, the set of A-points of R is:

R(A) = Hom(7;(X), GLy (A)).

Let p be a prime number. Consider Rp, = R Xspecz. SpecF,, and note that the general linear group over F,,
denoted by GL(N, F)), acts on Rg, by conjugation. Using Seshadri’s extension of geometric invariant theory
quotients for schemes of arbitrary field [Ses77, Theorem 3], we can take the GIT quotient of Rr, by GL(N,Fp),
denoted by Mg (X, N),. Then Mg(X, N)g,, is also an affine F),-scheme of finite type. For any algebraically closed
field K of characteristic p, the K-points Mg (X, N)g, (K) is identified with the conjugacy classes of semi-simple
representations 711 (X) — GLy (K).

Consider M C Mg(X, N)z,,, a Zariski closed subset defined over E Let 7 : Rg, — Mg(X, N)g, be the GIT

quotient, which is a surjective F,-morphism. Let T C n~1(M) be any irreducible affine curve defined over E
Take C as the compactification of the normalization C of T, and let {P1, ..., P,;} = C \ C. There exists g = p" for
some 1 € Zs such that C is defined over F,, and P; € C(F,) for each i.

By the universal property of the representation scheme R, C gives rise to a representation oc : m(X) —
GLy (F4[C]), where F,[C] is the coordinate ring of C. Consider the discrete valuation v; : F,(C) — Z defined

by P;, where F,(C) is the function field of C. Let mvi be the completion of F,,(C) with respect to v;. Then

we have the isomorphism (Fy (C), ,vi) = (Eq((r)),v), where (F,((1)),v) is the formal Laurent field of F, with
the valuation v defined by v(3}5, a;t') = min{i | a; # 0}. Let o; : m1(X) — GLn (F4((#))) be the extension of

oc with respect to F, (C)vi.
Lemma 4.1.2. — If o; is bounded for each i, then n(T) is a point. Moreover oc (r1(X)) is a finite group.
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Proof. — Since p; is bounded for each i, after we replace o; by some conjugation, we have p;(7(X)) C
GLy (Fq4[[]]), where the F, [[¢]] is the ring of integers of F, ((¢)), i.e.

+00
F,[[1] := {Zait’ | a; € Fy,m > 0}.

=m
For any matrix A € GLy (K), we denote by y(A) = TN + o (A)TN ! +- -+ on (A) its characteristic polynomial.
Then o (oc(y)) € Fy[C] for each y € m1(X). Since we have assumed that o, (71 (X)) € GLy (F,[[¢]]) for each
i, it follows that o (0;(y)) € F,[[¢]] for each i. Therefore, by the definition of g;, v;(cj(0oc(y))) = 0 for each
i. It follows that oj(oc(y)) extends to a regular function on C, which is thus constant. This implies that for
any two representations 771 : 71 (X) — GLy(K}) and 175 : 711(X) — GLy(K>) such that char K| = charK; = p
and n; € C(K;), we have x(n1(y)) = x(n2(y)) for each y € m1(X). In other words, n; and 7, has the same
characteristic polynomial. It follows that [r7;] = [12] by the Brauer—Nesbitt theorem. Hence 7 (7) is a point.

Note that oc : 71(X) — GLy (F,[C]) corresponds to the generic point of C. It follows that oc € C(F,(C)).
Since C is defined over E, we can find a point 5 : 71 (X) — GLy (E) such thatnp € C (E). Then since 7(T) is a
point, we have [oc] = [n7]. Since (71 (X)) is finite, the semisimplification ¢ of 1 has also finite image. As the
semisimplification of p¢ is isomorphic to n°, by virtue of Lemma 4.1.1, we conclude that o (711 (X)) is finite. O

Note that for any ¢ = p" with n € Z, we have F,((r)) = F,((z)). Let 7; : m1(X) — GLn (F4((¢))) be the
semisimplification of ;. Then we have

4.1.1) [7i] € M(Fy((1))).

Lemma 4.1.3. — Let Z be any closed subvariety of X such that s+(Z) is a point. Then j o n(T) is a point, where
J i Mg(X,N)g, = Mg(Z, N)r, is the natural morphism induced by the inclusion 1 : Z — X.

Proof. — By the definition of s, we have (*1; is bounded for each i. By Claim 1.4.1, (*p; is also bounded for
each i. By the definition of o; and Lemma 4.1.2, we conclude that j o 7(7T') is a point. O

Definition 4.1.4. — The reduction map sp; : X — Sy is obtained through the simultaneous Stein factorization
of the reductions {s; : X — S:}[rjem(k). Here 7 : m1(X) — GLy (K) ranges over all reductive representations
with K a local field of characteristic p such that [t] € M(K) and s, : X — S; is the reduction map defined in
Theorem 1.E.
The reduction map sps : X — Sy enjoys the following crucial property.

Lemma 4.1.5. — Let Z C X be a connected Zariski closed subset such that sy (Z) is a point in Spy. Then j(M)
is zero dimensional, where j : Mg(X,N)s, — Mg(Z, N)g,, is the natural morphism induced by the inclusion
1:Z - X.

Proof. — We may assume that Z and M are all geometrically irreducible. Since 7 : R, — Mp(X,N)g, is a
surjective morphism between affine FF,,-schemes of finite type and M is defined over E, for affine curve 7, ¢ M
defined over E, there exists an affine curve T c n~!(M) defined over E such that 7(7) dominates T,. By
Definition 4.1.4 and (4.1.1), s+, (Z) is a point for each i. It thus follows from Lemma 4.1.3 that j(7},) is a point.
Since M is an affine E-soheme of finite type, any two general closed points in M can be covered by an affine curve
in M defined over E. It follows that j(M) is a point. O

Theorem 4.1.6. — Let M be a Zariski closed subset of Mg(X, N )F,, defined over E with p > 0. The reduction

map sy 2 X — Sy is the Shafarevich morphism for M. That is, for any connected Zariski closed subvariety Z of

X, the following properties are equivalent:

(@) sy (Z) is a point;

(b) for any linear representation o : n1(X) — GLy (K) with K a field of characteristic p and [o] € M(K), we
have o(Im[r(Z) — n1(X)]) is finite;

(c) for any semisimple representation ¢ : m(X) — GLy(K) with K a field of characteristic p such that
[o] € M(K), we have o(Im[71(Z}°™) — 71(X)]) is finite, where Z,, is any irreducible component of Z.

Proof. — (a) = (b): Let My, ..., My be all geometric connected component of M. Since M is defined over E,
we can find semisimple representations g; : m1(X) — GLy (E) such that [o;] € M; (]F_p) Let K be any field of
characteristic p and o : m1(X) — GLy (K) be a linear representation such that [o] € M(K). Then [o] € M;(K)
for some i. Note that j(M;) is a point by Lemma 4.1.5, where j : Mg (X, N)Fp — Mg(Z, N)Fp is the natural
morphism induced by the inclusion ¢ : Z — X. It follows that [¢* 0] = [¢"0;] € MB(Z,N)g,(K), where t : Z — X
is the inclusion. Therefore, the semisimplification of ¢* o is conjugate that of ¢* ;. Note that *p; (71 (Z)) is finite,
for p;(m1(X)) c GLy (E) is finite. Hence the image of its semisimplification is also finite. By Lemma 4.1.1, we
conclude that ¢* o (71 (Z)) is finite.

(b) = (c): this is obvious.
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(¢) = (a): Let p : m1(X) — GLy (K) with K a field of characteristic p such that [o] € M (K). Then, the image
o(Im[m(Z;°™) — m1(X)]) is finite by our assumption, and is thus bounded. By the property in Theorem 1.E,
5o(Z) is a point. By Definition 4.1.4, s,/ (Z) is also a point. m]

Theorem Theorem 4.1.6 yields the positive characteristic part of Theorem 3.A.
Theorem 4.1.7 (CTheorem 3.A). — Let X be a quasi-projective normal variety and o : n1(X) — GLy (K) be a
linear representation, where K is a field of characteristic p > 0. Then the Shafarevich morphismsh, : X — Sh,(X)
exists. That is, for any connected Zariski closed subset Z C X, the following properties are equivalent:

(a) shy(Z) is a point;
(b) o(Im[m(Z) — 71 (X)]) is finite;
(c) foreach irreducible component Z,, of Z, 0*° (Im[n(Z3°™) — m1(X)]) is finite.

Proof (sketch). — We will assume that X is smooth. Define

4.12) M= () Jj;an

fiY->X

where 1 stands for the trivial representation, and f : ¥ — X ranges over all proper morphisms from positive
dimensional quasi-projective normal varieties such that [f*o] = 1. Here j; : Mp(X,N)g, — Mg(Y,N)g, is
a morphism of affine F,-scheme induced by f. Then M is a Zariski closed subset defined over E We apply
Theorem 4.1.6 to construct the Shafarevich morphism sps : X — Sj associated with M. Itis a dominant morphism
with general fibers connected. Let sh, : X — Sh,(X) be sy : X — Sy and we will prove that it satisfies the
properties in the theorem.

(a) = (b): this follows from the fact that [p] € M (K) and Theorem 4.1.6.
(b) = (c): obvious.

(c) = (a): We take a finite étale cover Y — Z7°"™ such that f*0°* (71 (Y)) is trivial, where we denote by f : ¥ — X
the natural proper morphism. Let 7 : 71(X) — GLy (L) be any linear representation such that [7] € M(L)
where L is any field of characteristic p. Then [ f*r] = 1 by (4.1.2). Thanks to Lemma 4.1.1, f*7(m(Y)) is finite,
and it follows that 7(Im[7; (Z)°™) — 7m1(X)]) is finite as Im[7;(Y) — 71(Z5°™)] is a finite index subgroup of

m1(Z3°™). According to Theorem 4.1.6, sp7(Z), and thus sh,(Z) is a point. O

Remark 4.1.8. — If we compare the reduction maps defined in characteristic zero as per Definition 3.4.2 and in
characteristic p > 0 as per Definition 4.1.4, we observe that they are defined in the same way, and have the same
properties as shown in Proposition 3.4.3 and Lemma 4.1.5.

However, the construction of the Shafarevich morphism in Theorems 4.1.6 and 4.1.7 does not involve transcen-
dental aspects such as C-VHS and period maps as we have seen in the proof of Theorem 3.4.7. Instead, we solely
rely on the reduction map for unbounded representations in algebraic groups over positive characteristic fields.
In characteristic zero, the construction becomes significantly more involved, and the consideration of C-VHS is
unavoidable.

4.2. Hyperbolicity and fundamental groups (II)

In this section, we will use the structure of the Shafarevich morphism constructed in Theorem 4.1.6 to sketch
the proof of Theorems 2.A.(ii) and 2.E.(ii).

4.2.1. On the generalized Green-Griffiths-Lang conjecture (II). —
Theorem 4.2.1 (=Theorem 2.E.(i)). — Let X be a quasi-projective normal variety. Let o : n11(X) — GLy(K)
be a big representation where K is a field of positive characteristic. Then the following properties are equivalent:

(i) X is of log general type;

(ii) X is pseudo Picard hyperbolic;

(i) X is pseudo Brody hyperbolic;

(iv) there exists a proper Zariski closed subset E C X such that any positive dimensional closed subvariety V C X
is of log general type provided that V ¢ E.

Proof of Theorem 4.2.1. — By replacing X with a desingularization and o with the pullback on this birational
model, we can assume that X is smooth. Let X be a smooth projective compactification of X such that D := X\ X
is a simple normal crossing divisor. By Theorem 4.1.7, the Shafarevich morphism sh, : X — Sh, (X) exists and
is the quasi-Stein factorization of (s¢,,...,57,) 1 X = Sz, X --- X S, where s, : X — S, is the reduction map
associated with some unbounded and semisimple representation 7; : 711(X) — GLy (F,, ((2))).
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By the construction of s, outlined in Theorem 1.E, we can take a spectral covering X — X* (a Galois cover
with Galois group G) there exists a finite (ramified) Galois cover 7; : X; — X with Galois group H; such that

(a) there exists (spectral) forms {n,...,n7,} C HO(XP, n*Qx(log D)) associated with 71,. .., 7, which are
invariant under H;
(b) s étale outside

4.2.1) R = {x € X | 3n; # n; with (1; — n;)(x) = 0}

(c) There exists a morphism a : X — A to a semi-abelian variety A with H acting on A such that a is
H-equivariant.
(d) sh, : X — Sh,(X) is the quasi-Stein factorization of the quotient X — A/H of a by H.

Since o is big, it follows that sh,, is birational and thus
Claim 4.2.2. — We have dim X*? = dim a (XP).

Based on Claim 4.2.2, we can apply techniques in Theorem 2.C to prove the theorem.
(1) = (ii): We will use notions of Nevanlinna theory in section 2.6. For any holomorphic map f : C. s — X whose
image is not contained in 7(R), there exists a surjective finite holomorphic map p : ¥ — C. s from a connected
Riemann surface Y to C. s and a holomorphic map g : ¥ — X°P satisfying the following diagram:

y —5 5 x

(4.2.2) lp l"

C>5‘—f>X

By Claim 2.6.3, there exists a proper Zariski closed subset E C X such that for any holomorphicmap f : C. s — X
whose image not contained in E, one has

Nramp(r) = O(Tg(r’ L)) + 0(logr)||,

where g : Y — X* is the induced holomorphic map in (4.2.2), L is an ample line bundle on X equipped with a
smooth hermitian metric and T, (r, L) is the Nevanlinna order function. Note that X*P of log general type as we
assume that X is of log general type and 7 : X** — X is a Galois cover. We apply [CDY22, Theorem 4.1] to
conclude that there exists an extension g : ¥ — X of g, where Y is a Riemann surface such that p : ¥ — C.
extends to a proper map p : ¥ — C 5 U {oo}. This induces an extension f : Cs 5 U {co} — X. Hence, X is pseudo
Picard hyperbolic.

(i1) = (iii), (iv) = (i): obvious.

(iii) = (iv): the step is exactly the same as that in the proof of Theorem 2.C. O

4.2.2. Hyperbolicity via fundamental groups. —

Theorem 4.2.3 (=Theorem 2.A.(ii)). — Let X be a smooth quasi-projective variety. Let o : m1(X) — GLy(K)
be a big representation where K is a field of positive characteristic. If the Zariski closure G of o(n1(X)) is
a semisimple algebraic group, then Sp,(X) & X where Sp, denotes any of Spgy, Spag: Spy or Sp,, defined in
Definition 2.7.1.

Proof. — We may assume that K is algebraically closed. Replacing X by a desingularization, we may assume that
X is smooth. We will still maintain the same notations as introduced in Theorem 4.2.1. Let 7 : X*> — X be the
Galois covering defined therein. Consider the representation 7*o : 1 (X*?) — G(K), which is Zariski dense as
Im[7; (X*P?) — 71(X)] is a finite index subgroup of 71 (X). By the proof of Theorem 4.2.1, there exists a morphism
a : X — A where A is a semiabelian variety such that dim X** = dim a(X*?). Hence we have ©(X*?) > 0.

Claim 4.2.4. — X is of log general type.

Proof. — Let u : Y — X be a desingularization such that the logarithmic Ilitaka fibration j : ¥ — J(Y) is
regular. For a very general fiber F of j, we have K(F) = 0 and dim F = dima(F). By [CDY22, Lemma 3.3], we
have mr; (F) is abelian.

We write 7 = (o u)*o : m;(Y) — G(K). Notably, 7(m;(Y)) is Zariski dense in G. By [CDY22, Lemma
2.2], Im[z{(F) — m1(Y)] is a normal subgroup of 7| (Y). Consequently, the Zariski closure N of t(Im[r;(F) —
m1(Y)]) is a normal subgroup of G. It’s worth noting that the connected component N° of N is a tori since
7(Im[7(F) — m1(Y)]) is commutative. Therefore, N° must be trivial since G is assumed to be semisimple.
Consequently, 7(Im[71(F) — m1(Y)]) is finite.

Given our assumption that o is big, we conclude that 7 is also big. Therefore, we arrive at the conclusion that
dim F = 0, leading us to deduce that both Y and, consequently, X*P are of log general type. O

We can carry out the same proof as the step (i)=(ii) in the proof of Theorem 4.2.1 to conclude that X is pseudo
Picard hyperbolic. It’s essential to emphasize that in that proof, the condition of X being of log general type is only
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used to show that X*P is of log general type. We now apply Theorem 2.6.2 to conclude that Sp, € X where Sp,
denotes any of Spy,,, Sy, Spy, O Sp,. O

Remark 4.2.5. — 1t is noteworthy that in characteristic zero, we first establish Theorem 2.A and subsequently
deduce Theorem 2.E from it. Conversely, in the positive characteristic case, we reverse this order. Nonetheless, the
fundamental result underlying these theorems remains Theorem 2.C.






CHAPTER 5

SOME APPLICATIONS IN ALGEBRAIC GEOMETRY

5.1. Algebraic varieties with compactifiable universal coverings

In the work [CHK 13, CH13], Claudon, Horing and Kollar proposed the following intriguing conjecture:
Conjecture 5.1.1. — Let X be a complex projective manifold with infinite fundamental group 1 (X). Suppose that
the universal cover X is quasi-projective. Then after replacing X by a finite étale cover, there exists a locally trivial
fibration X — A with simply connected fiber F onto a complex torus A. In particular we have X ~ F x CdimA

It’s worth noting that assuming abundance conjecture, Claudon, Horing and Kolldr proved this conjecture
in [CHK13]. In [CH13], Claudon-Hoéring proved Conjecture 5.1.1 in the case where 71 (X) is virtually abelian.

As the first application of Theorem 2.A, in this section we establish a linear version of Conjecture 5.1.1 without
relying on the abundance conjecture.

Theorem 5.A ([DY24, Theorem F]). — Let X be a smooth projective variety with an infinite fundamental group
m1(X), such that its universal covering X is a Zariski open subset of some compact Kéhler manifold X. If there
exists a faithful representation o : 71(X) — GLN(K), where K is any field, then the Albanese map of X is (up to
finite étale cover) locally isotrivial with simply connected fiber F. In particular we have X ~ F xC4X) with q(X)
the irregularity of X.

Proof of Theorem 5.A. — We may assume that K is algebraically closed. Let G be the Zariski closure of o(7 (X)).
After replacing X by a finite étale cover, we may assume that G is connected. Let R(G) be the radical of G.

Step 1: we prove that G is solvable. Let H := G/R(G), which is semisimple. Then o induces a Zariski dense
representation o : m1(X) — H(K). It is noteworthy that the Shafarevich morphism sh, : X — Shs(X) of
o exists by Theorem 3.A. By the property of the Shafarevich morphism, each fiber F of sh, is connected and
o(Im[m (F) — m1(X)]) is finite.

We can prove that after we replace X by a finite étale cover, o~ factors through its Shafarevich morphism. Namely,

there exists a large representation 7 : 711 (Shy (X)) — H(K) such that o~ = sh} 7.

Claim 5.1.2. — The group H is trivial.

Proof. — Given that G is connected, it follows that G/R(G) is also connected. Consequently, to prove that H is
trivial, it suffices to show that dim H = 0. Assume for the sake of contradiction that dim H > 0.

Since o (m1(X)) is Zariski dense in H, o (m(X)) is infinite, and thus dimSh,(X) > 0. Note that 7 :
m1(Shy (X)) — H(K) is a large and Zariski dense representation. We apply Theorem 2.A to conclude that
Sh (X) is pseudo Picard hyperbolic.

Consider the surjective holomorphic map 4 : X — Sh(X), which is the composition of shy : X — Sh, (X)

with the universal covering 7 : X — X. Given that X is a Zariski open subset of a compact Kihler manifold X, by

Proposition 2.3.1, & can be extended to a meromorphic map 4 : X - Sh, (X). By blowing up the boundary X \f ,
we can assume that 4 is holomorphic.

Now, consider a general fiber F given by sh3'(y) with y € Sh, (X), which is smooth and connected. As
o(Im[ny(F) — m1(X)]) is trivial, and o (71 (X)) is infinite, it implies that Im[7; (F) — 71 (X)] has infinite index
in 711 (X). Therefore, mo(n~' (F)) is infinite.

We note that 7~ (F) = X N h~!(y). Since X is compact, we can deduce that 7o (7~ ' (F)) is finite, leading to the
contradiction. Hence H is trivial. o

Hence G = R(G) is solvable.

Step 2: we prove that nty (X) is virtually abelian in the case where char K = 0.

Claim 5.1.3. — The Albanese map is surjective for every finite étale cover of X.

Proof. — We replace X by any finite étale cover and would like to prove that its Albanese map a : X — A is
surjective. Assume for the sake of contradiction that a is not surjective. By the universal property of the Albanese
map, a(X) is not a translation of abelian subvariety and thus the Kodaira dimension «(a(X)) > 0. Let B Cc A
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be the stabilizer of a(X). We consider the morphism ¢ : X — C = A/B which is the composition of a and the
quotient A — A/B. ThenY = c(X) & C is general type. Hence Y is pseudo Picard hyperbolic by the Bloch-Ochiai
theorem (see also Theorem 2.D). We then use the same fashion as Step 1 to conclude a contradiction. ]

By Claim 5.1.3, we apply [Cam04, Theorem 7.4] by Campana to conclude that every linear solvable quotient of
1 (X) in characteristic zero is virtually abelian. Since o is faithful and G is solvable, it follows that, up to some
étale cover, the image o(7;(X)), hence m;(X) is abelian.

Step 3: we prove that n1(X) is virtually abelian when char K > 0. Since G is solvable and o is faithful, it follows
that 71 (X) is solvable. By a theorem of Delzant [Dell0, Théoréeme 1.4], 1 (X) is virtually nilpotent. Thanks to
Lemma 5.1.4, we conclude that o(7r; (X)), hence 71 (X) is virtually abelian.

Step 4. Completion of the proof. By Step 2 for char K = 0 and Step 3 for char K > 0, 7| (X) is virtually abelian.
By [CHI13, Theorem 1.5], replacing X by a suitable finite étale cover, its Albanese map is a locally trivial fibration
with simply connected fiber. We accomplish the proof of the theorem. O

Lemma 5.1.4. — Let I' ¢ GLy(K) be a finitely generated subgroup where K is an algebraically closed field of
positive characteristic. If T is virtually nilpotent, then it is virtually abelian.

5.2. Campana’s abelianity conjecture

5.2.1. Special and h-special varieties: properties and conjectures. — We first recall the definition of special
varieties by Campana [Cam04, Cam11].
Definition 5.2.1 (Campana’s specialness). — Let X be a quasi-projective normal variety.

(i) X is weakly special if for any finite étale cover X - X and any proper birational modification X' — X, there
exists no dominant morphism X’ — Y with connected general fibers such that Y is a positive-dimensional
quasi-projective variety of log general type.

(i) X is special if for any proper birational modification X’ — X there is no dominant morphism X’ — Y to
with connected general fibers over a positive-dimensional quasi-projective variety Y such that the Campana
orbifold base (or simply orbifold base) is of log general type.

(>iii) X is Brody special if it contains a Zariski dense entire curve.

Campana defined X to be H-special if X has vanishing Kobayashi pseudo-distance. Motivated by [Cam11, 11.3
(5)], in [CDY?22, Definition 1.11] we introduce the following definition.
Definition 5.2.2 (h-special). — Let X be a smooth quasi-projective variety. We define the equivalence relation
x ~ y of two points x, y € X iff there exists a sequence of holomorphic maps fi, ..., fi : C — X such that letting
Z; C X to be the Zariski closure of f;(C), we have

xe€Zi,ZinNnZy #0,...,.Z1.1NZ;1#0,y € Z.

We set R = {(x,y) € X X X;x ~ y}. We define X to be hyperbolically special (h-special for short) iff R ¢ X x X
is Zariski dense.

By definition, rationally connected projective varieties are h-special without referring to a theorem of Campana
and Winkelmann [CW 16], who proved that all rationally connected projective varieties contain Zariski dense entire
curves. It also has the following properties.

Lemma 5.2.3 ([CDY22, Lemmas 10.2 & 10.4]). — (i) Ifa smooth quasi-projective variety X is Brody special,
then it is h-special.

(ii) Let X be an h-special smooth quasi-projective variety, and let p : X' — X be a finite étale morphism or
proper birational morphism from a quasi-projective variety X’'. Then X' is h-special. O

Proposition 5.2.4 ([CDY22, Proposition 11.11]). — Ifa quasi-projective smooth variety X is special or h-special,

the quasi-albanese map a : X — A of X is dominant with general fibers connected. Moreover, it is m1-exact, i.e.,

we have the following exact sequence:

m(F) » m(X) - m((A) - 1,

where F is a general fiber of a. m
In [Cam04, Cam1 1], Campana proposed the following tantalizing abelianity conjecture.

Conjecture 5.2.5 (Campana). — A special smooth quasi-projective variety has virtually abelian fundamental

group.

In [CDY?22] we observed that Conjecture 5.2.5 fails for non-proper quasi-projective variety.

5.2.2. Counter-example to Campana’s conjecture. — In [CDY?22, Example 11.23], we constructed a smooth
quasi-projective variety such that it is both special and Brody special, yet it has nilpotent fundamental group that
is not virtually abelian.
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Example 5.2.6. — Fix t € H from the upper half plane. Then C/< Z + Zt > is an elliptic curve. We define a
nilpotent group G as follows.

1 0 m n
G=letmm=|" 1 =% oL@ Lmnez
gll,m, 0 0 1 0 4 , M,
0O 0 O 1
Thus as sets G ~ Z3. However, G is non-commutative as direct computation shows:
(5.2.1) gll,mn)-g(l',m',n")y=g(—mn" +1+1l',m+m’,n+n’).
We define C c G by letting m = 0 and n = 0.
1 0 0 O
01 0 !
C=14g(,0,0) = 001 0 eGly(2)|lez
0 0 0 1

Then C is a free abelian group of rank one, thus C ~ Z as groups. By (5.2.1), C is a center of G. We have an exact
sequence
1--C—->G—->L-—>1,
where L ~ Z? is a free abelian group of rank two. This is a central extension. The quotient map G — L is defined
by g(I,m,n) — (m,n).
Claim 5.2.7. — G is not almost abelian.
Now we define an action G ~ C2 as follows: For (z,w) € C2, we set

Z 1 0 m n Z

w -m 1 —’%2 [|lw
'_)

T 0 O 1 ol t

1 0 O 0 1/\1

Hence
2

g(l,m,n) - (z,w) = z+m‘r+n,—mz+w—m77'+l .

This action is properly discontinuous. We set X = C>/G. Hence m;(X) = G. Then X is a smooth complex
manifold. We have C?/C =~ C x C*. The action L ~ C x C* is written as
(5.2.2) (Z,f) — (Z +mT +n’e—27rimz—7rim2‘r§)’
where & = 2™, The first projection C x C* — C is equivariant L ~ C x C* — C v~ L. By this, we have
X — E, where E = C/< Z + Zt > is an elliptic curve. The action (5.2.2) gives the action on C X C by the natural
inclusion C X C* ¢ C x C. We consider this as a trivial line bundle by the first projection C x C — C. We set
Y = (CxC)/L. This gives a holomorphic line bundle Y — E. By Serre’s GAGA, Y is algebraic. Hence X =Y - Z
is quasi-projective, where Z is the zero section of Y.
Claim 5.2.8. — The quasi-projective surface X is special and contains a Zariski dense entire curve. In particular,
it is h-special.

Consequently, within the quasi-projective context, we revised Conjecture 5.2.5 as follows.
Conjecture 5.2.9 ( [CDY22, Conjecture 1.14]). — A special or h-special smooth quasi-projective variety has
virtually nilpotent fundamental group.

5.2.3. Nilpotency conjecture in the linear case. — In [CDY?22,DY?24], we confirm Conjecture 5.2.9 for quasi-
projective varieties with linear fundamental groups.

Theorem 5.B. — Let X be a special or h-special smooth quasiprojective variety. Let o : m1(X) — GLyN(K) be a
linear representation where K is any field.

(i) [CDY22, Theorem 11.2] Ifchar K = 0, then o(ni(X)) is nilpotent.
(i) [DY24, Theorem G] If char K > 0, then o(m((X)) is virtually abelian.

O
By Example 5.2.6, Theorem 5.B is shown to be sharp. Surprisingly, in the context of representations in positive
characteristic, we obtain a stronger result.
Proof of Theorem 5.B. — Step 1. We prove that o(m)(X)) is solvable. The idea is quite close to Step 1 in the
proof of Theorem 5.A and we sketch it. We may assume that K is algebraically closed. Let G be the Zariski
closure of o(71(X)). Note that any finite étale cover of a special (resp. h-special) variety is still special (resp.
h-special). After replacing X by a finite étale cover, we may assume that G is connected. Let R(G) be the radical
of G. Let H := G/R(G), which is semisimple. If dimH > 0, then o induces a Zariski dense representation
o m(X) - H(K). Letsh, : X — Sh,(X) be the Shafarevich morphism of o~. By the property of the
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Shafarevich morphism in Theorem 3.A, a general fiber F of sh, is connected and o-(Im[7;(F) — m1(X)]) is
finite. We can prove that after replacing X by a composition of birational modifications and finite étale Galois
covers, there exists a a dominant morphism f : X — Y over a smooth quasi-projective variety ¥ with connected
general fibers, and a big representation 7 : (YY) — H(K) such that o = f*r. Hence 7 is Zariski dense in H.
By Theorem 2.A, Y is of log general type and pseudo Picard hyperbolic. This leads to a contradiction since X is
special (thus weakly special by [Cam11]) or A-special. Hence G = R(G).

Step 2. We prove that o(m1(X)) is virtually abelian if char K > 0. Note that any finite étale cover of a special
(resp. h-special) variety is still special (resp. h-special) by [Cam04] and Lemma 5.2.3. Replacing X by a finite
étale cover, we may assume that 1 (X)*? — 7{(A) is an isomorphism, where 71 (X)?? := 71 (X)/[71(X), 71 (X)].
Since X is special or h-special, by Proposition 5.2.4, the quasi-albanese map a : X — A of X is mj-exact, i.e., we
have the following exact sequence:
m(F) - m(X) - m(A) - 1,

where F is a general fiber of a. Hence [71(X),m1(X)] is the image of 7y (F) — m;(X), which is thus finitely
generated. It implies that [o(m (X)), o(71(X))] = o([71(X), 71 (X)]) is also finitely generated. By Step 1, G is
solvable. Hence we have DG c R, (G), where R,(G) is the unipotent radical of G and DG is the the derived
group of G. Consequently, we have

[o(m1(X)), o(m1(X))] € [G(K),G(K)] € R,(G)(K).

Note that every subgroup of finite index in [} (X), 71 (X)] is also finitely generated (cf. [STOO, Proposition 4.17].
By the same arguments in Lemma 5.1.4, we conclude that [o(71(X)), o(m1(X))] is finite. Hence o(m1(X)) is
virtually abelian.

Step 3. We prove that o(r1(X)) is virtually nilpotent if char K = 0. The proof is non-trivial and based on 5.2.10
below. O

Theorem 5.2.10 ([CDY22, Theorem 11.3]). — Let X be a special or h-special quasi-projective manifold. Let G
be a connected, solvable algebraic group defined over C. Assume that there exists a Zariski dense representation
¢ :m1(X) = G. Then G is nilpotent. In particular, (1 (X)) is nilpotent.

The proof of Theorem 5.2.10 is involved. It is inspired by [CamO1] and is based on Proposition 5.2.4 together
with Deligne’s theorem: the radical of the algebraic monodromy group of an admissible variation of mixed Hodge
structures is unipotent. Let us explain the rough idea.

Proof of Theorem 5.2.10 (sketch). — We might assume that G is connected. We have an exact sequence

(5.2.3) l1->U—->G—->T->1,

where U = R, (G) is the unipotent radical and 7 C G is a maximal torus. Then T acts on U/U’ by the conjugate,
where U’ is the commutator subgroup of U.
Since T is commutative, we have G’ ¢ U, where G’ = [G, G] is the commutator subgroup. Hence we have

1->U/G' - G|G' -»T—1.
Since G/G’ is commutative and U/G’ is unipotent, we have G/G’ = (U/G") X T. By
1-G'/G" - G/G" - G|G" — 1,
G /G’ acts on G’ /G” by the conjugate. By T c (U/G’) XxT = G/G’, we get T-action on G’ /G"”". Then we have
the following criterion for nilpotency of a solvable group.
Lemma 5.2.11. — Assume T acts trivially on G’ /G". Then G is nilpotent.
Consider the quasi-Albanese map a : X — A and let F be a general fiber. Let ® C m;(X) be the image of

m1(F) — m(X). LetIT ¢ G’/G” be the image of 7 (F) — G’/G”. Since n;(F) is finitely generated, II is a
finitely generated, abelian group. By Proposition 5.2.4, we have the following exact sequence:

1 > ®— (X)) > m(A) — 1.
Note that ®" c 1(X) is a normal subgroup. Hence we get

] — % — 1(X)/® —— m(A) —— 1

l l l

1 —— G'/G" —— G/G" —— G|G' —— 1

By the conjugation, we get 71(A) — Aut(®“?). This induces p : 71(A) — Aut(II). Note that G’/G” is a
commutative unipotent group. Hence G’/G” =~ (G,)", where G, is the additive group. The exponential map
Lie(G’/G"”) — G’/G” is an isomorphism. Note that (G,)" = C" as additive group. We have

Aut((G,)™) = GL(Lie(G’/G")) = GL(C").
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Hence by the conjugate, we have
u:G/G — Aut(G’'/G"”) = GL(C").

Letl » U —- G — T — 1 be the sequence as in (5.2.3). We have G/G’ = (U/G") X T, from which we obtain
ulr : T — GL(C"). In the following, we are going to prove that u|7 is trivial and thus by Lemma 5.2.11 we can
prove that G is unipotent.

Now we define a subgroup

T ={o € Aut(G’/G"); oI1 =11} c GL(C").

Note that p : 7 (A) — Aut(IT) factors through i : G/G’ — Aut(G’/G"’). This induces the following commutative
diagram:

mA) —2— %

(5.2.4) l l

G/G' —— GL(C")
i

Since IT c C" is finitely generated, IT is a free abelian group of finite rank. Since IT ¢ C”" is Zariski dense, the
linear subspace spanned by IT is C*. Hence we may embed £ ¢ GL(IT®z Q). Let E ¢ GL(IT ®z Q) be the Zariski
closure of p(71(A)) ¢ GL(IT1 ®z Q). Then E is commutative. Let E° C E be the identity component.

Claim 5.2.12. — E° is unipotent.

This is the place where we apply Deligne’s theorem. Roughly speaking, for the algebraic monodromy group Z
of an admissible variation of mixed Hodge structures induced by the smooth family X° — A° (after we shrinking
a : X — A to a Zariski dense open subset A?), we can prove that there is a surjection Z — E. Since Z? is
unipotent, it follows that £ is unipotent.

Let Y c GL(C") be the Zariski closure of p(7;(A)) € GL(C™). Let Y° C Y be the identity component. Since
Y € E and E? is unipotent, Y is unipotent. Since the image of 71 (A) — G /G’ is Zariski dense, the commutativity
of (5.2.4) implies u(G/G’) c Y. This is Zariski dense, in particular Y° =Y. By G/G’ = (U/G’) X T, u induces
plr : T — Y. Since Y is unipotent, this is trivial as there exists no non-trivial morphism from algebraic torus to
unipotent groups. Hence the action of 7" onto G’ /G"’ is trivial. By Lemma 5.2.11, G is nilpotent. O

5.3. A structure theorem: on a conjecture by Kollar

In [Kol95, Conjecture 4.18], Kollar raised the following conjecture on the structure of varieties with big
fundamental group.
Conjecture 5.3.1. — Let X be a smooth projective variety with big fundamental group such that 0 < x(X) < dim X.
Then X has a finite étale cover p : X' — X such that X’ is birational to a smooth family of abelian varieties over a
projective variety of general type Z which has big fundamental group.

In this section we address Conjecture 5.3.1. Our theorem is the following:
Theorem 5.C ([CDY22, Theorem G], [DY24, Theorem 6.2]). — Let X be a smooth quasi-projective variety and
let 0 : m1(X) = GLy (K) be a big representation where K is a field of positive characteristic. When char K = 0,
we assume additionally that o is reductive.

(@) The logarithmic Kodaira dimension k(X) > 0.

(b) Ifthe logarithmic Kodaira dimension k(X) = O, then up to a finite étale cover, the Albanese map a : X — A of
X is birational and proper in codimension one, i.e. there exists a Zariski closed subset Z C A of codimension
at least two such that « is proper over A\Z. In particular, (X) is virtually abelian.

(c) More generally, after replacing X by a suitable finite étale cover and a birational modification, there are a
semiabelian variety A, a quasi-projective manifold V, and a birational morphism a : X — V such that we
have the following commutative diagram

X a sV
j
h

J(X)

where j is the logarithmic litaka fibration and h - V — J(X) is a locally trivial fibration with fibers isomorphic
to A. Moreover, for a general fiber F of j, a|p : F — A is proper in codimension one.

(d) IfY is special or h-special, then there exists a finite étale cover X of Y, such that its Albanese map a : X — A
is birational and . : n1(X) — w1 (A) is an isomorphism.
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Proof. — We may assume that K is algebraically closed. To prove the theorem we are free to replace X by a
birational modification and by a finite étale cover since the logarithmic Kodaira dimension will remain unchanged. If
char K > 0, we will replace o by its semisimplification, which is still big by Lemma 4.1.1. Hence we might assume
that o is big and semisimple. Consequently, after replacing X by a finite étale cover, the Zariski closure G of o is
reductive and connected. Let DG be the derived group of G, which is semisimple. Then 7' := G /DG is a torus and
the natural morphism G — DG XT is a central isogeny. The induced representation ¢’ : 71 (X) — DG(K)XT(K)
by o is also big. Consider the representation o : 71 (X) — DG (K), obtained by composing o’ with the projection
DG XT — DG. Then o (r1(X)) is Zariski dense. Let sh, : X — Sh (X) be the Shafarevich morphism of o.
We can show that there exist

(i) a generically finite proper surjective morphism u : X; — X from a smooth quasi-projective variety obtained
by the composition of birational modifications and finite étale Galois covers;

(i) a generically finite dominant morphism v : ¥; — Shs(X);

(iii)) a dominant morphism f; : X; — Y; with ¥} a smooth quasi-projective variety with connected general fibers;

(iv) abig representation 7 : 11 (Y]) —» DG(K);

such that we have following commutative diagram

X, —% v x

ol

Y —V> ShO’(X)

and p*o = f'7. Itis straightforward to show that 7 is a big representation. Thanks to Theorem 4.2.3, the special
loci Sp,, (Y1) and Sp,, (Y1) are both proper Zariski closed subset of Y;. In particular, Y} is of log general type. Note
that Y7 can be a point.

Consider the morphism

g X — AXY]
x = (a(x), fi(x)).

where a : X| — A is the quasi Albanese map of X.
Claim 5.3.2. — We have dim X| = dim g(Xj).
Proof. — For a general smooth fiber F of fi, u*o(Im[m(F) — m1(X)]) is trivial. Since u*o’ : m1(X;) —
DG (K) x T(K) is big, by the construction of o, we conclude that the representation  : 71 (F) — T(K) obtained
by

71 (F) = 11(X) 'S DG(K) xT(K) - T(K)

is big. Since T(K) is commutative, 5 factors through 7, (F) — m1(A) — T(K). This implies that dim F =
dima(F). Hence dim X; = dim g(X;). O

Let us prove Item (a). Thanks to Claim 5.3.2, for a general smooth fiber F of fi, we have dim F = dim «(F).
Hence k(F) > 0. Since Y} is of log general type, by the subadditivity of the logarithmic Kodaira dimension proven
in [Fuj17, Theorem 1.9], we obtain

K(X1) = k(Y1) + k(F) = k(Y1) =dimY; > 0.
Hence k(X) = k(X1) > 0. The first claim is proved.

Let us prove item (b). Note that €(X;) = £(X) = 0. Assume that dimY; > 0. Let F be a very general fiber of f}.
Then 0|, (F) is big, and by item (a), K(F) > 0. Since Y; is of log general type, by the above-mentioned Fujino’s
theorem, it follows that ¥(X|) > dimY; + (F) > 0. We obtain a contradiction. Hence Y is a point. Therefore, the
quasi-Albanese map « : X — A satisfies that dim X = dim a(X). By Lemma 2.5.4, we conclude item (b).

The proof of item (c) is a bit involved, but the idea is straightforward. Let F be a very general fiber of the
logarithmic litaka fibration j : X — J(X). By Claim 5.3.2, the closure «(F) of a(F) is a translate of semi-abelian
subvariety in A. One can show that after replacing X by a finite étale cover, we may assume that o : F — W is
birational and proper in codimension one. Note that there are at most countable many semi-abelian subvarieties in
A. Hence a(F) is rigid. It follows that two general fibers of j is birationally isomorphic.

Finally let us show item (d). Note that X is h-special or special. It follows that Y| is a point, or else, Y] is of log
general type and pseudo Brody hyperbolic, leading to a contradiction. Hence the quasi-Albanese map o : X — A
satisfies that dim X = dim @ (X). The claim follows from Proposition 5.2.4. O
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