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Abstract

In 1988 Simpson extended the Donaldson—Uhlenbeck—Yau theorem to the context of
Higgs bundles, and as an application he proved a uniformization theorem which char-
acterizes complex projective manifolds and quasi-projective curves whose universal
coverings are complex unit balls. In this paper we give a necessary and sufficient
condition for quasi-projective manifolds to be uniformized by complex unit balls.
This generalizes the uniformization theorem by Simpson. Several byproducts are also
obtained in this paper.
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Y. Deng, B. Cadorel

1 Introduction
1.1 Main result

The main goal of this paper is to characterize complex quasi-projective manifolds
whose universal coverings are complex unit balls.

Theorem A (=Theorem 5.7.(i)) Let X be an n-dimensional complex projective man-
ifold and let D be a smooth divisor on X (which might contain several disjoint
components). Let L be an ample polarization on X. For the log Higgs bundle
(Q§( (log D) & Ox, 0) on (X, D) with the Higgs field 0 defined by

6 : QL (log D) ® Ox — (R (log D) & Ox) ® Rk (log D)
(a,b) = (0,a), (1.1.1)

if it is pp-polystable (see Sect.2.3 for the definition), then one has the following
inequality

(2c2(2% (log D)) — c1(Qy(log D))?) - e (L)% > 0. (1.1.2)

n+1

When the equality holds, then X — D ~ B" /T for some torsion free lattice T C
PU(n, 1) acting on B". Moreover, X is the (unique) toroidal compactification of
B" /1, and each connected component of D is the smooth quotient of an Abelian
variety A by a finite group acting freely on A.

Let us stress here that the smoothness of D in Theorem A is indeed necessary if one
would like to characterize non-compact ball quotients: in Theorem 5.7.(ii) we prove
that the universal cover of X — D is not the complex unit ball B” if D is assumed
to be simple normal crossing but not smooth, leaving other conditions in Theorem
A unchanged. Thus, it might be more appropriate to say that in this paper we give a
characterization of smooth toroidal compactification of non-compact ball quotients.

Note that when D is empty or when dim X = 1, Theorem A has already been
proved by Simpson [51, Proposition 9.8]. As we will see later, we follow his strategy
closely to prove the above theorem. Let us also mention that the inequality (1.1.2) is
a direct consequence of Mochizuki’s deep work on the Bogomolov-Gieseker inequal-
ity for parabolic Higgs bundles [40, Theorem 6.5]. Our main contribution is the
uniformization result when the equality in (1.1.2) is achieved. The proof builds on
Simpson’s ingenious ideas [51] on characterizations of complete varieties uniformized
by Hermitian symmetric spaces, as well as Mochizuki’s celebrated work on Simpson
correspondence for tame harmonic bundles [40]. Since the Kobayashi-Hitchin corre-
spondence for general slope polystable parabolic Higgs bundles is still unproven, we
need some additional methods to prove the above uniformization result (see Sect. 1.3
for rough ideas).

We will show that the conditions in Theorem A is indeed necessary, by proving the
following slope stability (with respect to a more general polarization) result for the
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natural log Higgs bundles associated to toroidal compactification of non-compact ball
quotient by torsion free lattice.

Theorem B (=Sect.6.4) LetT" C PU((n, 1) be atorsion free lattice with only unipotent
parabolic elements. Let X be the (smooth) toroidal compactification of the ball quotient
B /1. Write D := X — B" /T for the boundary divisor, which is a disjoint union of
Abelian varieties. Let o« € H"'(X,R) be a big and nef cohomology (1, 1)-class on X
containing a positive closed (1, 1)-current T € « so that T |x—_p is a smooth Kdihler
form and has at most Poincaré growth near D (for example, « = c1(Kx + D) or o
contains a Kdhler form ). Then one has the following equality for Chern classes

n

262(Q} (log D)) — c1(2% (log D))* = 0. (1.1.3)

n—+1

The log Higgs bundle (Q;((log D) & Oy, 0) defined in (1.1.1) is pq-polystable for
the above big and nef polarization «. In particular, it is slope polystable with respect
to any Kdhler polarization and the polarization by the big and nef class c1(Kx + D).

Since both stability of log Higgs bundles and Chern equality (1.1.3) are invariant under
taking conjugates with respect to the Galois action, a direct consequence of Theorems
A and B is the following rigidity result of ball quotient under the automorphism of
complex number field C to its coefficients of defining equations.

CorollaryC Let ' C PU(n, 1) be a torsion free lattice, and let X := B" /T be the
ball quotient, which carries a unique algebraic structure, denoted by Xy . For any
automorphism o € Aut(C), let X;’lg = Xz Xo Spec(C) be the conjugate variety of
X1 under the automorphism o, and denote by X° the analytification of X;’lg. Then
X is also a ball quotient, namely there is another torsion free lattice T° C PU (n, 1)

so that X° = B" /1o,

When TI' is arithmetic, Corollary C has been proved by Kazhdan [30]. When T is
non-arithmetic, it was proved by Mok—Yeung [46, Theorem 1] and by Baldi-Ullmo
[10, Theorem 8.4.2].

In this paper we obtain some byproducts, and let us mention a few. We prove the
Simpson—Mochizuki correspondence for principal system of log Hodge bundles over
projective log pairs (see Theorem 4.1). We give a characterization of slope stability
with respect to big and nef classes for log Higgs bundles on Kihler log pairs (see
Theorem 6.7). We also give a very simple proof of the negativity of kernels of Higgs
fields of tame harmonic bundles by Brunebarbe [9] (originally by Zuo [60] for system
of log Hodge bundles), using some extension theorems of plurisubharmonic functions
in complex analysis (see Theorem 5.6). In the appendix written jointly with Benoit
Cadorel, we prove a metric rigidity result for toroidal compactification of non-compact
ball quotients (see Theorem A.7).

1.2 Afew histories

Since the main purpose of this paper is to prove the uniformization result rather than the
Miyaoka—Yau type inequality (1.1.2), we shall only recall some earlier work related
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to the characterization of ball quotient, and we refer the readers to [24,25] for more
references on the Miyaoka—Yau type inequalities.

Based on his proof of the Calabi conjecture [57], Yau established the inequality
(1.1.2) when X is a projective manifold and D = & with Ky ample. He proved
that X is uniformized by the complex unit ball in case of equality. Miyaoka—Yau
inequality and uniformization result were extended to the context of compact Kéhler
varieties with quotient singularities by Cheng—Yau [16] using orbifold Kahler—Einstein
metrics. A partial uniformization result for smooth minimal models of general type
have been obtained by Zhang [59]. More recently, uniformization result has been
extended to projective varieties with klt singularities in the series of work [22,23] by
Greb—Kebekus—Peternell-Taji.

All the above works dealt with compact varieties. A strong uniformization result
was established by Kobayashi [33,34] in the case of open orbifold surfaces (see also
[16]). In [16] Cheng—Yau also gave a differential geometric characterization of quasi-
projective ball quotients of any dimensions using the method of bounded geometry in
[15]. At almost the same time, based on [16], Tian—Yau [56] and Tsuji [55] indepen-
dently established similar algebraic geometric characterizations of non-compact ball
quotient of any dimension. See also [32,35,58] for more related works on uniformiza-
tion results.

All these aforementioned uniformization results are built on the positivity of the
(log) canonical sheaf of the varieties together with existence of Kidhler—Einstein met-
rics. In [51], Simpson established a remarkable uniformization result in terms of
stability of Higgs bundles. We essentially follow his approaches in this paper. In
next subsection, we shall recall his ideas and discuss main difficulties in generalizing
his methods to the context of non-compact varieties.

1.3 Main strategy

We mainly follow Simpson’s strategy [51] to prove Theorem A. Let us explain our
rough ideas in the proof of Theorem A when the equality in (1.1.2) holds.

Step 1. Following Simpson in the compact setting, we first define systems of log
Hodge bundles over log pairs. We prove that, a system of log Hodge bundles on a
projective log pair with vanishing first and second Chern classes admits an adapted
Hodge metric. The proof is based on Mochizuki’s celebrated theorem [40, Theorem
9.4] on the existence of harmonic metric, and C*-action invariant property of log
Hodge bundles.

Step 2. We generalize the result in Step 1 to the context of principal bundles. Fix
a Hodge group Gy. Following Simpson again, we define a principal system of log
Hodge bundles (P, t) on log pairs (X, D) with the structure group K C G, where
G is the complexification of G(. Based on the result in Step 1 together with some
similar Tannakian arguments in [52], in Theorem 4.1 we prove that if there is a faith-
ful Hodge representation p : G — GL(V) for some polarized Hodge structure
(V=8®itj=uw ViJ | hy) so that the system of log Hodge bundles (P x g V, dp(7)) is
nr-polystable with fx chy(P xgV)-cy (L)dim X=2 — (), then there is a metric reduc-
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tion Py for P|x_p so that the triple (P|x—p, T|x—p, Pyg) gives rise to a principal
variation of Hodge structures on X — D.

Step 3. For the system of log Hodge bundles (E := ;(log D) & Oy, 0) in Theorem
A, we first associate it a principal system of log Hodge bundles (P, t) in Proposition
3.11, whose Hodge group Go = PU (n, 1) is of Hermitian type (see Definition 3.5).
One can easily show that c2(P xg g) = c2(End(E)+) = 0 when the equality in
(1.1.2) holds, where End(E)~* denotes the trace free part of End(E). By Theorem
2.9, the system of log Hodge bundles (P x g g, d(Ad)(7)) = (End(E)*, HEnd(E)L)
is also slope polystable if (E, 0) is slope polystable. Since the adjoint representation
Ad : G — GL(g) is a faithful Hodge representation, by the result in Step 2, there is
a metric reduction Py for P|x_p so that the triple (P|x—_p, T|x—p, Pg) gives rise

to a principal variation of Hodge structures on X — D. Since t : Tx(—log D) —

-1,1

P xk g is an isomorphism, this implies that the period map p : X — D —

PU(n, 1) /y (n) associated to (P|x—p. T|x—p, Pg) from the universal cover X — D
of X — D to the period domain Go/K, = PU(n, 1)/y (n) is locally biholomorphic.
For more details, see Step one of the proof of Theorem 5.7.

Step 4. We have to prove that the period map p in Step 3 is moreover a biholomorphism.
Note that when D = &, this step is quite easy. In Remark 3.7 we show that it suffices
to prove that the hermitian metric t*hy on X — D is complete, where hy is the
hermitian metric on P X g g’l'l |x—p induced by the metric reduction Pg together
with the Killing form of g. This step is slightly involved and the readers can find it in
Step two of the proof of Theorem 5.7. To be brief, we establish a precise model metric
(ansatz) for (E, 0) ® (E*, 6*) locally around D with at most log growth, and we prove
that this local metric and 4 i are mutually bounded by one another using similar ideas
in [52, §4]. Based on this model metric, we obtain a precise norm estimates for i g
near D, so that we can prove that 7*/ g is a complete metric on X — D. This concludes
that the universal cover of X — D is the unit ball PU (n, 1) /U (n).

2 Log Higgs bundles and system of log Hodge bundles
2.1 Higgs bundles and tame harmonic bundles

In this section we recall the definition of Higgs bundles and tame harmonic bundles.
We refer the readers to [39,41,51-53] for further details.

Definition 2.1 Let X be a complex manifold. A Higgs bundle on X is a pair (E, 0)
where E is a holomorphic vector bundle with dg its complex structure, and 0 : E —
EQ®Q §( is a holomorphic one form with value in End(E), say Higgs field, satisfying
O A0 =0.

Let (E, 6) be a Higgs bundle over a complex manifold X. A smooth hermitian
metric h of E is called haimonic if Dy :=dj + 6 + 0, is flat. Here d}, is the Chern
connection of (E, k), and 6, is the adjoint of 6 with respect to 4.

Definition 2.2 (Harmonic bundle) A harmonic bundle on a complex manifold X is
triple (E, 6, h) where (E, 6) is a Higgs bundle and % is a harmonic metric for (E, 0).
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A log pair consists of an n-dimensional complex manifold X, and a simple normal
crossing divisor D on X.

Definition 2.3 (Admissible coordinate) Let p be a point of X, and assume that
{Dj}j=1,...,c be components of D containing p. An admissible coordinate around
p is the tuple (U; z1, ..., Zn; @) (or simply (U; z1, ..., z,) if no confusion arises)
where

e U is an open subset of X containing p.
e there is a holomorphic isomorphism ¢ : U — A’ so that ¢(D;) = (z; = 0) for
any j=1,...,¢.

We shall write U* := U — D, U(r) :=1{z € U | |zi| <r,Vi =1,...,n} and
U*(r) =Ur)NnU*.

Recall that the Poincaré metric wp on (A*)¢ x A"t is described as

14

V—=1dz; ndZ; " J—=1dz AdZ
wP:Z#JF Z vy ldTk N dzk

2 Pdogz; P " = (1= )

j=1
Definition 2.4 (Poincaré growth) Let (X, D) be a log pair. A hermitian metric @ on
X — D has at most (resp. the same) Poincaré growth near D if for any point x € D,
there is an admissible coordinate (U; zy, ..., z,) centered at x and a constant Cyy > 0
so that w < Cywp (resp. w ~ wp) holds over U*(r) for some 0 < r < 1.

Remark 2.5 (Global Kihler metric with Poincaré growth) Let (X, w) be a compact
Kédhler manifold and D = Zle D; is a simple normal crossing divisor on X. By
Cornalba-Griffiths [12], one can construct a Kéhler current T over X, whose restric-
tion on X — D is a complete Kéhler form, which has the same Poincaré growth near
D as follows.

Let o; be the section H*(X, Ox(D;)) defining D;, and we pick any smooth metric
h; for the line bundle Ox (D;). One can prove that the closed (1, , 1)-current

¢
T :=w— /=100 log(— [ Jlogle - o713, 2.1.1)
i=1
the desired Kéhler current when 0 < ¢ < 1.
2.2 Log Higgs bundle and adapted harmonic metrics

Throughout this paper, we mainly consider log Higgs bundles (E, 0) over log pairs.

Definition 2.6 (Log Higgs bundles) Let (X, D) be a log pair. A log Higgs bundle
consists of a pair (£, 0) with E a holomorphic vector bundle on X and 6 : £ —
E ® Q) (log D) withd A6 = 0.
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Definition 2.7 (Adapted harmonic metric) Let (X, D) be a log pair, and let (E, 6) be
a log Higgs bundle on (X, D). Suppose that 4 is a harmonic metric for the Higgs
bundle (E, 0)|x—p. It is called adapted to the log Higgs bundle if for any admissible
coordinate (U; z1, ..., z,) and any (ay, ..., ae) € [0, 1)[, one has

12
EWU)={o € EWU —D)||oly=0O( [lz|™%*) foranye > 0}
i=1

In the terminology of [40,41], the above definitions are equivalent that (E, 0) is
a parabolic Higgs bundle with trivial parabolic structures over (X, D) of weight
0, ...,0), and the harmonic bundle % for (E, 0)|x_p is adapted to its parabolic
structures.

2.3 Slope stability

Let (X, w) be a compact Kédhler manifold of dimension n and let D be a simple normal
crossing divisor on X. Let (E, ) be a log Higgs bundle on (X, D). Let « be a big
and nef cohomology (1, 1)-class on X. For any torsion free coherent sheaf F, its
degree with respect to « is defined by deg, (F) = ¢1(F) - o1, and its slope with
respect to « is defined by py (F) = d;g;,k(g). Consider a log Higgs bundle (E, ) on
(X, D). A Higgs sub-sheaf is a saturated coherent torsion free subsheaf E' C E so
that 9(E') C E' ® Q}( (log D). We say (E, 0) is uq-stable if for Higgs sub-sheaf E’
of E, with 0 < rank E’ < rank E, the condition uy(E’) < ue(E) is satisfied. (E, 9)
is pg-polystable if it is a direct sum of py-stable log Higgs bundles with the same
slope.

When o = {w} where w is a Kdhler form on X, we write p,, instead of . When
a = c1(L) for some ample line bundle L on X, we use the notation pi7, instead of 1.

By Simpson [52], there is a C*-action on log Higgs bundles (E, 0) defined by
(E, t0) for any t € C*. It follows from the definition that, if (E, 0) is u-stable, then
(E, t0) is also ug-stable for any ¢ € C*.

The following celebrated Simpson correspondence for tame harmonic bundles
proved by Mochizuki [40] is a crucial ingredient in this paper.

Theorem 2.8 (Mochizuki) Let (X, D) be a projective log pair endowed with an ample
polarization L. A log Higgs bundle (E, 0) on (X, D) is ju -polystable with fX c1(E)-
cp(L)dimX—1 — fX cha(E) - c1(L)I™X=2 = 0 if and only if there is a harmonic
metric h for (E|x_p,0|x—p) adapted to (E,0). When (E, 0) is moreover stable,
such a harmonic metric h is unique up to some positive constant multiplication.

Let us mention that in [5] Biquard has proved a stronger theorem when the divisor D
in Theorem 2.8 is smooth.

The poly-stability is also preserved under tensor product and dual by Mochizuki
[42, Proposition 4.10].

Theorem 2.9 (Mochizuki) Let (X, D) be a projective log pair endowed with an ample
polarization L. Let (E, 0) be a ju1 -polystable log Higgs bundle on (X, D). Then the
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tensor product T*"(E, 0) is still a juy -polystable log Higgs bundle for a,b Z>y.
Here T*"(E,0) := (Hom(E®*, E®?), 6, ) is the induced log Higgs bundle by taking
the tensor product.

Since [42, Proposition 4.10] worked with the much more general case than what we
need, we shall provide a quick proof for Theorem 2.9 for completeness sake. The idea
essentially follows [53, Corollary 3.8] in the compact setting.

Proof of Theorem 2.9 By the Mehta—Ramanathan type theorem proved by Mochizuki
[40, Proposition 3.29], T4b(E, 0) is up-polystable if and only if T4b(E, 0)|y is
nr-polystable, where Y denotes a complete intersection of sufficiently ample general
hypersurfaces in X. This enables us to reduce the desired statement to the case of
curves. Assume now that dim X = 1. By [52] or [5, Théoreme 8.1], (E,0)|x—_p
admits a Hermitian—Yang—Mills metric A:

AoFp(E) =2 Q 1,

where w is some Kéhler form in ¢1 (L), and A is some topological constant. Moreover,
h is adapted to (E, 6), and is adapted to log order in the sense of Definition 5.1.
Hence (h*)®? ® h®? is the Hermitian—Yang—Mills metric for T%?(E, 6)|x_p, which
is also adapted to log order. It follows from Theorem 6.7 below that T%?(E, ) is also
np-polystable. O

2.4 Simpson-Mochizuki correspondence for systems of log Hodge bundles

A typical and important class of log Higgs bundle is the system of log Hodge bun-
dles. In this subsection, we shall apply Theorem 2.8 to prove the Simpson—Mochizuki
correspondence for systems of log Hodge bundles.

Definition 2.10 (System of log Hodge bundles) Let (E, 6) be a log Higgs bundle on
a log pair (X, D). We say that (E, ) is a system of log Hodge bundles if there is a
decomposition of E into holomorphic vector bundles E := @ ,4=w E?*? such that

6 : EPY — EP~Latl @ @l (log D).

When D = &, such (E, 0) is called a system of Hodge bundles. A system of log Hodge
bundles is pq-(poly)stable if it is uq-(poly)stable in the sense of log Higgs bundles.

Definition 2.11 (Hodge metric) Let (E = ®p44=wE?" 9, 0) be a system of Hodge
bundles on a complex manifold X. A hermitian metric & for E is called a Hodge metric
if & is harmonic, and it is a direct sum of metrics on the bundles EP-4.

By Simpson [51], a system of Hodge bundles equipped with a Hodge metric is equiva-
lent to a complex variation of Hodge structures. He then established his correspondence
for Hodge bundles over compact Kéhler manifolds in [51, Proposition 8.1]. In the rest
of this subsection, we will extend his result to the log setting.

Let us state and prove the main result in this subsection.
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Proposition 2.12 Let (X, D) be a projective log pair. Let (E, 0) = (®pyg=wE?1,0)
be a system of log Hodge bundles on (X, D) which is |11 -polystable with fX c1(E) -
cp(L)dimX—1 — fx cha(E) - ey (L)IMX=2 — 0. Then there is a decomposition
(E,0) = ®ici(E;, 6;) where each (E;, 6;) is up-stable system of log Hodge bun-
dles so that there is a Hodge metric h; (unique up to a positive multiplication) for
(Eilx—p,0ilx—p) which is adapted to (Ej, 6;).

Proof Let us first prove the proposition when (E, 0) is stable. By [40, Theorem 9.1
and Propositions 5.1-5.3], there is a harmonic metrics & for (E|x_p, 0|x—p) which
is adapted to (E, 8), and such a harmonic metric is unique up to a positive constant
multiplication. We introduce automorphism f; : E — E of E parametrized by ¢t €
U (1), defined by

Al D ert)= 3 trera, (2.4.1)

ptrqg=w prq=w

forevery e’ € EP4.Then f; : (E,0) — (E, t0) is an isomorphism since 76 o f; =
[t o6. Hence by the uniqueness of harmonic metrics, there is a function A(¢) : U(1) —
R* such that

ffh = A@) - h.
For every e?? € EP4, one has

A(t) - h(e?,ePT) = fFh(eP, ePT) = h(fi(e”), fi(eP?))
— |tﬁ|2h(gl7’q’ eP9) = h(eP1, eP7)

Hence A(¢) = 1 for t € U(1), namely f;*h = h. On the other hand,
h(ePd, e"%) = fFh(eP?, e"*) = h(fi(ePD), fi(e"*)) = tPt™"h(eP 9, e"*)

for any ¢+ € U(1). Therefore, h(e?9,e"*) = 0if p # r. Hence h is a direct sum of
hermitian metrics for E”-9, namely 4 is a Hodge metric. The proposition is proved if
(E, 0) is stable.

Letus prove the general cases. By [40, Corollary 3.11 & Theorem 9.1 & Propositions
5.1-5.3], there is a canonical and unique decomposition (E, 0) = @;c;(E;, 8;) @ CPi
where [ is a finite set and harmonic metrics k; for (E;|x—p, 6i|x—p) which is adapted
to (E;, 6;) so that (E;, 6;) is a uup -stable log Higgs bundle. By the above arguments,
it suffices to prove that each (E;, 6;) is system of log Hodge bundles. Since (E, 0) is
a system of log Hodge bundles, (E, #6) is isomorphic to (E, 6) forany t € U(1). We
have the following decomposition (E, t0) = @®;(E;, t6;) ® CPi. Note that (E;, 16;)
is still wz -stable. By the uniqueness of the decomposition, (E;, t6;) =~ (E;,, 6;,) for
some i; € 1. Since I is a finite set, there exists 71, #> so that ¢ /1, is not a root of unity
and i;, = i,. In other words, (E;, 116;) >~ (E;, t26;). By [52, Lemma 4.1] or [53,
Theorem 8], (E;, t16;) is a system of log Hodge bundles, and so is (E;, 6;). Hence
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(E, 0) is a direct sum of p-stable system of log Hodge bundles (E;, 6;), and each
(Eilx—p,0ilx—p) admits a Hodge metric h; adapted to (E;, 6;). The proposition is
proved. O

3 Principal system of log Hodge bundles

In this section, we will extend Simpson’s principal system of log Hodge bundles in
[51, §8] to the log setting. We will provide all necessary proofs for the claims for
completeness sake. Let us mention that most results in this section follows from [51,
§ 8 & §9] with minor changes.

Let G be a real algebraic group which is semi-simple with its Lie algebra denoted
by go. Let G be the complexification of G with its Lie algebra denoted by g. Then
g = go + v —1go. Go is called a Hodge group if the following conditions hold.

e The Lie algebra g of G admits a Hodge structure of weight 0, namely, one has a
decomposition

g=og" "

SO that [gp’_p’ gq’_q] C gp+q!_p_q.
e If e denotes the complex conjugation with respect to go, then g”-—7 = g~ /7.
e The form

hg(U, V) := (=)' Tr(adyady) for U,V egh P (3.0.1)

is a positively definite hermitian metric for g.

let Ko C Gy be the Lie subgroup of Gg so that its Lie algebra £j is go N go,o. Let
K C G (resp. ¥) be the complexification of K¢ (resp. £y), and thus the Lie algebra of
K is €. Then the restriction of the Killing form of go on € is positively definite, and
thus Ky is a compact real Lie group.

In the rest of the paper, we shall use the above notations without recalling their
meanings.

The following concrete example of the Hodge group will be used in this paper,
especially in the proof of Theorem A.

Example 3.1 Consider the a direct sum of C-vector spaces
V=ij=uV"’

Denote by r; := rank V'*/, and r := rank V. Fix a hermitian metric h = ®;4 j=yh;
for V where h; is a hermitian metric for V'»/. We take a sesquilinear form Q (u, v) :=
(W=D "7 h(u,v) foru,v € V. Define Gy := PU(V, Q) ~ PU(po, qo), where
Do =D ; pagti and qo := D ; ,,., ti.- We shall show that G is a Hodge group.

First we note that the complexification of Gg is G := PGL(V) ~ PGL(r,C).
Then the Lie algebra of G is g = sl(V) =~ sl(r, C), and the Lie algebra of G is
go = su(po, qo). Let us define the Hodge decomposition as follows:
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g7 P = @;Hom(V"/, VITPI=Py N sl(V).

Then g = @g”~”. One can check that gl’——l’ = g~ PP, where the conjugate is taken
with respect to the real form gg of g.

Let K be the subgroup of G which fix each V/*/. Then K = P([]
and its Lie algebra is € = g%°. Define Ko := K N Go = P([]
whose Lie algebra is £y = g%% N go.

More precisely, if we fix a unitary frame ey, ..., ep, for (@ioaa VP, ®i oaahi)
and a unitary frame fi, ..., fz, for (®; even V"', ®ioaahi), elements in gy can be
expressed as the ones in M (r x r, C) with the form

B

where A € u(pg) and B € u(qo) so that Tr(A) 4+ Tr(B) = 0. Note that the Killing
form

i+j=w GL(Vi’j)),

i+j:w U(Vi’j3 hi))»

Tr(ady,ad,) = 2rTr(uv),

if we consider u, v as elements in sl(r, C). Moreover, for u € g”-~?, one can show
that

_ —u* if pis even
u =
&

u* if p is odd.

where u™* denotes the conjugate transpose of u. Hence the hermitian metric /4 defined
in (3.0.1) can be simply expressed as

hg(u, v) = 2rTr(uv®)

once we consider u, v as elements in s[(r, C). In other words, for the natural inclusion
t:g<— gl(V),onehashy = 2r- *hEna vy, where h gpq(v) is the hermitian metric on
End(V) induced by hy. This fact is an important ingredient in the proof of Theorem
A.

Let us generalize Simpson’s definition of principal system of Hodge bundles in [51,
§ 8] to the log setting as follows.

Definition 3.2 (Principal system of log Hodge bundles) A principal system of log
Hodge bundles on a log pair (X, D) is a pair (P, t), where P is a holomorphic K-
fiber bundle endowed with a holomorphic map

T :Tx(—logD) - P xg g_l’l

such that [t (1), T(v)] = 0. A metric for P|x_p is a reduction Py C P|x_p whose

structure group is Kg. Let dy be the Chern connection for Py. Define Ty to be the
complex conjugate of t|x_p with respect to the reduction Py. Then
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Ty e (X — D, (Py xx, 8" H @2 ).
Set
Dy :=dy +tlx—p +7H, (3.0.2)

which is a connection on the smooth Go-bundle Py x g, Go. Such triple (P|x_p,
T|x—p, Pn) is called a principal variation of Hodge structures over X — D of Hodge
group Gy, if the induced connection Dg in (3.0.2) is flat, namely the curvature of Dy
is zero.

Remark 3.3 Note that the metric reduction Py for a principal system of Hodge bundles
(P, ) onacomplex manifold X induces a hermitian metrichy on P xg g >~ Py X g, g
defined by

hi((p,w), (p,v)) :=hg(u,v) (3.0.3)

forany p € Py and u, v € g. Here hy is the hermitian metric defined in (3.0.1). Note
that Ko preserves the decomposition g = @ p44=wg™ ?*?. It thus also preserves hg.
Indeed, for u, v € g7”? and k € Ky, one has

(=) hg(Adgu, Adgv) = (=) hg(u, v).

By the equivalence relation (p, u) ~ (pk_l, Adiu), the metric hy is thus well-
defined.

Remark 3.4 (Period map of principal variation of Hodge structures) By Simpson [51,
p- 900], for a principal variation of Hodge structures (P, t, Py ) onacomplex manifold
X, one can also define its period map as follows. Denote by 77 : X — X the universal
cover of X. Set (P := n*P, T := n*1, Py := n* Py), which is a principal variation
of Hodge structures on the simply connected complex manifold X . The flat connection
Dy thus induces a flat trivialization PH X Ko Gy ~ X x Gy. Denote by ¢ : PH — Gy
the composition of the inclusion PH C PH Xk, Go =~ X x Gy and the projection
X x Gy — Go. It induces a map

f:X - Go/kg=:2
T ¢pler)- Ko Vey € Py ;. (3.0.4)
Alternatively, we view Go — Z as a principal Ko-fiber bundle over &, and its pull-
back on X via f is nothing but the principal Ky-fiber bundle Py by our definition of
f. Hence the complexified differential of f is

dft: T}? — YT =~ f*(Go Xk, ®pros” F) = Py x g, ®progh "

One can prove that dfC = 7 + ZH, where Ty is the conjugate of T with respect
to Py. Hence the restriction of d £C to the holomorphic tangent bundle T is 7,
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which is a holomorphic map since the holomorphic tangent bundle of Z is Ty =~
Go Xk, ®p<0g” . In conclusion, f is a holomorphic map, which is called the
period map associated to the principal variation of Hodge structures (P, t, Py), whose
differential is given by df = 7.

The uniformization is related by Hodge group of Hermitian type.

Definition 3.5 [51, §9] A Hodge group Gy is called Hermitian type if the Hodge
decomposition g of the Lie algebra of G is

g=g e eg !

and that G has no compact factor. In this case, Ko C Gy is the maximal compact
subgroup and 7 := Go/K, is a Hermitian symmetric space of non-compact type.

Let us generalize the definition of uniformizing bundle by Simpson [51, § 9] to the log
setting.

Definition 3.6 (Uniformizing bundle) Let G be a Hodge group of Hermitian type. A
uniformizing bundle on a log pair (X, D) is a principal system of log Hodge bundles
(P, 7) such that T : Tx(—log D) > P xg g~ !! is an isomorphism. A uniformizing
variation of Hodge structures is a uniformizing bundle on a complex manifold X
together with a flat metric Py C P.

Remark 3.7 (Uniformization via uniformizing bundles) It follows from Definition 3.6
that, for a uniformizing variation of Hodge structures (P, 7, Pg) over a complex
manifold X, the period map f : X — & defined in (3.0.4) is locally biholomorphic.
This follows from the fact that df = t, which is isomorphic at any point of X by
the definition. Recall that in Remark 3.3 the metric reduction Py together with the
positively definite form iy for g in (3.0.1) induce a metric iy for P xg g~ 1. For
the period domain & which is a hermitian symmetric space, one can also define the
hermitian metric kg for Ty ~ Go xk, g~ "! in a similar way. By Remark 3.4,
Py = f*Go when we consider Gy — & as a principal Ko-fiber bundle over 2. One
thus has

T tthy = frhy. (3.0.5)

In other words, f : (X, hg = n*t*hy) — (2, hg) is a local isometry. Hence for
the action of 71(X) on X, the metric h £ is invariant under this 71 (X)-action. If t™*hy

is a complete metric, so is *t*hy, and by [13, Theorem IV.1.2], f : X —> Pisa
Riemannian covering map, which is thus a biholomorphism since X and 2 are both
simply connected. In other words, X is uniformized by the hermitian symmetric space
2 when the metric T*h g on X is complete.

One can construct systems of log Hodge bundles from principal ones via Hodge
representations.
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Definition 3.8 [51, p. 900] Let (V = @ 44— V"¢, hy) be a polarized Hodge struc-
ture. A Hodge representation of G is a complex representation p : G — GL(V)
satisfying the following conditions.

e The action of g is compatible with Hodge type, and such that K preserves Hodge
type. In other words,

dp(g ") (VP) C VP

and p(Ko)(VP4) c vPa !
e The sesquilinear form Q defined by

O, v) = (V—1)""9hy(u,v) for u,vevPri (3.0.6)

is Go invariant. Namely, one has p(Go) C U(V, Q).

Example 3.9 For the Hodge group Gy, (g = ®,g” "7, hy) is a polarized Hodge
structure of weight 0, where /g is the polarization defined in (3.0.1) via the Killing
form. One can easily check that the adjoint representation Ad : G — GL(g) is a
Hodge representation for this polarized Hodge structure.

A principal system of log Hodge bundles together with a Hodge representation induces
a system of log Hodge bundles as follows.

Lemma3.10 If p : G — GL(V) is a Hodge representation of the Hodge group G
and (P, t) is a principal system of log Hodge bundles on the log pair (X, D), then
(E := P xx V,0 :=dp(1)) is a system of log Hodge bundles. A polarization hy
for V together with a metric Py for P|x_p give a metric hg on the system of Hodge
bundles (E, 0)|x—p over X — D. When (P|x—_p, T|x—p, Pg) is a principal variation
of Hodge structures over X —D, (E|x—p, 0|x—p, hE) gives rise to a complex variation
of Hodge structures.

Proof By Definition 3.8, one has p(K)(V?9) C VP9.Hence E := P xg V admits
a decomposition of holomorphic vector bundles £ = ®,44—yEP9 with EP4 =
P x g VP4 Letusdefine := dp(r).Since T : Tx(—log D) — P x g g~ ! satisfies
[t(w), T(v)] = 0, and dp(g~ "1 (VP4) c vP~L4+l one thus has 6 : EP4 —
EP~lLatl Q;(log D), with 6 A 8 = 0. Hence (E, ) is a system of log Hodge
bundles.

Let us now prove that p|x, : Ko — GL(V) has image on U(V, hy). Since
p(K)(VP4) C VP4, one thus has

p(K)yc [] GLr.
ptg=w

Since the sesquilinear form Q in (3.0.6) is G invariant, one thus has

p(Go) = UV, Q).

1 As remarked by Simpson [51], this is not automatic if K is not connected. However, in Example 3.1,
K is always connected, and thus such condition will be superfluous in that case.
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Hence

p(Ko) C p(GoNK)C [] UWVP9 hyy) CUWV. hy). (3.0.7)
prqg=w

Note that E = P xg V >~ Py xg, V. We define the hermitian metric 4 g for E by
setting

he((p,uw), (p,v)) := hy(u,v) (3.0.8)

for any p € Py and for any u, v € V. Since p(Ko) C U(V, hy), one can check as
Remark 3.3 that i g is well-defined.

If (P|x-p, Tlx—p, Py) is a principal variation of Hodge structures on X — D, the
connection Dy := dy + © + Ty is flat. By construction, the connection Dy, :=
dpe + 60 + 0 ; for E|x_p is also flat, where dj, is the Chern connection for the
metrized vector bundle (E, i), and 6, is the conjugate of  with respect to hg.
Indeed, it can be seen from that dj,,. is naturally induced by dy, 0 := dp(7), and
§hE =dp(Ty) by (3.0.8). By [51, p. 898], the triple (E|x—p, 0|x—p, hE) gives rise
to a complex variation of Hodge structures on X — D. O

Conversely, one can associate a system of log Hodge bundles with a principal one
as follows. The following result shall be applied in the proof of Theorem A.

Proposition 3.11 Let (E,0) = (®p1q=wE?"?,0) be a system of log Hodge bundles
on a log pair (X, D). Then there is a principal system of log Hodge bundles (P, T)
with the structure group K associated to (E,0), where K is the semi-simple Lie
group in Example 3.1. Moreover, any hermitian metric (not necessarily harmonic)
h := ®pyg=whp for E|x_p gives rise to a metric reduction Py for P|x_p with the
structure group Ko defined in Example 3.1.

Proof We shall adopt the same notions as those in Example 3.1. Denote by r, :=
rank EP 9, r =" rp and set £; := szi r;. We consider the following frame

bundle P. The fiber of P over a point x is the set of all ordered bases e, ..., e,
(or say frames) for E, such that €ly—rptls -5 €L, is a basis for EZ?. The structure
group of P is thus ]_[p GL(rp, C), which is the subgroup of GL(r, C). P can be
equipped with the holomorphic structure induced by E. Consider the homomorphism
f:GL(r,C) — PGL(r,C) =: G,andset K = P(]_[p GL(rp, C)) to be the image
of [] » GL(rp, C) under f. Set P to be the holomorphic K -fiber bundle obtained by
extending the structure group of [ | » GL(rp, C) using f.

Note that P x g g_l’1 = 69[+j:wH0m(Ei*j, Ei=LJ+1y Let us define 7 := 6. The
pair (P, 7) is a principal system of log Hodge bundles on the log pair (X, D).

Recall that the metric 4 for the Hodge bundle (E,@)|x_p is a direct sum
h = ®pyrg=whp. We take a sesquilinear form Q of E defined by Q(u,v) :=
(V/=1)P~9h(u, v) for u,v € EP4. We take Py to be a reduction of P|y_p con-
sisting of unitary frames with respect to Q. In other words, The fiber of P over a point
x is the set of frames ey, ..., e, for E, such that €ly—rptls -5 €l, is an orthonor-

prq=w

mal basis for (EF9, hp). Hence the structure group of 13H is IZO = ]_[p+q:w U(rp).
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Define Ko := P(]_[p+q=w U(rp)), which is the image f(Ko). Set Py to be the
smooth principal Ky-fiber bundle on X — D obtained by extending the structure group
of I3H using f : K — K. Then Py C Px_p is also a metric reduction. The Hodge
group Gq will be PU (po, qo) where pg := Zp even Vp and qo == Zp odd Tp» and
G := PGL(r, C) is the complexification of Gg. The proposition is proved. O

4 Tannakian consideration

In this section, we shall construct principal variation of Hodge structures over quasi-
projective manifolds. Its proof is based on Proposition 2.12 together with some
Tannakian considerations in [38,40,52].

Theorem 4.1 Let (X, D) be a projective log pair endowed with an ample polariza-
tion L. Let (P, t) be a principal system of log Hodge bundles on (X, D), and let
p be a Hodge representation p : G — GL(V) for some polarized Hodge structure
V= @iﬂ:wvi’f, hy)sothat plk, : Ko — GL(V)isfaithfulanddp : go — gl(V)
is injective. If the system of log Hodge bundles (E := P xg V, 0 := dp(7)) defined in
Lemma 3.10 is wp -polystable with fX chy(E) - Cl(L)dimX_2 = 0, then there exists a
metric reduction Py for P|x_p so that the triple (P|x—p, T|x—p, Px) is a principal
variation of Hodge structures on X — D. Moreover, such Py together with the polar-
ization hy for V gives rise to a Hodge metric h for (E, 0)|x—_p (defined in Lemma
3.10) which is adapted to (E, 0).

Proof We first prove that (E, 6)|x—p admits a Hodge metric % over (E, 6)|x—p which
is adapted to (E, 0). Since K is a complex semi-simple Lie group, the Hodge repre-
sentation p’ : K — G L(det V) induced by p has image contained in SL(det V) = 1.
Hence p’ is trivial. Note that det E = P x g det V, which is thus a trivial line bun-
dle on X. Hence ci(E) = 0. Since we assume that (E, 0) is up-polystable with
fx chy(E) - cl(L)dim X=2 — 0, it follows from Proposition 2.12 that (E,0)|x—p
admits a Hodge metric & over (E, 6)|x—p which is adapted to (E, 0).

Let us show that p|g : K — GL(V) is faithful. By (3.0.7), one has p(Kg) C
U(V,hy). Since K is the complexification of Ko and plg, : Ko — GL(V) is
assumed to be faithful, one concludes that p|x : K — GL(V) is also faithful.

Let us now recall some Tannakian arguments. The representation p induces a
representation p,p : G — GL(T%’V) for any a,b € N, where T%*V :=
Hom(V®?, V®). Since p|g : K — GL(V) is faithful, we can consider K as a
reductive algebraic subgroup of GL(V). There is a one dimensional complex sub-
space V| € T%PV for some (a, b) € N? so that

K ={g e GL(V) | pas(®) (V1) = V1}. (4.0.)

Since K is reductive, there is a complementary subspace V5 of T%?V for V| which is
invariant under K .

By Lemma 3.10, the Hodge representation p, , and (P, T) gives rise to a system of
log Hodge bundles (P x x T%?V, 6%t = dpa,bp(t)) over (X, D), whichis nothing but
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T%b(E, 6). Recall that Pa.b(K)(V1) = Vi and p, 5(K)(V2) = Va. Consider the log
Higgs bundles (E1, 61) := (P xx Vi,dpap(t)) and (E2, 62) := (P xx V2,dpa (7))
over (X, D).

Note that T*?(E,0) = (E;,6)) @ (Ea,6,). By Theorem 2.8, T*?(E, 0) is
wr-polystable with fX c(T*P(E)) - ey (L)I™X-1 = 0 with respect to an arbi-
trary polarization L. Since ¢ (T%?(E)) = ¢1(E1) + c1(E»), by the polystability of
T%Y(E, 6), we conclude that (E;, 6;) and (E3, 6>) are both up-polystable. By Propo-
sition 2.12, each (E;|x—p, 6;|x—p) admits a harmonic metric 4; which is adapted to
(E;, 6;). Moreover, h coincides with i @ hj up to some obvious ambiguity.

In the rest of the proof, any object which appears is restricted over X — D. Let us
first enlarge the structure group of P by defining Pgr(v) := P xx GL(V) via the
faithful representation p|x : K — GL(V). This is the holomorphic principal (frame)
bundle associated to E. We can consider P = P xg¢ K C Pgp(v) as a reduction
of Pgr(vy. The metric h for E gives rise to a reduction Py g p) of Pgy vy with the
structure group U (V, hy). Indeed, note that

E = Pgrwv) XeLwv)V

and thus the metric & for E induces a family of hermitian metrics 4, for V parametrized
by e € Pgr(v).Ithas the obvious relation .., = g*h, forany g € GL(V). We define

Py.n =1{e € PoL) | he = hv} (4.0.2)

and it is obvious thatif e € Py (g p),thene-g € Py pyifandonlyif g € U(V, hy).
Hence the structure group of Py g p)is U(V, hy).

Let us define Py := P N Py(g,n whose structure group is U(V, hy) N K D Ky
by (3.0.7). Since Ky is the maximal compact subgroup of K and U(V,hy) N K is
also compact, one has moreover U (V, hy) N K = Ko. Hence Py C P is a metric
reduction with the structure group Ky.

Obviously, if we follow Lemma 3.10 to define a new metric 4’ for E by setting

R ((p,u), (p,v)) :=hy(u, v)
for any p € Py and for any u, v € V, then
W =nh 4.0.3)

by (4.0.2). We shall prove that (P|x_p, T|x—p, Pn) is a principal variation of Hodge
structures on X — D following the elegant arguments in [38, Proposition 3.7].

Let A € €*°(PgLv), T;;cuw ® gl(V)) be the Chern connection 1-form for the
principal bundle P (v) induced by the Chern connection dj, for (E, h). Fix a base
point p € P C Pgr(v), and we denote by 7 : P — X the projection map. Recall

that
TP (E, h) = (E1, 1) ® (Ea, hy),
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and
E,’ =P XK V,

Hence the holonomy Hol(p, y) € GL(V) with respect to the connection A along
any smooth loop y based at 7 (p) satisfies that

pap(Hol(p, ) (Vi) C Vi

fori = 1,2. By (4.0.1), one has Hol(p, y) € K. Hence the restriction of A to P is
1-form with values in €. In other words, A is induced by a connection on P.

On the other hand, by the definition of the Chern connection, A is also induced by
a connection on Py (g p); in other words, the restriction of A to Py (g py is 1-form with
values in Lie(U(V, hy)), where Lie(U (V, hy)) denotes the Lie algebraof U (V, hy).
Since €y = £NLie(U(V, hy)), there is a connection Ag € €*°(Py, T;,‘H ® o) for the
smooth principal Kg-fiber bundle Py := Py g ) N P which induces the connection
A. Ag is moreover the Chern connection with respect to the reduction Py of P by
our construction. Let us define Fy € & 1’1(PH X K, 90) to be the curvature form
of the connection Ag + 7 4 Ty over the smooth principal Ko-bundle Py xg, Go, ,
where T is the adjoint of T with respect to the metric reduction Py C P. Recall that
0 :=dp(t). By (4.0.3), one has 0, = dp(Ty). Hence

dp(Fu) = (dy + 6 +03)> = Fy(E) =0 (4.0.4)

where dj, is the Chern connection for (E, h). Since dp : go — gl(V) is assumed to be
injective, by (4.0.4) this implies that Fg = 0. In conclusion, (P|x_p, T|x—p, Pg) is
a principal variation of Hodge structures on X — D. O

5 Uniformization of quasi-projective manifolds by unit balls

This section is devoted to the proof of Theorem A. In Sect.5.2 we shall prove a basic
result for the extension of plurisubharmonic functions. This lemma will be used in the
proof of Theorem A. We shall also give an application of this fact in Hodge theory:
we can give a much simpler proof of the negativity of kernel of Higgs fields for tame
harmonic bundles originally proven by Brunebarbe [9] (see also [60] for systems of
log Hodge bundles). With all the tools developed above, we are able to prove Theorem
Ain Sect.5.3.

5.1 Adaptedness to log order and acceptable metrics

We recall some notions in [41, §2.2.2]. Let X be a ¢ *°-manifold, and E be a €°°-
vector bundle with a hermitian metric . Let v = (v, ..., v,) be a €°°-frame of
E. We obtain the H (r)-valued function H (h, v),whose (i, j)-component is given by
h(vi, Uj).
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Let us consider the case X = A", and D = Zle D; with D; = (z; = 0). We have
the coordinate (z1, ..., z,). Let i, E and v be as above.

A frame v is called adapted up to log order, if the following inequalities hold over
X—-D

-M M

¢ 4
c! (— Y log Izl'|> =Hhv)=C (— > log |Zf|)
i=1 =1

for some positive numbers M and C.

Definition 5.1 Let (X, D) be a log pair, and let E be a holomorphic vector bundle on
X. A hermitian metric i for E|x_p is adapted to log order if for any point x € D,
there is an admissible coordinate (U; z1, ..., Zx), @ holomorphic frame v for E|y
which is adapted up to log order.

Definition 5.2 (Acceptable metric) Let (X, D) be a log pair and let (E 0) be a log
Higgs bundle over (X, D). We say that the metric & for E|x_p is acceptable, if for
any p € D there is an admissible coordinate (U; zy, ..., z,) around p, so that the
norm |Fplp,mp < C for some C > 0 over U — D. Such triple (E, 6, h) is called an
acceptable bundle on (X, D).

One can easily check that acceptable metrics and adaptedness to log order defined
above are invariant under bimeromorphic transformations.
Lemma5.3 Let (X, D) be a log pair, and let n : X > Xbea bimeromorphic
morphism so that ,u_l (D) = D. Fora log Higgs bundle (E, 0) over (X, D), one can
define a log Higgs bundle (E,0) on (X, D) by setting E = u*E and 0 to be the
composition

WE LS (B @ Qlog D)) —» *E® QL (log D).

If the metric h for (E, 0)|x—p is acceptable or adapt to log order; so is the metric u*h
for (E,9)|)~(75. O

5.2 Extension of psh functions and negativity of kernel of Higgs fields

In this subsection we shall prove a result on the extension of plurisubharmonic (psh
for short) functions, which will be used in the proof of Theorem A and Proposition
6.6. As a byproduct, we give a very simple proof of the negativity of kernels of Higgs
fields of tame harmonic bundles by Brunebarbe [9, Theorem 1.3], which generalizes
the earlier work by Zuo [60] for system of log Hodge bundles.

Lemma5.4 Let X = A", and D = Yr_, D; with D; = (z; = 0). Let ¢ be a psh

function on X*. We assume that for any 8§ > 0, there is a positive constant Cs so that

14

9(2) <8 (—loglz;*) + Cy
j=1
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on X*. Then ¢ extends uniquely fo a psh function on X.

Proof Define ¢, := ¢ + ¢ Z‘;:l(log |zj|2) for any ¢ > 0. Then for each ¢ > 0,
@e is locally bounded from above, which thus extends to a psh @, on the whole X
by the well-known fact in pluripotential theory. By the maximum principle, for any
0 <r < 1,thereis apoint &, € S(0,r) x ---S(0, r) so that

sup ©0e(2) < @e(&e) < @(&e)
z€A(0,r)x---xA(0,r)

where S(0, r) := {z € A | |z] = r}. Note that the compact set S(0, r) x ---S(0, r) is
contained in X — D. Since ¢ is psh on X — D, there exists zg € S(0,r) x ---S(0, r)
so that

sup ¢(z) < ¢(z0) < +00.
z€S(0,r)x---8(0,r)

Hence ¢, is uniformly locally bounded from above.

We define the upper envelope ¢ := sup,.  @s, and define the upper semicontinuous
regularization of ¢ by ¢*(x) := lims_, o+ supp, 5) $(2), where B(x, §) is the unit ball
of radius § centered at x. Then by the well-known result in pluripotential theory [19,
Chapter 1, Theorem 5.7], ¢* is a psh function on X. By our construction, *(z) = ¢(z)
on X — D. This proves our result. O

A direct consequence of the above lemma is the following extension theorem of pos-
itive currents.

Lemma5.5 Let (X, D) be alog pair and let L be a line bundle on X. Assume that h is
a smooth hermitian metric for L|x_p, which is adapted to log order. Assume further
that the curvature form ~—=1Ry(L|x—p) = 0. Then h extends to a singular hermitian
metric h for L with zero Lelong numbers so that the curvature current =1 R (L) is
closed and positive. In particular, L is a nef line bundle. m|

Let us show how to apply Lemma 5.4 to reprove the negativity of kernels of Higgs
fields of tame harmonic bundles.

Theorem 5.6 (Brunebarbe) Let X be a compact Kéiihler manifold and let D be a simple
normal crossing divisor on X. Let (E, 6, h) be a tame harmonic bundle on X — D, and
let (°E, 0) be the prolongation defined in [39, § 4.1]. Let F be any coherent torsion free
subsheaf of °E which lies in the kernel of the Higgs field 0 : °E — °E ® QL (log D),
namely 0(F) = 0. Then

(i) the singular hermitian metric h|x for F, is semi-negatively curved in the sense
of [49, Definition 2.4.1].

(i1) The dual F* of F is weakly positive over X° — D in the sense of Viehweg, where
X° C X is the Zariski open set so that F|xo — °E|xo is a subbundle.

(iii) Ifthe harmonic metric h is adapted to log order and F is a subbundle of °E so that
0(F) = 0, then the line bundle Op r+ (1) admits a singular hermitian metric g
with zero Lelong numbers so that the curvature current =1 Ry (Op(r+ (1)) >
0; in particular, F* is a nef vector bundle.
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Proof By [49, Definition 2.4.1], it suffices to prove that for any open set U and any
s € F(U), log |s|}21 extends to a psh function on U. Pick any point x € D. By the
definition of °E, for any § > 0, there are an admissible coordinate (U; z1, ..., Zn)
centered at x, and a positive constant Cs so that

14

logs|; <8 (—log|z;|») + Cs
j=1

on U — D. Recall that R, (E) + [0, 0;,] = Fn(E) = 0. Since 6(s) = 0, we have

VT log s > —YHOn O8] V1O, Bus)
- 2. Y _Y

2 2
|S|h |S|h

_ _v—1{9h2s, Ons} > 0.
|s|h

over X — D. Hence log |s |%l is a psh function on X — D. By Lemma 5.4, we conclude
that log |s|% extends to a psh function on U. This proves that (F, k) is negatively
curved in the sense of Pdun-Takayama.

The metric / induces a negatively curved singular hermitian metric /2 (in the sense
of [49, Definition 2.2.1]) on the subbundle F|x-. By Lemma 5.5, /1 induces a singular
metric g for the line bundle Op(z+|,0)(1) s0 that /=1 Rg(Op(r+|,0)(1)) > 0. Note
that X — X° is a codimension at least two subvariety. The second statement then
follows from Hormander’s Lz-techniques in [49, Proof of Theorem 2.5.2].

Let us prove the last statement. Since F is a subbundle of °E, one has X° = X.
Since & is assumed to be adapted to log order, the singular hermitian metric g for
Op(F+) (1) thus has zero Lelong numbers everywhere. This implies the nefness of the
vector bundle F*. |

5.3 Characterization of non-compact ball quotient

Let us state and prove our first main theorem in this paper.

Theorem 5.7 Let X be an n-dimensional complex projective manifold and let D be a
simple normal crossing divisor on X. Let L be an ample polarization on X. For the log
Hodge bundle (Q}( (log D) ® Oy, 6) on (X, D) with 6 defined in (1.1.1), we assume
that it is L -polystable. Then one has the following inequality

n

(2c2(2% (log D)) — c1(Qy (log D))?) - e1 (L)% > 0. (5.3.1)

n+1

When the above equality holds,

(i) if D is smooth, then X — D ~ B" /T for some torsion free lattice T C PU(n, 1)
acting on B". Moreover, X is the (unique) toroidal compactification of B" /T, and
each connected component of D is the smooth quotient of an Abelian variety A
by a finite group acting freely on A.
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—_~—

(1) If D is not smooth, then the universal cover X — D of X — D is not biholomorphic

S

to B", though there exists a holomorphic map X — D — B" which is locally
biholomorphic.

In both cases, Kx + D is big, nef and ample over X — D.

Proof Denote the log Hodge bundle (E, 6) = (EMO g EOL 9) by
EM0 .— Qﬁf(log D), EO .= Ox.

By [40, Theorem 6.5] we have the following Bogomolov-Gieseker inequality for
(E,0)

(2c2(2 (log X)) — - i 1c1(§2}((10g D))?) - e (L)"?
= Cex(B) - BEE 2L ) 2 2 0 (532)
rank E - e

This shows the desired inequality (5.3.1).

The rest of the proof will be divided into three steps. In Step 1, we shall construct a

uniformizing variation of Hodge structures on X — D so that the corresponding period
map defined in (3.0.4) induces a holomorphic map (so-called period map in Remark
3.7) from the universal cover of X — D to B" which is locally biholomorphic. By
(3.0.5), this period map is moreover an isometry if we equip X — D with hermitian
metric induced by the Hodge metric. In Step two we will prove that, when D is smooth,
the hermitian metric on X — D induced by the Hodge metric is complete. Together
with arguments in Remark 3.7, this proves that the above period map is indeed a
biholomorphism. In Step three we shall prove Theorem 5.7.(ii) and the positivity of
Kx + D.
Step 1. We apply Proposition 3.11 to the above system of log Hodge bundles (E'° @
E%! 0). Then there is a principal system of log Hodge bundles (P, 7) on (X, D) with
the structure group K = P(GL(VY9) x GL(V%1)) withrank V!0 = rank E1-0 = g,
and rank V%! = rank E®-! = 1. Here we use the notations in Example 3.1. Then by
Proposition 3.11 the Hodge group relative to (P, t) is Go = PU(n, 1), and Ko =
KNGop= PWU(n) x U(l)) = U(n). For the complexified group G = PGL(V) of
G, its adjoint representation Ad : G — GL(g) = GL(sl(V)) s faithful. By Example
3.9, this is a Hodge representation. By Example 3.10, such Hodge representation Ad
induces a system of log Hodge bundles (P x a4 g, d(Ad)(7)) over (X, D). It follows
our construction of (P, t) that

(P X 4q 8, d(Ad)(1)) = (End(E)", Op,q05)1),
where End(E)* is the trace-free subbundle of End(E), and OEna(e)L 1s the induced
Higgs field from (E, 6).

On the other hand, an easy computation shows that c¢; (End(E)) = 0, and

chy(End(E)) = —2rank E - ¢ (E) 4+ (rank E — 1)cq (E)2

@ Springer



A characterization of complex quasi-projective...

=nc2(Kx 4+ D) —2(n + 1)c2(Q24 (log D)) = 0

since the equality in (5.3.2) holds by our assumption. Since we assume that (E, 6)
is pp-polystable, by Theorem 2.9, (End(E), 6g,q(E)) is also pp-polystable. We
now apply Proposition 2.12 to find a Hodge metric 4 for the system of log Hodge
bundle (End(E)|x—p, OgnacE)|lx—p) which is adapted to (End(E), Og,q(E)). Since
(End(E), Opna)) = (End(E)*, QEnd(E)L) @ (Ox, 0), we conclude thath = h{ D ho,
where /1 is the harmonic metric for (End(E )J- |x—p,0 EndL(E) | x—p) which is adapted
to the log Higgs bundle (End*(E), 6 EndL(E))» and hy is the canonical metric for the
trivial Higgs bundle (Oy, 0).

We now apply Theorem 4.1 to conclude that /1 induces a reduction Py for P|x_p
with the structure group Ko = P (U (n) x U(1)) =~ U (n), which is compatible with /1
such that (P|x_p, T|x—p, Pyg) is a principal variation of Hodge structures on X — D.
Note that

Tx(—log D) > P xg g~ ! = Hom(E"*, E®') ~ Hom(Q (log D), Ox)

is an isomorphism. Hence (P|x_p, T|x—p, Pg) is moreover a uniformizing variation
of Hodge structures over X — D in the sense of Definition 3.6. By Remark 3.7, it gives
rise to a holomorphic map, the so-called period map,

X—D— Go/ky=PUn, D)/yumn)~B" (5.3.3)
defined in (3.0.4), which is locally biholomorphic. Here X-D is the universal cover
of X — D.

Note that the reduction Py together with the hermitian metric A4 in (3.0.1) gives
rise to a natural metric h g over P X g g|x—p defined in (3.0.3). By Remark 3.7 again,
if the pull back t*hy is a complete metric on X — D, then X — D is uniformized by
Go/Ky = PU(n, 1) /U (n) which is the complex unit ball of dimension n, denoted by
B". It follows from (4.0.3) that &} = hy. It now suffices to show that t*% is complete
if we want to prove that X — D is uniformized by B”, where we recall

1 : Tx(—log D) > Hom(E"?, E®') C End(E).

In next step, we will apply similar ideas by Simpson [52, Corollary 4.2] to prove this.
Note that until now we made no assumption on the smoothness of D.

Step 2. Throughout Step 2, we will assume that D is smooth. Consider now the system
of log Hodge bundles (£, n) := (End(E), 6gna(E)). We first mention that the above
Hodge metric & for (€, n)|x—p is adapted to log order in the sense of Definition 5.1.
Indeed, it follows from [39, Corollary 4.9] that the eigenvalues of monodromies of the
flat connection D := dj + n + 7, around the divisor D are 1. By the “weak” norm
estimate in [39, Lemma 4.15], we conclude that / is adapted to log order?.

2 Indeed, a strong norm estimate has already been obtained by Cattani—Kaplan—Schmid in [14]. Here we
only need to know that £ is adapted to log order, which is a bit easier to obtain using Andreotti—Vesentini
type results by Simpson [52] and Mochizuki [39, Lemma 4.15].
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We first give an estimate for t*h. For any point x € D, consider an admissible

coordinates (U; z1, ..., z,) centered at x as Definition 2.3 sothat DNU = (z; = 0).
To distinguish the sections of log Higgs bundles and log forms, we write e; := d log z;
and ¢; = dz; fori =2,...,n. Denote by ¢y = 1 the constant section of Oy.

Let us introduce a new metric 7 on (E, 0)|y+ as follows.

le1]? := (=loglzi*); (ei,ej); =0 for i # j;

leil7 :==1 for i =2,....n; leol} :=(=loglzi>)~".

Write h;; = |ei|%l, and Fj,(E) := F;(E); ® e’; ® ei. Then fori, j = 2,...,n, one
has ‘

Fr(E)i1 = Fj(E)i0 = Fj;(E)o1 = Fj(E)oi = Fj;(E)jo=0
Fi(E)ij = (—log 1211 dzi A dz;
1

Fi(E)) = ——————
WEN = e

dzy ANdz;

Fi(E)i1 = dz; Adz

(—log|z11H)z1

n
Fi(E)oo = Y _(—loglzi) ™' dzi A dZ;.
i=2

In conclusion, there is a constant C; > 0 so that one has

< G
~ (—loglz11®)3z11?

IF (B, = > |Fp(EN @€ @ely (5.3.4)

0<j.k=n

over U *(%) (notation defined in Definition 2.3), where w, = /—1 Yo dzi AdZi s
the Euclidean metric on U*.

We abusively denote by h the induced metric on (&, Mly* == (End(E), Ognae)) U+,
which is adapted to log order on (U, D N U) in the sense of Definition 5.1 by our
construction. Then

F;(€) = F;(E) ® 1gx + 15 ® Fj.(E™)
= F(E)® lg+ — 1p ® F;(E)"

where F;I(E)J’ is the transpose of Fj (E). Hence

Fj(&)(ei ® e}) = Z((Sleﬁ(E)ik — 8ik Fj;(E)¢j) ek ® ey)
k.t

@ Springer



A characterization of complex quasi-projective...

for0 <1i, j, k, £ < n. It then follows from (5.3.4) that

(&)
F (&) < 5.3.5
5w, = (—log|z11?)*|z1? (-3:3)

over U >"(%) for some constant C; > 0. Consider the identity map s for £, which
can be seen as a holomorphic section of End(€, £). We denote by (F, P) :=
(End(&, £), ngnace)) the induced Higgs bundle by (£, 7). One can check that

d(s) = 0. (5.3.6)

We equip F|y+ with the metric hr = h ® h*, where h is the harmonic metric for
(€, n)|x—p constructed in Step one. Note that

Fre(F)=F;)®@ler +1g® Fp«(EY)
= Fﬁ(g) ® Lex

By (5.3.5), there is a constant Cp > 0 so that one has

Co
| Fhe (P)lhpw, < —————5— (5.3.7)
(—loglz1[»)2z1]
over U*(%). Then
- V=1{Ry s,
V=Tadlog|sl; . > Y URips, 5} nr? l
|s|hf
_ _«/—I{CDS, ®s) N=U®p s, Dpps) B N=UFz(F)s, s}
1517 - 1517 . 517,
- _VUHFp e (F)s, s}
- Is17

Here the third inequality follows from (5.3.6). For any & = (&,...,&,) with 0 <
&E,..., & < %, we define a smooth function fz over A* parametrized by & by

fe(z1) i=loglsl . (z1. &2, ... &n).
Then the above inequality together with (5.3.7) implies that

Co
Afe z =1Fhe(Plhpw, 2 ——————5— =¢
(—loglz11?)2|z1]
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where Cy is some uniform constant which does not depend on &. Note that

ol :=/ le@nPdzidz < Gy (53.8)
<lzil<3
for some constant C4 > 0. For any fixed 0 < &,...,§, < %, consider the Dirichlet
problem
_ _1
¢=fe on {z1]lz1l = 5} 1 (5.3.9)
Ap=¢ on {z1|0<|z1| <3}
By (5.3.8) and the elliptic estimate, one has
sup [p(z)| = Cs(ll@ll2 + sup fe). (5.3.10)

0<lzil<} lz11=1

over {z1 | 0 < |z1] < %} for some uniform positive constant C5 which does not

depending on &£. Hence A(fz — ¢) > Oover {z1 | 0 < |z1] < %}. Since both 4 and h
are adapted to log order, so is & r. Hence there is a constant Cg > 0 so that

4
log |s|7 . < Celog (— D log |z,-|>
i=1

overU* (%). By Lemma 5.4, we conclude that f —¢ extends to a subharmonic function
on{z | |z1] < %}. Note that fg(z1) —¢(z1) = 0 when |z1| = % Hence by maximum
principle,

fe(z) < ¢(z1)
forany 0 < |z1] < %.Let

Cy = sup fe(z)

lz11=%.0<82,...6a <}
which is finite. By (5.3.8) and (5.3.10), we have

sup log [s[7 (21 - ... 2n) < C5(Cq + C7).

1
0<|z11<3,0=22,....20 =3

This implies that 7 > Cg - h over U*(%) for some constant Cg > 0. By (5.3.5), one
has

Co
|Fpe (€)1, < :
h h*,w, (—10g|Z1|2)3|Z1|2
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Hence if we use the metric 7 ® h* for F and do the same proof, we can prove that
h < Co-hoverU *(%) for some constant Cy > 0. Therefore, & and h are mutually
bounded on U*(}). By

0

T <Z1 —) =e] ®ep (5.3.11)
971
0 « .

T\~ )=¢®e for j=2,...,n, (5.3.12)
0z ’

we obtain the norm estimate for the metric

V=1dzi AdZT S N —1dzi AdZ

— =+
ciPloglaiP? T = —loglail?

T*h ~ t*h = (5.3.13)

Though t*4 is strictly less than the Poincaré metric near D, one can easily prove that
it is still a complete metric. Therefore, the hermitian metric t*hy = t*hon X — D is
also complete. Based on Remark 3.7, we conclude that X — D is uniformized by the
complex unit ball of dimension n, namely, there is a torsion free lattice I' C PU (n, 1)
so that X — D ~ B" /. By (5.3.11) and (5.3.12), the canonical Kéhler—Einstein metric
w = t*h for Tx(—log D)|y is adapted to log order. It follows from Theorem A.7
that X is the unique toroidal compactification for the non-compact ball quotient B" /T".
We accomplish the proof of Theorem 5.7.(i).

Step 3. Assume now D is not smooth. By (5.3.3), the period map X — D — B”
is locally biholomorphic. Assume by contradiction that it is an isomorphism. Since
h is adapted to log order, the canonical K#hler-Einstein metric w := t*h for
Tx(—log D)|y is also adapted to log order. It follows from Theorem A.7 that D
cannot be singular. The contradiction is obtained, and thus the period map is not a
uniformizing mapping. We proved Theorem 5.7.(ii).

Let us show that Kx + D is big, nef and ample over X — D. Note that the metric
det w™! for (Kx + D)|y is adapted to log order, and that

-1
ngetw—l((KX +D)|y) = (n+ Do.

By Lemma 5.5, the hermitian metric det w™! extends to a singular hermitian met-
ric hg,+p for Kx + D with zero Lelong numbers. Hence Kx + D is nef. Since
\/TthKX+D(KX + D) > 0on X — D, Kx + D is thus big and ample over X — D.
We finish the proof of the theorem. O

Remark 5.8 Note that the asymptotic behavior of the metric (5.3.13) is exactly the
same as that of the Kéhler—Einstein metric for the ball quotient near the boundary of
its toroidal compactification (see [44, eq. (8) on p. 338]). This is indeed the hint for
our construction of /.

Remark 5.9 We expect that Theorem 5.7.(ii) cannot happen. This is the case when
dim X = 2. Indeed, when the Miyaoka—Yau type equality in (1.1.2) holds, together
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with the conclusion that Kx 4 D is big, nef and ample over X — D in Theorem
5.7, it follows from [34] that X — D is uniformized by B2, which is a contradiction to
Theorem 5.7.(ii). This is not surprising: consider the smooth toroidal compactification
X of a two dimensional ball quotient B?/T" with D := X — B?/r, (1.1.3) holds by
Theorem B. Let x € D andletw : ¥ = Bl, X — X. Then Y is a projective surface
compactifying B? /T with the boundary Dy := 7*D a simple normal crossing (not
smooth) divisor. However, one has

3¢2(Q) (log Dy)) — ¢1(R2) (log Dy))? = 1,

which violates the condition of uniformization in Theorem 5.7.

6 Higgs bundles associated to non-compact ball quotients

In this section, we will prove Theorem B. Sections 6.1 and 6.2 are technical prelimi-
naries. In Sect. 6.3 we prove that a log Higgs bundle (E, ) on a compact Kéhler log
pair is slope polystable with respect to some polarization by big and nef cohomology
(1, 1)-class, if (E, 8) admits a Hermitian—Yang—Mills metric with “mild singularity”
near the boundary divisor. In Sect. 6.4 we use the Bergman metric for quotients of
complex unit balls by torsion free lattices to construct such Hermitian—Yang—Mills
metric. This proves Theorem B.

6.1 Notions of positivity for curvature tensors

We recall some notions of positivity for Higgs bundles in [20, §1.3].

Let (E, 0) be a Higgs bundle endowed with a smooth metric 4. For any x € X, let
el,...,e beaframeof E at x, and lete!, ..., e" beits dual in E*. Let z;, ..., 2 be
a local coordinate centered at x. We write

Fi(E) = Ry(E) +[6,04] = R dzj ndZ @ ¢ @ e

Set leEaB = h},BR;/Ea, where hyﬁ = h(ey, eg). Fj(E)is called Nakano semi-positive
at x if
Z Rj/;aléujauTﬁ 20
k.o, B
foranyu = Zj’a ule 3iz, Req € (T§’O® E)..(E, 6, h)is called Nakano semipositive

if Fj(E) is Nakano semi-positive at every x € X. When 6 = 0, this reduces to the
same positivity concepts in [19, Chapter VII, §6] for vector bundles.
We write

Fr(E) >Nk Mo ® 1g) fori e R
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if
D" (Rjtp — 2o thyp) ) ukf > 0
j’k’ahﬂ
forany x € X and any u = Zj’a uj"‘% Rey € (T)}‘O Q E)y.
Let us recall the following lemma in [20, Lemma 1.8].

Lemma 6.1 Let (E, 0, h) be a Higgs bundle on a Kdhler manifold (X, w). If there is
a positive constant C so that |Fy(x)|p, < C for any x € X, then

Co®1g >Nak Fn 2Nak —Co ® 1.

The following easy fact in [20, Lemma 1.9] will be useful in this paper.

Lemma 6.2 Let (E1, 62, h1) and (E», 02, ho) are two metrized Higgs bundles over a
Kdhler manifold (X, w) such that |Fy, (X)|n,0 < C1 and |Fpy(X)|py,0 < Ca for all
x € X. Then for the hermitian vector bundle (E1 ® E», h1h3), one has

|Fh1®h2(x)|h1®hz,w =< vV 27'2C12 + Zrlcg

forall x € X. Here r; := rankE;.

6.2 Some pluripotential theories

In this subsection we recall some results of deep pluripotential theories in [4,26]. The
results in this subsection will be used in the proof of Proposition 6.6. Let us first recall
the definitions of big or nef cohomology (1, 1)-classes in [18, §6].

Definition 6.3 Let (X, w) be a compact Kihler manifold. Let « € H!(X,R) be a
cohomology (1, 1)-class of X. The class « is nef (numerically eventual free) if for any
& > 0, there is a smooth closed (1, 1)-form n, € « so that n, > —ew. The class « is
big if there is a closed positive (1, 1)-current 7 € « so that T > dw for some § > O.
Such a current T will be called a Kdhler current.

Let X be a complex manifold of dimension n and let U C X be a Zariski open set
of X. Pick a smooth hermitian form @ on X. For any smooth differential form 7 of
degree p on U so that

/ Mo A 0" < 00,
U

one can trivially extend n to a current T, on X of degree n — p by setting

(Ty, u) :=/ nAU 6.2.1)
U
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where u is the any fest form of degree p which has compact support. In general, T
might not be closed even if 7 is closed.

Let (X, w) be a compact Kéhler manifold of dimension n. Let oy, ..., «, be big
cohomology classes. Let T; € «; be positive closed (1, 1)-currents whose local poten-
tial is locally bounded outside a closed analytic subvariety of X (a particular case of
small unbounded locus of [4, Definition 1.2]). In this celebrated work by Boucksom-
Eyssidieux-Guedj-Zariahi [4], they defined non-pluripolar product for these currents

(Ty A--- NTp)

which is a closed positive (p, p)-current, and does not charge on any closed proper
analytic subsets. Therefore, if we assume further that 7; is smooth over X — A where
A is a closed analytic subvariety of X, then (T7 A --- A T)) is nothing but the trivial
extension of the (p, p)-form (1 A--- ATp)|x—4 to X.

Following [4, Definition 1.21], for a big class «, a positive (1, 1)-current 7' € «
has full Monge-Ampere mass if

/ (T"") = Vol(a).
X

The set of such positive currents in o with full Monge-Ampere mass is denoted by
E(a). We will not recall the definition of the volume of big classes by Boucksom in
[8]. We just mention that when the class « is big and nef, one has

Vol(a) = ™.

The following lemma will be used in Sect. 6.3.

Lemma 6.4 Let (X, w) be a compact Kdhler manifold and let D be a simple normal
crossing divisor on X. Let S be a closed positive (1, 1)-current on X so that S|x—p
is a smooth (1, 1)-form over X — D which is strictly positive at one point and has at
most Poincaré growth near D. Then the cohomology class o := {S} is big and nef,
and S € E(a).

Proof Let T be the Kihler current on X constructed in Remark 2.5. Since T'|x_p has
at most Poincaré growth near D, there exists a constant C; > 0 so that

CiT-S§S=>0.

Pick any point x € D. Then there exists some admissible coordinates (U; zy, .. ., 25)
centered at x so that the local potential ¢ of § satisfies that

4
¢ > —Cilog (— [Trog IZ1|2> -G
i=1
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for some constant C» > 0. Hence S has zero Lelong numbers everywhere and thus «
is nef. Since § is strictly positive at one point on X — D, it is big by [8]. It follows
from [26, Proposition 2.3] that S € £(«). The lemma is proved. O

Let us recall an important theorem in [4].

Theorem 6.5 [4, Corollary 2.15] Let (X, w) be a compact Kéiihler manifold of dimen-
sion n. Let ay, ..., a, be big and nef classes on X. For T; € E(a;) which are all
smooth outside a closed proper analytic subset A, one has

/ Tl/\---/\T,,=/(T1/\~--/\T,,)=a1-~-an.
X—A X

6.3 Hermitian-Yang-Mills metric and stability

Let (X, w) be a compact Kihler manifold and let D be a simple normal crossing
divisor on X. For applications of birational geometry, one usually considers more
general polarization by big and nef line bundles. In this subsection, we will prove
that a log Higgs bundle (E, 6) on (X, D) is uy-polystable if (E, 0)|x—_p admits a
Hermitian—Yang—Mills metric whose growth at infinity is “mild”, where « is certain
big and nef cohomology class. When dim X = 1 or D = & and the polarization is
Kihler, this has been proved by Simpson [51,52]. As we have seen in Theorem 2.8,
when X is projective and both the first and second Chern classes of E vanish and the
polarization is an ample line bundle, this result has been proved by Mochizuki.

We start with the following technical result, which is strongly inspired by the deep
result of Guenancia [27, Proposition 3.8].

Proposition 6.6 Ler (X, wy) be a compact Kahler manifold and let D be a simple
normal crossing divisor on X. Let (E, 0) be a log Higgs bundle on (X, D). Let o
be a big and nef cohomology (1, 1)-class containing a positive closed (1, 1)-current
w € « so that w|x—p is a smooth Kdhler form and has at most Poincaré growth near
D. Assume that there is a hermitian metric h for (E, 0)|x—p which is adapted to log
order (in the sense of Definition 5.1) and is acceptable (in the sense of Definition 5.2).
Then for any saturated Higgs subsheaf G C E, one has

c1(G)-o" ! = / Tr(~v—=1Rps (G)) A ™! (6.3.1)
X—-D-Z

where Z is the analytic subvariety of codimension at least two sothat Glx—z C E|x—z
is a subbundle, and hg is the metric on G induced by h.

Proof By Remark 2.5, one can construct a Kéhler current
14
T := wy — ~/—133 log (— [logle - o,-|§i) , 6.3.2)
i=1
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over X, whose restriction on X — D is a complete Kihler form wp, which has the
same Poincaré growth near D. Here o; is the section H*(X, Ox(D;)) defining D;,
and h; is some smooth metric for the line bundle Ox (D;). Since we assume that % is
acceptable, (after rescaling 7 by multiplying a constant) one thus has

| Fp(E)lhwp < 1.
By Lemma 6.1, one has
—1®wp <nak Fu(E) <yak 1 ® wp

over X — D.

We first consider the case that G is an invertible saturated subsheaf of E which is
invariant under 6. Then the metric & of E induces a singular hermitian metric hg for
G defined on the whole X, which is smooth on on X° := X — D — Z. The curvature
current \/—_thG (G) is a closed (1, 1)-current on X — D, which is a smooth (1, 1)-
form on X°. Define by 7 : E|xc — G|xo the orthogonal projection with respect
to h and 7t : E|xo — G |x- the projection to its orthogonal complement. By the
Chern—Weil formula (see for example [51, Lemma 2.3]), over X°, we have

Rig(G) = Fig(G) = Fy(E)lG + By AB— 9 A @y (6.3.3)

where Fj,(E)|g is the orthogonal projection of Fj(E) on Hom(G, G)|x> = Oxo,

and 8 € & ]’O(X °, Hom(G, GL)) is the second fundamental form, and ¢ €

10(X°, Hom(G*, G)) is equal to 6| ;.. Hence v/— 1Ry (G) < ~/—1F4(E)|G-
For any local frame e of G|x-, note that

lels - V=1Fy(E)lg = (V—1Fy(E)(e), e}y < (1 ® wpe, &)y, = le|? - wp

Hence /—1F,(E)|g — wp is a semi-negative (1, 1)-form on X°, and thus over X°
one has

~V=1Ry; (G) + T > wp — N—1Fy(E)|g = 0

Since we assume that (E, &) is adapted to log order, (G lx_z, h(_;1|X_Z) is thus
adapted to log order for the log pair (X — Z, D — Z). By Lemma 5.5 and (6.3.2),
—+/—1Ry,(G) + T extends to a closed positive (1, 1)-current on X — Z.

Since Z is of codimension at least two, a standard fact in pluripotential theory (see
[48, Theorem 3.3.42]) shows that _“/__th0 (G) + T extends to a positive closed
(1, 1)-current on the whole X.

Denote by s € H(X, E ® G~!) the section defining the inclusion G — E. We fix
a smooth hermitian metric /¢ for G and we define a function H := |s |i-hgl = hg .hal

on X — D. Then

V—18d0log H = /= 1Ry, (G) — /1Ry, (G). (6.3.4)
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Hence there is a constant Cy > 0 so that
V—13d1logH + CoT > T. (6.3.5)

ByLemma 6.4, w € £(«). Since /—1Ry,(G) is a smooth (1, 1)-form on X, it follows
from Theorem 6.5 that

V=IRp,(G) A" ' = ¢1(G) - a"!
XO
To prove (6.3.1), by (6.3.4) and the above equality it suffices to prove that

V—=133log H A"~ = 0. (6.3.6)
XO

We will pursue the ideas in [27, Proposition 3.8] to prove this equality.

Let us take a log resolution 1 : X — X of the ideal sheaf .# defined by s €
HO(X, EQG™1), with O 7 (—A) = p*s and D:=u'(D)a simple normal crossing
divisor. Let us denote by (E, ) the induced log Higgs bundle on (X, D) by pulling
back (E, 6) via . Then the metric & := = u*h for (E, 9)|X p is also adapted to log
order and acceptable by Lemma 5.3.

Note that Supp(Ox/.#) = Z. Write G := u*G. There is a nowhere vanishing
section

§eHY X, E® G '®0z(-A)

so that u*s = § - 04, where o4 is the canonical section in HO(X, 0 (A)) which
defines the effective exceptional divisor A.
Fix a Kihler form @ on X, as Remark 2.5 we construct another Kéhler current

m
» — /=109 log (— [logle - &,-|§[> , (6.3.7)
i=1

over X , whose restrictif)n onX —Disa complete Kéhler fo~rm, which hasNthe same
Poincaré growth near D. Here &; is the section ﬁ 0(x, Ox (D)) defining D;, and h;
is some smooth metric for the line bundle O3 (D;).

Let us fix a smooth hermitian metric &4 for OX(A)' Write H = |s|i PR
A

Since / is adapted to log order and § is nowhere vanishing, there is a constant Cy, C; >
0 so that

logH > Cipp — C3, (6.3.8)
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where we denote by

¢
pp := —log (— Hlog le - 6,-|}%”> .
i=1

Since h := u*h for (E, 0~)|)~(75 is acceptable, by same arguments as those for (6.3.5),
one can show that

V=1ddlogH + C3T > T

over X — D for some constant C3 > 0. Note that the local potential of /—133 log H +
C3T is bounded from below by (C + C3)@p according to (6.3.8). By [26, Proposition
2.3], one has

V—10dlog H + C3T € E({C3T)).

One can check that u*w < C4f for some constant C4 > 0. By Lemma 6.4 again,
w*o € E(u*a). Hence by Theorem 6.5 one has

/ (vV=190log H + C3T) A pw*o" ' = {C3T} - wra" 1.
_I<X°)
Recall that T € 5({?}) by Lemma 6.4. Hence
/ C3T A pfo" ' = {C3T} - p*a .
—1(xe)
One thus has

V=133log H A p*o" 1 = 0. (6.3.9)
nH(X°)

Note that over X — D, one has
V—=19d1og H + [A] — v/=1R},,(A) = u*v/—13d log H
where [A] is the current of integration of A. Hence over M_l (X°) >~ X°, one has
V=103 log H — /=1Ry, (A) = u*/—109 log H. (6.3.10)

By Theorem 6.5 again,

ey ¥ T R A A pro" !t =ci(A) - e =0, (6.3.11)
1o
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where the last equality follows from the fact that A is p-exceptional. (6.3.9), (6.3.10)
together with (6.3.11) shows the desired equality (6.3.6). We finish the proof of (6.3.1)
when rank G = 1.

Assume that rank G = r. We replace (E, 0, h) by the wedge product (E,f,h):=
A’ (E, 6, h).By Lemma 6.2, the induced metric / is also acceptable and one can easily
check that it is also adapted to log order. Note that det G is also invariant under 6, and
that det G — A’ E. We then reduce the general cases to rank 1 cases. The proposition
is thus proved. O

Let us state and prove the main result in this section.

Theorem 6.7 Let X be a compact Kdhler manifold and let D be a simple normal
crossing divisor on X. Let a be a big and nef cohomology (1, 1)-class containing a
positive closed (1, 1)-current o € o so that w|x—_p is a smooth Kdahler form and has
at most Poincaré growth near D. Let (E, 0) be a log Higgs bundle on (X, D). Assume
that there is a hermitian metric h on (E, 0)|x_p such that

e it is adapted to log order (in the sense of Definition 5.1);
e it is acceptable (in the sense of Definition 5.2);
e it is Hermitian—Yang—Mills:

AwFr(E)- =0.

Then (E, 0) is gy -polystable.

Proof We shall use the same notations as those in Proposition 6.6.

Let G be any saturated Higgs-subsheaf G C E, and denote by Z the analytic
subvariety of codimension at least two so that G|x_z C E|x—z is a subbundle. By
the Chern—Weil formula again, over X° := X — Z — D we have

AoTr(Fp(E))

AwFhg(G) = rank E

® 16 + Aw(By AB— @ ATp).

where 8 € 10(X°, Hom(G, GL)) is the second fundamental form of G in E with
respect to the metric 4, and ¢ € Z10(X°, Hom(G+, G)) is equal to 0| 5..
Hence

f Tr(N—1Fp(G) A @"!

rank G _ "
=f Tr(V=1Fy(E) Ao" " = (1B1; + lolp) —.
xo rank E n

By Proposition 6.6 together with the above inequality, one concludes the slope inequal-
ity

Mo (G) < po(E)
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and the equality holds if and only if 8 = 0 and ¢ = 0. We shall prove that if the above
slope equality holds, G is a sub-Higgs bundle of E, and we have the decomposition

(E,0) =(G,0lc) & (F,0F)

where (F, OF) is another sub-Higgs bundle of E.

Set rank E = r and rank G = m. We first prove that G is a subbundle of E. It is
equivalent to show that det G — A’ E is a subbundle, and we thus reduce the problem
to the case that rank G = 1. Assume that 1y (G) = e (E) and thus 8 = 0and ¢ = 0.
By (6.3.3), over X° one has

V=1Ru,(G) = V=1F4(E)lG > —T|xe, (6.3.12)

where T is the Kihler current defined in (6.3.2). By Lemma 5.5, /—1 Ry (G)+T
extends to a closed positive (1, 1)-current on X — Z, and thus to the whole X.

Assume now xo € X is a point where (E/G),, is not locally free. Take a local
holomorphic frame e of G on some open neighborhood (U; z1, ..., z,) of x, and a
holomorphic frame ey, ..., e, of E. Then e = Zle fi(x)ej, where f; € O(U;) so
that fi(xo) = --- = fr(x0) = 0. By the asssumption that % is adapted to log order,
one concludes that

4
log lel; < Cilog(lz1]* + -+ + |zal) + C2 log (—log (H |z|?>) (6.3.13)
i=1

for some positive constants Cy and C;. On the other hand, by (6.3.12) on U we have
V—=T10dlogle|? = —v/—1R;;(G) < T.

By the construction of T, we conclude that

4
log el > —C3log (— log (1"[ |z|%)) — Ca,
i=1

for some positive constants C3 and C4. This contradicts with (6.3.13). Hence we
conclude that when the slope equality holds, G is a subbundle of E.

We now find the desired decomposition of (E, ). By the above argument, when
the slope equality holds, (G, 6|g) is a Higgs subbundle of (E, 8) (not assumed to
be rank 1 now), and 8 = 0 and ¢ = 0. This means that the orthogonal projection
m : E|lx—_p — Glx—p is holomorphic, that Glisa holomorphic subbundle of
E|x_p, and that

(E.0)|x—p = (G,0l6)|x—p ® (G, 0lg1). (6.3.14)

We shall prove that 7 extends to a morphism 7 : E — G so that ¥ o« = 1. For any
point xog € D, we pick an admissible coordinate (U; z1, ..., z,) centered at xo and
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a holomorphic fame (ey, ..., e,) for E|y adapted to log order so that (eq, ..., ey)
is a holomorphic fame for G|y. Write 7 (ej|x_p) = Zle fi(x)ei, where fi(x) €
OW — D).For j =1,...,m,onehas w(e;|x_p) = e; and it extends naturally. For

j > mand some 1 <r < 1, over U*(r) one has

M

¢ ¢ -M
c (—log (1"[ |z|?>> > lejl; = |m(ej)lf = € <—log (1"[ |z|?>) dIAP
i=1 i=1 i=1

for some C, M > 0, where the second inequality is due to the fact that & is the
orthogonal projection with respect to /4, and the last inequality follows from the fact
that & is adapted to log order. Hence each | f; | must be locally bounded from above on
U, and it thus extends to a holomorphic function on U. We conclude that = extends
to a morphism 7 : E — G, whose rank is constant and 7 ot = 1, where t : G — E
denotes the inclusion. Let us define by F' := ker 77, which is a subbundle of E so
that E = G @ F. Note that F|x_p = G*. By (6.3.14) together with the continuity
propery we conclude that F is a sub-Higgs bundle of (E, #), and that (E,0) =
(G,0|g) ® (F,0]|F). Since h|g (resp. h|F) is a Hermitian—Yang—Mills metric for
(G, 0|c) (resp. (F, 0| F)) satisfying the three conditions in the theorem, we can argue
in the same way as above to decompose (G, 6|g) and (F, 6|f) further to show that
(E, 0) is a direct sum of pu,-stable log Higgs bundles with the same slope. Hence
(E, 0) is pq-polystable. We prove the theorem. O

6.4 Application to toroidal compactification of ball quotient

LetT" € PU(n, 1) be atorsion free lattice, and let B” /T be the associated ball quotient.
By the work of Baily-Borel, Siu—Yau and Mok [44], B" /I" has a unique structure of
a quasi-projective complex algebraic variety (see for example [10, Theorem 3.1.12]).
When the parabolic subgroups of I are unipotent, by the work of Ash et al. [2] and Mok
[44, Theorem 1], B” /T admits a unique smooth toroidal compactification, which we
denote by X. Letus denote by D := X —B" /T the boundary divisor, which is a disjoint
union of abelian varieties. Let gp be the Bergman metric for B", which is complete,
invariantunder PU (n, 1) and has constant holomorphic sectional curvature — 1. Hence
it descends to a metric w on X — D. If we consider w as a metric for Ty (—log D)|x—p,
by [54, Proposition 2.1] it is good in the sense of Mumford [45, Section 1]. Therefore,
for any k£ > 1, it follows from [45, Theorem 1.4] that the trivial extension of the Chern
form c;(Tx—p, ®) onto X defines a (k, k)-current [cx(Tx—p, )] on X, which repre-
sents the cohomology class cx(Tx (—log D)) € Hk’k(X). Let us first prove (1.1.3),
which is indeed an easy computation.

For any xo € X — D, we take a normal coordinate system (z1, ..., z,) centered at
X0 so that

0=v=T Y Smdze Adin— Y cjemzjT+ O0(z)

1<¢,m<n .k l,m
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where ¢ jren is the coefficients of the Chern curvature tensor

- a\* 9
R,(Tx) = E Ciktmdzj NdZx @ | — | ® —.
) BZK 8Zm
Jik,lm
By [43, p. 177], one has
Cikem(X0) = —(8jk8em + 8jmdke)- (6.4.1)

One can check that
nei(Tx-p, ®)* = 2(n + Dea(Tx—p, @) = 0.
We thus conclude that the Chern classes ¢ (Q& (log D)) satisfies
ne1 (2% (log D)? = 2(n + Der (24 (log D)) = 0.

Hence (1.1.3) in Theorem B holds.
For the log Hodge bundle (E, 0) = (E'-0 @ E%!, 9), given by

ENO .— Q}X(log D), EOL .= Ox

with the Higgs field 6 defined in (1.1.1), we shall prove that it is 1t -polystable for the
big and nef polarization « in Theorem 6.7. We equipped (E'0 @ E%!)|x_p with the
metric

h=0'®h, (6.4.2)

where h. is the canonical metric on Ox_p 50 that |1|;, = 1. Recall that the curvature
Fj, (E) of the connection Dy, :=dj, + 6 + 0y, is

Fi(E) = Ry(E) + 16, 041,
where Ry, (E) is the Chern curvature of (E, /). An easy exercise shows that
~—1F,(E) =0 ® 1.

In particular, % is a Hermitian—Yang—Mills metric for (E, 8)|x— p. We shall show that
it satisfies the three conditions in Theorem 6.7. Indeed, we only have to check the first
two conditions since ~/—1Fj,(E)+ = 0.

We first note that w has at most Poincaré growth near D in the sense of Definition
2.4. Indeed, this follows easily from the Ahlfors—Schwarz lemma (see for exam-
ple [47, Lemma 2.1]) since the holomorphic sectional curvature of @ is —1. Hence
for any admissible coordinate system (U; z1, ..., z,) as in Definition 2.3, one has
| Fr(E)lh,wp < C, where wp is the Poincaré metric on U*.

By the following result, we see that 4 is adapted to log order.
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Lemma 6.8 ([44, eq. (8) on p. 338]) Let (X, D) be as above. Then for any

x € D, there is an admissible coordinate (U; z1,...,2,) at x so that the frame
Z13371, %, el azd o % is adapted to log order (in the sense of Sect. 5.1) with
g 9 o n— -1

respect to the above metric w.

Therefore, the metric & for (E, 0)|x_ p satisfies the three conditions in Theorem 6.7.
In conclusion, (E, 0) is e -polystable for the big and nef class « in Theorem 6.7

To finish the proof of Theorem B, we have to show that ¢; (Kx + D) can be made
as a polarization in Theorem 6.7, which follows from the following result.

Lemma 6.9 [44, Proposition 1] The Kdhler form %a) on X — D defined above
extends to a closed positive (1, 1)-current w € c1(K x + D) with zero Lelong numbers.
In particular, Kx + D is big and nef.

6.5 Proof of Corollary C

We shall show how to apply Theorems A and B to derive Corollary C.

Proof of Corollary C We first assume that parabolic subgroups of I' are unipotent. By
[44, Theorem 1] there is a toroidal compactification X for the ball quotient X := B" /T,
so that D := X — X is a smooth divisor. Moreover, X is projective. Fix any ample
polarization L on X. By Theorem B, the log Higgs bundle (E, 6) := (Q;{ (log D) &

O, 0) on (7, D) defined in (1.1.1) is p -polystable with

ZCQ(QIY(log D)) — ci (Qly(log D))> = 0. (6.5.1)

n
n+1
Let us denote by X7 and D? the conjugate varieties of X and D under 0. Hence X' is
a smooth projective variety and D is a smooth divisor on X . For any coherent sheaf
EonX’, we denote by £° its conjugate under o, which is also a coherent sheaf on X’
Note that the conjugate action induces a canonical isomorphism between cohomology
groups

@ H*(X,C) > H* (X", C),

and that Chern classes of vector bundles over X are preserved under o in the sense
that ®; (cx(F)) = cx(F°) for any holomorphic vector bundle F over X. Since
(Qly(log D))’ = Qlia (log D), (6.5.1) also holds for the log cotangent bundle
Qly(log D). Moreover, the conjugate of (E, ) under o is the log Higgs bundle
(E?,09) = (QIY(, (log D%) & Oxo,67) on (76, D?) defined in (1.1.1). Hence for
any Higgs subsheaf F of (E, ), F¢ is also a Higgs subsheaf of (E“, 07) with the
slope inequality wr (F) = uro (F?). Hence (E" 09) is p o -polystable. By Theorem
A, X° — DO is also a ball quotient, with X7 its toroidal compactification.

For a general torsion free lattice I' C PU(n, 1), there is a finite index subgroup
I’ C T so that parabolic subgroups of I'” are unipotent (see for example [10, §3.3]).
Denote by X := B"/I" and Y := B" /1. Since the base change of an étale morphism
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is étale, we conclude that Y — X7 is also a finite étale surjective morphism. By the
above result, Y7 is the ball quotient, and thus so is X?. Corollary C is proved. O

Remark 6.10 In the above proof we show that a toroidal compactification of a ball
quotient is also a toroidal compactification of another ball quotient. As pointed out by
the referee, this fact follows from Corollary C directly. His/her elegant argument is as
follows: since an Abelian variety is simply an algebraic variety with a group law defined
by regular functions, a Galois conjugate of the Abelian variety as a component of the
compactifying divisor is by itself an Abelian variety, which sits in the compactifying
divisor of the ball quotient obtained as the conjugate of the original one according to
Corollary C.
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Appendix A: Metric rigidity for toroidal compactification of non-
compact ball quotients

The main motivation of this appendix is to provide one building block for Theorem
5.7.(i1). Our main result, Theorem A.7, says that there is no other smooth compactifi-
cation for non-compact ball quotient than the toroidal one, so that the Bergman metric
grows “mildly” near the boundary. Besides its own interests, this result is applied
to show that the smoothness of D in Theorem A is necessary if one would like to
characterize non-compact ball quotients.

A.1: Toroidal compactifications of quotients by non-neat lattices

In this section, we recall a well known way of constructing the toroidal compactifica-
tions of ball quotients in the case where the lattice has torsion at infinity. The reader
will find more details about the natural orbifold structure on these compactifications
in [21]. For our purposes, the basic result given in Proposition A.1 will be sufficient.

Recall that we say that a lattice I’ C PU (n, 1) is neat (cf. [7]) if for any g € T,
the subgroup of C* generated by the eigenvalues of g is torsion free. This implies
that T" is torsion free and that all parabolic elements of I" are unipotent, so that the
toroidal compactifications of B" /T provided by [2,44] are smooth (there is no "torsion
at infinity"). Note that by [7, Proposition 17.4] in the arithmetic case, and [6], or [50,
Theorem 6.11] in general, any lattice in PU (n, 1) admits a finite index neat normal
sublattice.
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Proposition A.1 Let ' C PU(n, 1) be a torsion free lattice, and let ' C T be a
finite index normal neat sublattice. Let U = B" /T, U’ = B" /T, and denote by X' the
smooth toroidal compactification of U' = B" /T as constructed in [2,44).

Then the natural action of the finite group G = U /T on U’ extends to X', and
the quotient X = X'/G is a normal projective space, with boundary X — U made
of quotient of abelian varieties by finite groups. Moreover, when T is arithmetic, X
coincides with the toroidal compactification of U constructed in [2].

Before explaining how to prove Proposition A.1, let us recall the construction of
X' as it is defined in [44] (see also [11] for a similar discussion).

Each component D of X’ — U’ is associated to a certain I''-orbit of points of
0B", whose points are called the I''-rational boundary components of 3 B" (cf. [2,
Chapter 3] or [44, §1.3]). Let b € dB” be such a point, and let N, C PU(n, 1) be its
stabilizer. This is a maximal parabolic real subgroup of PU (n, 1); let us denote by W),
its unipotent radical. This group is an extension | — U, — W, K% Ap — 1, where
Ap = C" 1, and U, = R is the center of W,,. Let L, = Nb /W), This reductive group
can be embedded as a Levi subgroup in Np, so that N, = W, - L. Moreover, we have
a further decomposition L, = U (n — 1) x R. (all this description can be obtained e.g.
by specializing the discussion of [3, Section 1.3] or [2, Section 4.2] to the case of the
ball).

This Lie theoretic description of N} can be understood more easily by expressing
the action of the previous groups on the horoballs tangent to b. Let (S }(,N)) N>0 be the

family of these horoballs. Each S}SN) C B" can be described as an open subset in a
Siegel domain of the third kind, as follows:

SV ~ (', 24) € C" ' X C | Imz, > 12117 + N} (A.1.1)

We have SISO) = B", and when b = (0, ..., 0, 1), the change of coordinates between
the two descriptions of the ball is given by the Cayley transform

(w17"'9wn7]5wn) eBn g (Z/a Zn)
wy Wy—1 . 1+wy ©)
= ——— T i ES(O ’’’’’ 0.1)-
1 —w, l—w, 1—w,

Now, if g € W}, we can write g = (s, a) accordingly to the decomposition W), SeLs
Up x Ap (Up =R, Ap = C* 1), and we have, for any (w', w,) € SIEN):

g @ zn) =G +a,zo+illalf +2ia-7 +s). (A.1.2)

We check easily that SZEN) is preserved by Wp,. Also, forany g € L, ~U((n —1) x R,
we can write g = (r, t), and we then have

g - @ z)=('(r-2), e¥z,). (A.1.3)
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We are now ready to describe the quotients of SéN) by the action of T'" N Nj. Note
first that since I/ is neat, we have I'" N N, C Wp,. Then, by the discussion above,
we obtain a decomposition as sets Np (SO I R) x (U(n — 1) x R), in which
the elements of I N N, can be written as (a, ¢, Id, 0). It also follows from [44] that
[N U, = Zt for some t € Up >~ R. This last fact permits to form the quotient
G;N) = S}(,N)/Ub N T; using (A.1.1), we can also express the latter quotient as an
open subset of C"~! x C*:

2
G = (W wa) € T X T | fuyle TP < TN,

and the quotient is then realized by the map (z/, z,) € SISN) — (, eZiT”Z") € GZN).
The group Ap := 7 (I N W) C C"~! is an abelian lattice, acting on G,EN) -
C" ! x C*as

_2r 2_ 471
a- (Z/a Zn) = (Z/ +a,e - llall”=

Tad Zn)s
Clearly, the closure G;N) in C" is an open neighborhood of C*~! x {0}. We can form
the quotient

N (N)
Ql(; = /Ap

which is then isomorphic to a tubular neighborhood of the abelian variety cr! /Ap 10
some negative line bundle. Finally, the toroidal compactification X’ can be obtained
by glueing the open varieties ngN) to U’ (as b runs among a system of representatives
of the rational boundary components, and N is large enough).

Our claims about X can be derived from the following lemma.

LemmaA.2 Let b € 0B" be a I''-rational boundary component, and let g € T'. Then
the pointb' = g-bis also r’ rational, and there exists N, N’ > 0, for which g induces
an isomorphism S, (V) & Sy o yielding in turn a unique compatible biholomorphism
oV V).
Proof As T is torsion free, a point z € dB" is I'-rational if and only if W, NT’ # {e}
(see [44, §1.3]). Since g normalizes I'/, we have g(W, N T")g~! € W,y N TV s0 &' is
['-rational if b is.

As for our second claim, since the set of horoballs is preserved by the action of

PU(n, 1), we may find N, N” such that g induces a isomorphism S, ) SI(J{V). Let
(x’, xp) (resp. (¥, yn)) be standard coordinates on Sb M (resp. Sb )) as in (A.1.1),
chosen so that (y', y,) = (x/, x,) o u for some u € U (n) satisfying u - b’ = b. Then
ug € Ny, and by (A.1.2) and (A.1.3), we have (¥, y,) og = f(x', x,,) for some affine
map f.

Since g normalizes I, we have g(I'NUp)g ™! = T'NUj, sothe map 5" & sV
passes to the quotient to give a map g : G(N)—>G(N) Using an explicit expression
for the affine map f, we find an (a priori multlvaluate) expression for g as
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@ zn) € GV ¥ (A2 +ulogzy +2), Cz8e¥) e GUYV)

for some A € M,,_;(C), some vectors u, b, 16 € C" 1 and C,a € C. The formula
above induces a well-defined, invertible map Gl(yN) — Gl(j/v ), sowehave u = 0,a =

+1. This implies that g extends holomorphically to g : GI(JN) — Gl(f/v/). Finally, as
g normalizes I/, g passes to the quotient by A, and Ay, giving a biholomorphism
oM - V). O

Going back to the proof of Proposition A.1, we see that Lemma A.2 permits to define
a unique action of the quotient G = I' /T on X’, compatible with its natural action on
U’. We then let X := X'/G. The following lemma ends the proof of Proposition A.1,
and clarifies the link with the construction of [2].

Lemma A.3 The variety X defined above does not depend on the choice of T''. When
I is arithmetic, X coincides with the toroidal compactification of U constructed in

[2].

Proof Let I/, T” C T be two neat lattices of finite index, and let us show that the
varieties constructed from I'" and ' are the same. Since I' N T/ also has finite index
in ", we may assume ' C T”. By Lemma A.2, the action of two lattices ' C I'’ are
compatible with each other over each set SZI(QN), which suffices to prove the first point.

Let us prove the second point. The construction of the toroidal compactification of
[2] depends on a certain choice of I"-admissible polyhedra for each rational boundary
component (see [2, Definition 5.1]). In the case of the ball, since dimg U, = 1 for any
b € 0B", there is only one such possible choice (cf. [loc. cit., Theorem 4.1.(2)]). The
claim now follows from the functoriality of compatible toroidal compactifications (see
[28, Lemma 2.6]), since “choices” of polyhedra admissible for two lattices I ¢ T
are thus automatically compatible with each other. O

Note that even though this construction of X is well adapted to our purposes, it
should not be used to define X as an orbifold, as it has the drawback of producing
artificial ramification orders along the boundary components of X. As explained in
[21], a better way of proceeding is to construct directly open neighborhoods of the
components of X — U as stacks, before glueing them to U.

A.2. Main results

Let us first begin with the following lemma.

LemmaA.4 Let Y be the toroidal compactification of the ball quotient U = B" /T
by a torsion free lattice ' C PU (n, 1) whose parabolic isometries are all unipotent.
Let X be another projective compactification of U, and assume that X has at most klt
singularities.

Then the identity map of U extends to a birational morphism f : X — Y.
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Proof The identity map of U defines a birational map f : X --+ Y. Assume by
contradiction that f is not regular. One can take a resolution of indeterminacies (. :

X — X for Jsothat p|,-1q) w L) S Uisan isomorphism:

v

p G— Loy

By the rigidity result (see [17, Chapter 3, Lemma 1.15]), there is a fiber ! (z) with
z € D which is not contracted by f . Clearly, we have f (W) cy-U.

Since X has kIt singularities, the work of Hacon—-McKernan [29] implies that every
fiber of w is rationally chain connected. Thus, f (u_l(z)) is a point since abelian
varieties do not contain rational curves. This gives a contradiction. O

Remark A.5 If we make the more restrictive hypothesis that X has at most quotient
singularities, we can replace the use of [29] by the work of Kollar [36], which implies
that each fiber of w is simply connected. As ¥ — U is a disjoint union of abelian
varieties, this also implies that the image of f : 4~ !(z) — ¥ — U must be a point.

Let us introduce a natural class of pairs under which our rigidity theorem will hold.

Definition A.6 Let (X, D) be a pair consisting of normal algebraic variety and a
reduced divisor. We say that (X, D) has algebraic quotient singularities if it admits
a finite affine cover (X;);cs, such that each (X;, D N X;) is the quotient of a smooth
SNC pair (U;, D;) by a finite group G; leaving D; invariant.

Note that for any lattice ' C Aut(B"), if X is the toroidal compactification of
U = B" /1 described in Section 1, then (X, X —U) has algebraic quotient singularities.
We can now state our main result as follows.

Theorem A.7 Let U := B" /I be an n-dimensional ball quotient by a torsion free
lattice ' C PU(n, 1). Let X be a kit compactification of U, and let D := X — U.
Let DV C D be the divisorial part of D. If the Kihler—Einstein metric » on
the bundle Tx(—1log DWV)|y is adapted to log order near the generic point of any
component of DV, then (X, D) identifies with the toroidal compactification of U.

Remark A.8 (1) Under the more restrictive assumption that (X, D) has algebraic quo-
tient singularities, the use of Lemma A.4 in our proof below can be made without
appealing to the difficult result of [29] (see Remark A.5).

(2) As an easy consequence of Theorem A.7, we can remark that there is no kit
compactification X of U such that X — U has codimension > 2.

Corollary A.9 With the same assumptions as in Theorem A.7, if X is smooth and D has

simple normal crossings, then D is in fact smooth, and each component is a smooth
quotient of an abelian variety A by some finite group acting freely on A.
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Let us prove Theorem A.7. Let 'Y C T be a subgroup of finite index so that all
parabolic elements of I’ are unipotent. Writing U’ := B" /[, this gives a finite étale
surjective morphism U’ — U.

Let X’ be the normalization of X in the function field of U’: this is a normal
projective variety X’ compactifying U’, with a compatible finite surjective morphism
u X' — X (see e.g. [1, Chapter 12, §9]). Since kit singularities are preserved
under finite surjective morphisms, the variety X’ has at most klt singularities (see [31,
Corollary 5.20]).

Remark A.10 If (X, D) has algebraic quotient singularities, one sees easily that this is
also the case for X’. To see this, form the fiber product Z' = Z xx X', where Z — X
is an affine covering as in Definition A.6. By [37, Theorem 2.23], the variety Z’,
endowed with it natural boundary divisor, has algebraic quotient singularities. Finally,
Lemma A.14 shows that Z' — X’ is a quotient map, which gives the result.

Let Y’ be the toroidal compactification of U’, so that the boundary A := Y' — U’
is a smooth divisor.

Lemma A.11 The identity map on U’ extends as an isomorphism f : X' — Y'. In
particular, there is a finite surjective morphism g : Y’ — X, which identifies with the
étale and surjective map U' — U over X — D.

Proof Since X’ is klt, Lemma A.4 shows that the identity map of U’ extends to a
birational morphism f : X’ — Y’. Assume by contradiction that f is not an isomor-
phism. As Y’ is smooth, it follows from [31, Corollary 2.63] that the exceptional set
Ex(f) is of pure codimension one. Thus, the birational morphism f must contract an
irreducible divisorial component E of the boundary D’ := X' — U’.

Denote by DS the singular locus of D, and let ' := u*w, be the canonical
Kihler Einstein metric on U’. Lemma A.12 below shows that o’ is adapted to log-
order for Txn(—log E°), where X’° := p~1(X — D%"¢), and E° := X"° N E. We
are going to derive a contradiction with the fact the E is contracted. Let A be the
component of A containing f (E). We can take admissible coordinates W; z1, ..., Zn)
and U; wy, ..., w,) centered at some well-chosenx’ € ENX®andy := f(x') € A;
respectively so that f(W) C U, and f|g : E — f(E) is smooth at x’. Denote by
(f1(@), ..., fu(2)) theexpression of f within these coordinates. Then if the admissible
coordinates are chosen properly, one has

(1@ s fu@) = 81D, - 2] 8k (2D, Gk14 - -+ 8n)

where g1(z), ..., gx(z) are holomorphic functions defined on W so that g;(z) # 0
andm; > 1 fori = 1,...,k. Since E is exceptional, one has k > 2. By the norm
estimate in [44, eq. (8) on p. 338], the Kihler—Einstein metric w for Ty (—log A)|y is
adapted to log order. More precisely, one has

ldwal? - ~ (—logwi]?).
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Since f*dlogwy = madlogz) + dlog g2(w), one thus has the following norm esti-
mate

_ 2
1 M*|dgz 2 log |z1]%)

1
2 * 2
|d10g11| -1 = M1 |d10g w2| —1 -1 =
@ m% %) o 4 |Zl|2m2

)
m3
for some constants C > 0. Since d logz; is a local nowhere vanishing section for
Q1 (log D'), we conclude that the metric »'~! for @}, (—log D"°) is not adapted to

log order, and so is @ for Tx«~(—log D’®). This gives a contradiction, and ends the
proof of the lemma. O

Lemma A.12 With the notations of the proof of Lemma A.11, the metric o' is adapted
to log-order for Ty (—log E°).

Proof Write W := = (V). Since u|yy_p : W — D’ — V — D is a finite unramified
cover, the image of (M|W—D/)*(771(W — D/)) is a subgroup of 7y(W — D) >~ Z
of index m. Letting v(z1, - ,2,) = (z’I”, Z2,...,2n), one has thus the following
commutative diagram

AF x ATy

lV\A*XAn_l lﬂ\w

AT — =Y

so that A, .1 : A* x A" — W N U’ is an isomorphism. By the Riemann
removable singularities theorem, z extends to a holomorphicmap z : A" — W, which
is easily seen to be surjective with finite fibers. Hence /4 is moreover biholomorphic.
W z1, ..., zu; h) is therefore an admissible coordinate centered at x” with (z; =
0) = W N D’ so we can now identify p with v. Hence,

w'dlogx; =mdlogzy, w'dxy; =dza, ..., wdx, = dz,,

and the frame (d log z1, dz2, . . ., dz,) for QL (log D')|yy is adapted to log order. This
shows that the metric w’ is adapted to log order for T (— log D’°). O

We can now conclude the case discussed in Corollary A.9, where (X, D) is assumed
to be a smooth log-pair. Since the boundary of Y’ — U’ is smooth, this implies that
D must also be smooth. Moreover, for each connected component A; of A, there is a
connected component D; of D sothat g|a; : A; — D; is a finite surjective morphism,
which is also étale by the local description of u given in the proof of Lemma A.12.
Hence in this case, D; is a smooth quotient of an abelian variety by the free action of
some finite group G;. This suffices to establish Corollary A.9.

The proof of Theorem A.7 will be complete with the following lemma.

Lemma A.13 The variety X identifies with the quotient of Y' by the natural action of
G =T /1. In particular, X = Y.
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Proof This result comes right away from Lemma A.14 below, taking M = Y/, N = X,
and G = G. Remark that we have R(Y')° = R(U)® = R(U) = R(X) since
U = U’/G. For the second statement, remark that by Proposition A.1, the toroidal
compactification ¥ of U also identifies with the quotient Y'/G. Thus, there is an
isomorphism Y = X compatible with the identity on U. Theorem A.7 is proved. 0O

LemmaA.14 Let f : M — N be a finite surjective morphism between two normal
reduced schemes. Assume that M is acted upon by a finite groupoid G, and that f is
G-invariant. Suppose in addition that R(M)g = R(N), where R(M), R(N) are the
rings of rational functions on M, N. Then N is the quotient of M by G.

Proof 1t suffices to show that f; ((’)M)g = (Op. This is a local statement on the base,
so we may assume that N = Spec A, M = Spec B, with A is integrally closed. We
have BY ¢ R(B)Y = R(A) by assumption. Since A C B is finite, and A is integrally
closed, this implies BY C A, as required. O
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